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PREFACE. 


THE  Theory  of  Attraction  owes  its  origin  to  Newton.  At 
first  its  chief  value  lay  in  its  connexion  with  Physical 
Astronomy.  The  problems  of  the  Figure  of  the  Earth  and 
Precession  gave  rise  to  the  splendid  analysis  of  Laplace. 

Towards  the  close  of  the  last  century  the  science  of 
Electricity  began  to  be  developed,  and  imparted  a  new  and 
a  wider  interest  to  the  Theory  of  Attraction.  Fresh  problems 
were  offered  for  solution,  and  new  modes  of  treatment  were 
devised  by  Physicists,  among  whom  Gauss,  Green,  and 
Thomson  have  been  pre-eminent.  The  rapid  progress  of  the 
sciences  of  Electricity  and  Magnetism  has  been  continualty 
increasing  the  direct  value  of  the  Theory  of  Attraction,  but 
its  indirect  value  has  become  perhaps  still  greater. 

For  some  time  past  Physical  speculation  has  seemed  to 
point  to  the  Theory  of  Fluid  Motion  as  the  root  science  of 
nature.  In  recent  times  the  investigations  of  Stokes,  Thom- 
son, and  Helmholtz  have  shown  that  the  leading  problems 
in  the  Theory  of  Fluid  Motion  are  mathematically  the  same 
as  problems  in  the  Theory  of  Attraction.  This  mathematical 
similarity  is  to  be  found  also,  to  a  considerable  extent,  in  the 
Theory  of  Stress  and  Strain  in  Elastic  Solids.  The  Theory 
of  Attraction  is  thus  the  portal  to  most  of  the  higher  depart- 
ments of  Mathematical  Physics,  and  this  is  so  even  if  it 
should  be  shown  that  direct  action  at  a  distance  does  not  exist 
in  nature. 
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It  is  then  a  matter  of  much  importance  that  the  acquisi- 
tion of  a  competent  knowledge  of  the  Theory  of  Attraction 
should  be  made  as  easy  as  possible.  To  assist  in  doing  this 
is  the  object  of  this  book.  It  is  a  book  for  Students,  not  for 
Professors.  To  enable  the  Student  to  economize  time  and 
labour  has  been  my  chief  aim.  I  have  borrowed  from  every 
source  with  which  I  am  acquainted,  but  the  books  from  which 
I  have  drawn  most  material  are  Maxwell's  "  Treatise  on 
Electricity  and  Magnetism,"  Thomson  and  Tait's  "  Natural 
Philosophy,"  and  Eouth's  "  Analytical  Statics." 

Many  mathematical  investigations  for  which  I  might 
have  referred  to  Treatises  on  Pure  Mathematics,  I  have 
introduced  for  the  purpose  of  rendering  the/progress  of  the 
student  more  easy.  Questions  as  to  the  original  discoverer 
of  an  important  theorem  I  have  not  attempted  to  discuss. 
According  to  most  French  writers  every  discovery  of  any 
value  has  been  made  by  a  Frenchman,  and  according  to  some 
English  by  an  Englishman.  Lord  Kelvin  I  designate  as 
Thomson.  To  call  him  Lord  Kelvin  seems  as  absurd  as  it 
would  be  to  speak  of  Bacon  as  Lord  Yerulam. 

If  health  and  opportunity  be  mine,  I  hope,  at  some  future 
time,  to  make  this  book  more  complete  by  the  addition 
of  chapters  dealing  with  Spherical  Harmonics,  Conjugate 
Functions,  and  the  Theory  of  Magnetism  for  bodies  having 
finite  dimensions. 

I  have  to  return  my  best  thanks  to  Dr.  Williamson  and 
Mr.  Frederick  Purser,  for  their  kindness  in  reading  proof- 
sheets,  and  in  giving  me  many  valuable  suggestions  and 
investigations. 

FRANCIS  A.  TAKLETOK 

TRINITY  COLLEGE,  DUBLIN. 
December,  1898. 
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NOTE  ON  ARTICLE  15,  p.  12. 

THE  continuity  of  the  components  X,  F,  Z,  of  the  force 
due  to  a  volume  distribution  of  mass  M  is  seen  most  easily 
in  the  f ollowin  g  manner  :  — 

Let  Pi  and  P2  be  two  consecutive  points  in  space ;  take 
the  axis  of  x  in  the  direction  PiP2,  and  let  Xt  and  X2  be  the 
components  of  force,  at  the  points  P^  and  P2,  due  to  the 
system  of  mass  M. 

It  is  plain  that  X2  is  equal  to  the  component  of  force  at 
P!  due  to  M  displaced  through  the  distance  P2Pi.  Hence, 
Xt  -  Xi  =  X',  where  X'  is  the  component  of  force  at  PI  due 
to  a  system  of  mass  M'  composed  of  the  two  super-imposed 
systems  M  displaced  through  P2Pi  and  -  M.  Accordingly 
M'  is  made  up  of  a  volume  distribution  whose  density  at  any 

point  is  -2-  dx,  and  two  surface  distributions  whose  densities 

Cl*C 

are  pdv  and  -  pdv,  where  dv  is  the  normal  displacement  of 
a  point  on  the  boundary  of  M  due  to  the  translational  dis- 
placement clx.  Since  the  density  of  M'  is  everywhere  in- 
finitely small,  so  also  is  X',  and  therefore  X  is  continuous. 

A  like  mode  of  procedure  may  be  employed  in  other  cases 
similar  to  the  above. 
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CHAPTER   I. 

INTRODUCTORY. 

1.   Universal    Gravitation. — From  the  laws   of  motion 


ERRATUM. 
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e  n  umtrtis. —  vv  ii/u  leapeub  ut>  umuuriu  putmu- 
mena,  bodies  are  usually  divided  into  Conductors  and  Non- 
conductors. A  conducting  body  can,  in  various  ways,  bo 
brought  into  a  certain  state  in  which  it  is  said  to  be  charged 
with  electricity.  When  two  bodies  are  so  charged,  a  mutual 
force  acts  between  them ;  and  if  the  bodies  be  so  small  com- 
pared with  the  intervening  distance  that  they  may  be  regarded 
as  points,  this  force  is  proportional  to  the  product  of  the 
charges,  and  inversely  proportional  to  the  square  of  the 
intervening  distance. 
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As  regards  their  mutual  action,  charges  of  electricity 
behave  therefore  to  a  certain  extent  like  masses  of  gravitating 
matter,  but  there  is  an  important  difference  which  is  imme- 
diately manifested.  In  the  case  of  gravitating  matter,  the 
mutual  force  between  two  particles  is  always  attractive ;  but 
charges  of  electricity,  on  the  other  hand,  sometimes  attract 
and  sometimes  repel  one  another. 

The  observed  phenomena  can  be  explained  by  supposing 
that  an  electric  charge,  or  in  common  language  electricity, 
is  one  or  other  of  two  different  kinds ;  that  two  charges  or 
quantities  of  electricity  of  the  same  kind  repel  one  another ; 
and  that  two  charges  of  opposite  kinds  attract  one  another, 
the  force  in  each  case  being  proportional  to  the  product  of 
the  charges  or  quantities  of  electricity. 

To  express  mathematically  what  has  been  said  above,  we 
must  regard  one  kind  of  electricity  as  positive  and  the  other 
kind  as  negative.  A  quantity  of  electricity  which  occupies  a 
space  so  small  that  it  may  be  regarded  as  a  point  may  be 
called  an  electric  particle  ;  and  if  a  force  which  is  repulsive  be 
considered  as  positive,  we  may  enunciate  the  fundamental 
law  of  electric  forces  by  saying,  that  two  particles  of  electricity 
act  on  each  other  with  a  force  directly  proportional  to  the  product 
of  their  masses,  and  inversely  proportional  to  the  square  of  the 
distance  between  them.  The  word  '  mass  '  is  here  used  only  in 
reference  to  the  amount  of  force  which  the  corresponding 
quantity  of  electricity  is  capable  of  producing,  and  is  not 
meant  to  imply  inertia  or  exclusive  occupation  of  space. 

Looked  at  from  a  mathematical  point  of  view,  electric 
forces  are  of  a  more  general  character  than  those  resulting 
from  gravitation,  and  the  study  of  the  former  includes  that 
of  the  latter. 

3.  Distribution  of  Electricity. — As  the  electric  forces 
due  to  the  elements  of  an  electrified  body  have  each  a  definite 
magnitude,  and  pass  through  the  elements  to  which  they 
correspond,  it  may  be  said  that  there  is  a  certain  quantity  of 
electricity  accumulated  in  each  space-element  of  the  body, 
and  we  may  consider  the  distribution  of  electricity  in  an  elec- 
trified conductor. 

4.  Magnetic  Forces. — The  elementary  forces  due  to 
the  presence  of  a  magnetized   body   are  in   some   respects 
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similar  to  those  resulting  from  electricity,  as  they  may  be 
either  attractive  or  repulsive,  but  in  the  case  of  magnetism, 
forces  of  the  two  kinds  are  always  manifested  simultaneously. 
The  observed  phenomena  of  magnetism  can  be  explained  by 
supposing  that  equal  quantities  of  opposite  kinds  of  magnet- 
ism are  present  in  every  element  of  the  magnetized  body, 
and  are  located  at  the  extremities  of  an  infinitely  short 
straight  line  whose  direction  is  that  of  the  magnetization  of 
the  element. 

5.  Problems  to  be  considered. — The  main  problems 
in  the  Theory  of  Attraction  are,  to  find  the  resultant  force 
between  two  bodies,  and  to  determine  the  distributions  of 
Electricity  and  Magnetism  which  take  place  under  given 
conditions.    These  problems  are  however,  in  general,  so  diffi- 
cult that  much  preliminary  knowledge  of  theorems  which,  in 
certain  cases,  lead  indirectly  to  their  solution,  is  requisite. 

6.  Physical  Mode  of  Action  of  Forces. — The  re- 
searches of  Faraday  and  others  have  shown  that  the  electric 
forces  acting  between  two  charged  conductors  are  dependent 
on  the  intervening  medium,  and  are  not  direct  action  at  a 
distance.     A  similar  proposition  in  the  case  of  the  forces  due 
to  gravitation  seems,  up  to  the  present,  to  be  only  a  hypo- 
thesis. 

The  mechanism  by  which  the  final  action  is  brought 
about  need  not  be  considered  so  far  as  the  mathematical 
theory  of  Attraction  is  concerned.  That  theory  rests  only 
on  the  hypothesis  that  there  are  certain  forces  having  certain 
definite  magnitudes  and  directions. 


B  2 


4  Resultant  Force. 

CHAPTER  II. 

RESULTANT     FORCE. 

7.  Force  at  a  Point. — If  /  denote  the  mutual  force  between 
unit  masses  when  concentrated  at  points  at  the  unit  distance 

from  each  other, '  — —  expresses  the  force  between  two  par- 
ticles whose  masses  are  m  and  M',  and  whose  distance  apart 
is  r.  The  resultant  force  at  a  point  P  due  to  any  system  of 
acting  masses  may  be  denned  as  the  resultant  of  the  forces 
which  would  be  exerted  by  these  masses  on  the  unit  mass  if 
concentrated  at  P.  Let  x,  y,  z  be  the  coordinates  of  P ; 
£,  »j,  £  those  of  a  point  Q  at  which  the  acting  mass  is  m,  and  r 
the  distance  of  P  from  Q,  then  the  force  at  P  due  to  m  is 

—r-  or  '  .  according  as  the  forces  under  consideration  are 
r2  r2 

electric  or  gravitational.  In  order  to  find  the  total  force  at  P 
we  must  resolve  each  elementary  force  into  its  components 
parallel  to  the  axes,  and  find  the  sum  of  these  for  each  axis. 
If  X,  Y,  Z  be  the  components  of  the  resultant  at  P,  we  have, 
then, 


y-v 


(1) 


These  expressions  may  be  simplified  by  taking  as  the  unit 
of  force  the  repulsion  or  attraction  between  unit  masses  at 
the  unit  distance  apart,  in  which  case  /  becomes  unity.  If 
we  select  any  other  unit  of  force  we  must  introduce  the  cor- 
responding value  of/. 

Not  only  for  the  reason  mentioned  in  Art.  2,  but  also 
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because  it  is  usually  more  convenient  to  count  distances  from 
the  acting  mass  rather  than  towards  it,  the  standard  pofsifit-c 
force  when  the  signs  of  algebraical  expressions  have  to  be 
taken  into  account  will  be  supposed  repulsive.  When  the 
forces  under  consideration  are  gravitational  we  may  suppose 
that  the  action  is  between  electric  masses,  one  positive  and 
the  other  negative,  whose  numerical  expressions  are  the  same 
as  those  for  the  gravitating  masses. 

8.  Continuous  Distribution  of  Mass.—  When  the 
acting  mass  is  continuously  distributed,  the  distribution  may 
exist  throughout  a  volume,  or  over  a  surface,  or  along  a  line. 
Corresponding  to  a  volume  or  space  distribution,  a  surface 
distribution,  and  a  line  distribution,  there  are  three  kinds  of 
density,  a  volume  density  denoted  by  p,  a  surface  density  by 
a,  and  a  line  density  by  X. 

These  three  magnitudes  may  be  defined  as  follows  : — 

The  volume  density  at  a  point  Q  is  the  limit  of  the  ratio  of 
the  mass  contained  by  a  sphere  having  Q  as  centre  to  the  volume 
of  the  sphere  when  its  radius  is  diminished  without  limit. 

The  surface  density  at  a  point  Q,  on  a  surface  S,  is  the  limit 
of  the  ratio  of  the  mass  contained  by  a  sphere  having  Q  as 
centre  to  the  area  of  the  portion  of  the  surface  S  within  the 
sphere  when  its  radius  is  diminished  without  limit. 

The  fine  dcnuifi/  at  a  point  Q,  on  a  line  s,  is  the  limit  of  the 
ratio  of  the  mass  on  a  portion  of  s  having  Q  for  its  middle 
point  to  the  length  of  this  portion  when  it  is  diminished 
without  limit. 

If  p  be  finite,  the  corresponding  value  of  <r  is  an  infinitely 
small  quantity  of  the  first  order,  and  that  of  X  an  infinitely 
small  quantity  of  the  second  order. 

In  the  case  of  gravitational  forces  actually  existing  in 
nature,  p  is  always  finite. 

For  electric  forces,  on  the  other  hand,  a  is  usually  finite. 

In  both  cases  we  may,  for  mathematical  purposes,  suppose 
a  fictitious  surface  distribution  for  which  a  is  finite. 

When  a  is  finite,  there  may,  of  course,  be  an  independent 
volume  distribution  for  which  p  is  finite. 

In  the  case  of  forces  actually  existing  in  nature,  X  can 
never  be  finite  (Clerk  Maxwell,  "  Electricity  and  Magnet- 
ism," Art.  81). ' 
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It  is  plain  that  m,  A,  <r,  and  p  are  quantities  of  different 
kinds,  each  being  one  space  -dimension  lower  than  the  pre- 
ceding. 

If  ds  denote  a  line  element,  dS  a  surface  element,  and  d<& 
a  volume  element,  the  elements  of  mass  corresponding  respec- 
tively to  the  three  kinds  of  distribution  are  given  by  the 
equations 

dm  =  \ds,     dm  =  adS,     dm  = 


Introducing  the  expression  for  dm  into  equations  (1)  we 
have,  in  the  case  of  a  volume  distribution, 


•I 


(2) 


Similar  results  may  be  obtained  in  like  manner  for  a 
surface  distribution  and  a  line  distribution. 

9.  Attraction  of  Thin  Cone  at  its  Vertex.  —  If  dw 

be  the  solid  angle  of  the  cone,  and  r  the  distance  from 
the  vertex  of  any  point  in  its  mass,  the  corresponding 
element  of  volume  is  r^drdw,  and  the  attracting  force  of  the 

element  is  p  --  -  —  ,  that  is  pdrdw.     In  this  case  the  ele- 

mentary forces  of  attraction  are  all  in  the  same  direction, 
and,  if  the  cone  be  homogeneous,  the  attraction  at  the  vertex 

tr+l 
dr  or  pldia.     This  is  in- 
f 

dependent  of  the  distance  of  the  frustum  from  the  vertex. 
If  the  frustum  extend  at  both  sides  of  the  vertex,  the  force 
exerted  by  the  portion  on  one  side  is  opposite  in  direction  to 
that  due  to  the  other  portion,  and  the  resultant  force  is 
p  (I  -  I'}  dM  towards  the  portion  whose  length  is  /. 

It  is  plain  that  this  result  holds  good  for  any  two  portions 
of  the  cone  which  are  on  opposite  sides  of  the  vertex  and 
whose  lengths  are  /  and  I'. 

10.  Attraction  of  Homogeneous  Straight  Line.  — 
The  attraction  of  a  homogeneous  straight  line  AB  at  any 
point  P  is  the  same  as  that  of  a  circular  arc  of  equal  density 
having  P  for  centre,  and  the  perpendicular  distance  of   P 
from  AB  as  radius,  the  extremities  of  the  arc  being  on  the 
lines  PA  and  PB. 
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Let  Q,  Q'  be  any  two  consecutive  points  on  AB,  and  p  the 
length  of  the  perpendicular  PO  on  it  from  P,  then,  if  PQ  be 
denoted  by  r,  and  OPQ  by  0, 
we  have 


cos 

oo;=rf0 

~ 


»    ~  jt)  ~   p2       PT2' 

where  T7  and  T'  are  the  points  in  which  the  circular  arc-  is 
met  by  PQ  and  PQ'.  Hence  the  attraction  at  P  of  QQ'  is 
equal  to  that  of  TT',  and  as  a  similar  result  holds  good  for 
every  element  of  AB,  the  theorem  is  proved. 

It  is  now  easy  to  find  the  attraction  of  AB  at  P.  From 
symmetry,  it  is  plain  that  the  resultant  attraction  at  P  of  the 
circular  arc  is  directed  along  PK,  the  bisector  of  the  angle 
APB.  If  we  now  denote  KPQ,  by  0,  we  see  that  the  com- 
ponent along  PK  of  the  attraction  of  an  element  of  AB  is 

expressed  by  -          —  .     Integrating  this  between  0  and  |a, 

where  a  is  the  angle  APB,  we  get  the  component  along  PK 
of  the  attraction  of  AK;  a  similar  result  is  obtained  for  BK\ 
and,  since  the  forces  are  both  directed  towards  K,  we  have 

finally  that  the  attraction  of  AB  at  P  is  -  —  .  in  the 

P 
direction  of  the  bisector  of  the  angle  APB. 

If  the  length  of  AB  be  infinite,  a  =  TT,  and  we  find  that 
the  attraction  of  an  infinite  straight  line  of  density  A  at  any 

2A. 

point  P  is  —  in  the  direction  of  the  perpendicular  p  from  P 

on  the  line. 

We  shall  find  that  this  is  a  result  of  considerable  impor- 
tance. 

11.  Cylindrical  Distribution  of  Mass.  —  When  the 
space  occupied  by  the  acting  mass  is  bounded  by  parallel 
cylinders  of  infinite  length,  the  density  being  uniform  along 
each  straight  line  which  is  parallel  to  a  generator  of  one  of 
the  cylinders,  the  distribution  may  be  called  cylindrical. 
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In  this  case,  by  Art.  10,  the  attraction,  at  any  point  P,  of 
an  infinitely  long  cylinder  along  whose  axis  the  density  is  p, 

and  whose  section  E  is  infinitely  small,  is  — ,  where  p  is  the 

P 

perpendicular  drawn  from  P  to  the  axis  of  the  cylinder,  and, 
the  foot  of  this  perpendicular  heing  Q,  the  direction  of  the 
attraction  is  the  line  PQ.  If  we  draw  a  plane  through  P 
perpendicular  to  the  generators  of  the  cylinders,  it  contains 
the  feet  of  all  the  perpendiculars  on  their  axes ;  and  if  dS 
denote  the  element  of  this  plane  which  is  enclosed  by  the 
cylinder  whose  section  is  e,  and  r  the  distance  from  P  to  Q, 
we  have  e  -  dS,  and  p  =  r,  whence  the  force  at  P  due  to  the 

...        ..          .    2pd8 

thin  cylinder  is  — . 

Hence  the  resultant  force  at  P  is  that  due  to  a  uniplanar 
distribution  of  mass  in  the  plane  through  P  perpendicular  to 
the  generators  of  the  cylinders,  the  density  T  of  this  dis- 
tribution at  a  point  Q  being  2p,  and  the  force  at  P  due  to  any 
element  of  mass  varying  inversely  as  its  distance. 

The  student  must  not  confound  a  uniplanar  distribution 
of  mass,  such  as  has  been  described  above,  with  a  surface 
distribution  in  which  the  surface  happens  to  be  a  plane.  The 
definition  of  the  uniplanar  density  r  is  verbally  the  same  as 
that  of  the  surface  density  <r,  but  the  two  magnitudes  are  of 
different  kinds,  since  in  one  case  the  force  caused  by  an 
element  of  mass  varies  inversely  as  its  distance,  and  in  the 
other  case  inversely  as  the  square  of  its  distance.  In  fact  r 
is  a  magnitude  of  the  same  kind  as  p,  the  volume  density. 

The  conditions  required  for  a  cylindrical  distribution  of 
mass  may  be  approximately  fulfilled  in  nature,  and  a  uni- 
planar distribution  is  merely  a  mathemathical  artifice  by  which 
the  problems  belonging  to  a  cylindrical  distribution  may  be 
presented  in  a  simpler  form. 

12.  Attraction  of  Spherical  Shell.— To  find  the 
attraction  of  an  infinitely  thin  homogeneous  spherical  shell 
at  an  external  point  P  we  may  proceed  as  follows : — 

Let  0  be  the  centre  of  the  sphere  bounding  the  shell, 
draw  a  plane  perpendicular  to  PO  cutting  the  sphere  in  a 
circle,  let  Q  be  any  point  on  this  circle,  then,  if  a  be  the  radius 
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of  the  sphere,  and  if  we  put  OPQ  =  0,  POQ  =  <j>,  PQ=r,  the 

element   of  the   shell   comprised  between   two   consecutive 

planes  perpendicular  to  OP 

is  expressed  by  2:iv/2  sin  <p  d(j>, 

and,  since  all  the  points  of 

this  element  are  at  an  equal 

distance  from  P,  eacli  com- 

ponent of  attraction  perpen- 

dicular to  PO  is  equilibrated 

by   an   equal   and  opposite 

component;  and  the  resultant 

attraction  of  the  element  at  P 

is  in  the  direction  of  the  line  PO,  and  is  expressed  by 


sn 


0, 


where  a  denotes  the  density  of  the  shell. 

Hence  if  R  denote  the  attraction  of  the  entire  shell,  we 
have 

R  = 


To  find  the  value  of  this  integral  we  use  the  equations 

rz  =  a?  +  c2  -  2ac  cos  0,     a2  =  r2  +  c2  -  2cr  cos  0, 
where  c  =  PO.     Differentiating  the  first  of  these  we  have 

rdr  =  ac  sin  0  d<j>, 
and  from  the  second  we  get 

r  cos  0  «= 


c-  a 


substituting  in  the  integral,  we  obtain 


Since  4iraa?  denotes  the  mass  of  the  shell,  we  conclude, 
that  a  thin  spherical  homogeneous  shell  produces  the  same 
attraction  at  an  f.i-frrnn/  jmhtf  as  if  its  entire  mass  were  concen- 
trated at  the  centre  of  the  sphere. 
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If  the  point  P  be  inside  the  surface  of  the  shell,  we  pro- 
ceed to  find  the  attraction  in  a  similar  manner,  but  in  this 
case  the  limits  of  the  integral  are  a  +  c  and  a  -  c,  and  its  value 
is  zero.  Hence  we  conclude,  that  a  thin  spherical  homogeneous 
shell  exercises  no  attraction  at  an  internal  point. 

Since  the  attractions  of  thin  concentric  spherical  shells 
at  any  point  are  all  in  the  same  direction,  the  attraction  of  a 
thick  homogeneous  shell  comprised  between  two  concentric 
spherical  surfaces  is  the  sum  of  the  attractions  of  the  thin 
shells  into  which  it  may  be  decomposed ;  hence,  a  thick  homo- 
geneous shell  bounded  by  concentric  spheres  has  the  same  attraction 
at  an  external  point  as  if  the  entire  mass  of  the  shell  were  con- 
centrated at  its  centre,  and  has  no  attraction  at  a  point  inside  its 
inner  boundary. 

If  the  thick  shell  be  not  homogeneous,  but  be  composed 
of  homogeneous  layers  each  of  which  is  bounded  by  spheres 
which  are  all  concentric,  these  results  still  hold  good. 

13.  Solid  Sphere. — It  is  plain  from  the   last  Article 
that  a  solid  homogeneous  sphere,  or  a  sphere  composed  of 
homogeneous  layers  comprised  each  between  spheres  concen- 
tric with  the  outer  boundary,  has  the  same  attraction  at  an 
external  point  as  if  the  entire  mass  of  the  solid  sphere  were 
concentrated  at  its  centre. 

Again,  the  attraction  of  a  solid  sphere  at  a  point  P  in  its 
interior  is  the  same  as  that  of  the  concentric  solid  sphere  tchose 
external  boundary  passes  through  P,  this  theorem  being  equally 
true  whether  the  sphere  be  homogeneous  or  be  composed  of 
homogeneous  layers  comprised  between  concentric  spherical 
surfaces. 

If  M  be  the  mass  of  a  solid  sphere  S,  and  r  the  distance 
from  its  centre  of  the  point  P,  the  attraction  at  P  is  expressed 

by  —  when  P  is  external,  and  by  —  when  P  is  internal,  m 
rz  r~ 

denoting  the  mass  of  the  concentric  sphere  whose  external 
surface  passes  through  P.  If  S  be  homogeneous,  m  =  ^irpr-, 
and  we  get  for  the  attraction  of  a  homogeneous  sphere  at  a 
point  in  its  interior  the  expression  -f  7r/or. 

14.  Thin  Plate. — The  attraction  of  an  infinitely  thin 
homogeneous  circular  plate  at  a  point  P  on  the  perpendicular 
to  the  plane  of  the  plate  through  its  centre  is  easily  found. 
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Let  Q,  and  Q'  be  consecutive  points  on  the  same  radius 
of  the  plate,  and  0  its  centre,  and  let 

PQ  =  r,  OPQ  =  0,  then  QQ' 


cos 


Since   all   the   points  on   the   circle 

whose  radius  is  OQ  are  equally  dis- 

tant from  P,  and  the  lines  joining 

them  to  P  make  equal  angles  with 

PO,  it  is  plain    that   the   resultant 

attraction  at  P  of  the  element  of  the 

plate  comprised  between  the  circles  whose  radii  are  OQ  and 

OQ'  is  in  the  direction  of  the  line  PO,  and  is  expressed  by 


2irar  sin  0 


rdO  cos  0 
cos  6     r*    ' 


that  is,  by  2™  sinOdO.  Hence  the  resultant  attraction  of 
the  entire  plate  at  P  is  in  the  direction  PO,  and  if  R  denote 
its  magnitude,  a  the  radius  of  the  plate,  Oi  the  angle  sub- 
tended by  this  radius  at  P,  and  c  the  distance  OP,  we  have 


j: 


sin  0  d&  =  2 


(3) 


If  we  suppose  a  infinite,  c  remaining  finite,  we  find 
that  the  attraction  of  an  infinitely  thin  homogeneous  plate  of 
infinite  extent  is  constant  at  all  external  points  and  is  expressed 
by  2-!T(T. 

Again,  if  c  be  infinitely  small  compared  with  a,  we  find 
that  the  attraction  of  an  infinitely  thin  homogeneous  circular 
plate  at  a  point  P  infinitely  near  the  plate,  on  the  perpendicular 
t/n-oitt/h  its  centre,  is  in  the  direction  of  this  perpendicular,  and 
is  independent  of  the  radius  of  the  plate,  being  expressed  by 


Hence  we  may  conclude  that  Z,  the  component  of  the 
attraction  of  an  infinitely  thin  homogeneous  plate  at  an  infi- 
nitely near  point  P  in  the  direction  of  the  perpendicular  from 
P  on  the  plate,  is  independent  of  the  size  of  the  plate  and  of 
the  form  of  its  bounding  curve,  and  is  expressed  by  2ira, 
provided  the  perpendicular  from  P  falls  inside  the  plate. 
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To  prove  this,  suppose  two  circles  A\  and  A2,  the  one 
outside,  the  other  inside,  the  boundary  of  the  plate,  and 
having  0  the  foot  of  the  perpendicular  from  P  as  their 
common  centre,  then,  if  Z\  denote  the  attraction  of  the  cir- 
cular plate  bounded  by  Ai}  and  Z2  of  that  bounded  by  A2, 
the  magnitude  of  Z  lies  between  those  of  Z^  and  Z^  but,  as 
Zv  =  Z-i  =  2ir<r,  the  theorem  is  proved. 

Lastly,  if  the  boundary  of  an  infinitely  thin  homogeneous 
plate  be  such  that  all  diameters  of  the  plate  drawn  through  a 
point  0  are  bisected  at  0,  it  is  plain  that  the  resultant 
attraction  of  the  plate,  at  a  point  P  in  the  perpendicular  to 
the  plate  through  0,  is  in  the  direction  OP,  and  hence  if  P 
approach  infinitely  near  0,  this  attraction  is  expressed  by 
2™. 

15.  Continuity  of  Force  in  Volume  Distribution. 
— Equations  (2),  Art.  8,  which  give  the  components  of  the 
force  at  a  point  P,  if  we  use  polar  coordinates  and  take  P  for 
origin,  become,  when  the  acting  mass  is  attractive, 

X  =  J  p  sin20  cos  <j>  dr  dO  d<j>,     Y= J  p  sin2#  sin  0  dr  dO  <%>, 
Z  =  J p  cos  9  sin  61  dr  d6  d<f). 

The  integrations  here  indicated  remain  valid  when  P  is 
inside  the  acting  mass,  and  if  we  integrate  with  respect  to  r 
between  0  and  an  infinitely  small  value  a,  we  see  that  the 
mass  infinitely  near  P  cannot  contribute  more  than  an  infi- 
nitely small  quantity  of  the  order  a  to  the  attraction-com- 
ponents. Hence,  if  P  receive  a  small  displacement  less 
than  a,  the  corresponding  changes  in  X,  Y,  Z,  due  to  mass 
infinitely  near  P  must  be  of  the  same  order;  it  is  plain  that  this 
also  must  be  the  order  of  the  changes  in  X,  Y,  Z  due  to  mass 
at  a  distance  from  P  greater  than  a.  Hence,  X,  Y,  Z  in  the 
case  of  a  volume  distribution  remain  finite  and  continuous 
when  P  is  inside  the  acting  mass. 

16.  Discontinuity    of  Force    in     Surface    Distri- 
bution.— In  the  case  of  a  distribution  on  the  surface  S  the 
force  components  at  a  point  P  vary  continuously  so  long  as 
P  is  at  a  finite  distance  from  S. 

If  0  be  the  point  in  which  the  normal  through  P  meets 
the  surface,  when  P  is  distant  from  0  by  an  infinitely  small 
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quantity  8  of  the  second  order  the  points  of  the  surface  whose 
distances  from  P  are  less  than  an  infinitely  small  quantity  a 
of  the  first  order  lie  inside  a  sphere  whose  equation  referred 
to  O  as  origin  is  z3  +  y2  +  (z  -  8)*  =  <i%  the  normal  at  O  being 
t:ik.-n  as  the  axis  of  2  ;  also  the  equation  of  the  surface  is  of 
the  form  z  =  n?  4  &c.,  and  the  points  of  the  surface  whose 
distances  from  P  are  of  the  first  order  lie  on  the  surface 
s  =  «2,  where  ut  is  a  quadratic  function  of  x  and  y.  The 
equation  of  the  projection  on  the  tangent  plane  at  0  of  the 
curve  of  intersection  of  this  surface  and  the  sphere  is 


Infinitely  small  quantities  of  an  order  higher  than  a2  being 
neglected,  this  becomes  x*  +  y*  =  a2,  which  represents  a  circle  of 
radius  a. 

The  projection  on  the  tangent  plane  at  0  of  an  element 
of  surface  dS  is  dS  cos  ^/,  where  $  is  the  angle  which  the 
normal  to  the  element  dS  makes  with  OP.  When  dS  and 
P  are  infinitely  near,  cos  i//  differs  from  unity  by  an  infinitely 
small  quantity  of  the  second  order,  also  the  distances  from  P 
of  the  surface  element  and  its  projection  differ  by  a  quantity 
infinitely  small  as  compared  with  these  distances,  and  finally 
the  difference  of  the  angles  which  these  distances  make  with 
PO  is  infinitely  small  compared  with  the  angles  themselves. 

Hence,  if  their  densities  be  the  same,  the  force  exerted  at 
P  by  the  elements  of  the  surface  S  at  a  distance  from  P 
less  than  o  is  the  same  as  that  due  to  their  projections  on  the 
tangent  plane  at  0,  that  is,  the  same  as  that  due  to  the  cir- 
cular plate  whose  centre  is  0,  whose  radius  is  a,  and  whose 
density  is  a  the  surface  density  at  0. 

We  conclude  therefore,  by  Art.  14,  that  the  surface  mass 
infinitely  near  P  exercises  no  attraction  at  P  in  the  direction 
of  a  tangent  at  0,  but  produces  a  force  in  the  direction  of  the 
normal  whose  magnitude  is  expressed  by  2™.  If  the  mass 
be  repulsive,  this  force  is  away  from  the  surface  on  whichever 
side  of  it  P  be  situated. 

It  appears  then  from  what  has  been  said  that  as  P 
approaches  and  passes  through  the  surface  S  at  the  point  O 
the  tangential  components  at  P  of  the  repulsion  of  the  mass 
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infinitely  near  0  are  continuously  zero,  but  the  normal  com- 
ponent changes  from  -  27rer  to  +  27ro-,  that  is,  its  value  in  the 
direction  in  which  P  is  moving  is  increased  by  47ro-  as  P  passes 
through  the  surface  8. 

The  force  components  due  to  mass  at  a  distance  from  P 
greater  than  a  are  obviously  continuous.  Hence  on  the  whole, 
when  the  acting  mass  is  repulsive,  the  force  component  along 
the  normal  in  the  direction  in  which  Pis  moving  increases  by 
47ra  as  P  passes  through  a  surface  on  which  mass  of  density 
<r  is  distributed,  but  the  other  force  components  are  not 
altered  by  any  finite  amount.  It  is  plain  that  in  all  cases, 
whether  P  be  on  the  surface  or  not,  all  the  force  components 
remain  finite. 

The  algebraical  expressions  for  X,  Y,  Z  as  integrals 
derived  from  equations  (1),  Art.  7,  are  not  in  general  valid, 
in  the  case  of  a  surface  distribution,  for  a  point  on  the 
surface  on  which  the  mass  is  distributed,  as  the  quantities 
under  the  integral  sign  may  in  this  case  become  infinite 
within  the  limits  of  the  integration. 

17.  Magnets. — The  leading  characteristic  of  magnetic 
forces  is  the  presence  in  each  element  of  the  magnetized  body 
of  two  centres  of  force  of  equal  and  opposite  intensities,  these 
centres  of  force  being  situated  at  the  extremities  of  an  infi- 
nitely short  line  whose  direction  is  that  of  the  magnetization 
of  the  element.  The  two  centres  of  force  are  called  poles, 
one  being  a  north  pole,  the  other  a  south  pole.  Each  repels 
a  pole  of  like  kind  to  itself  and  attracts  one  of  the  opposite 
kind.  The  direction  of  magnetization  is  reckoned  from  the 
south  pole  to  the  north.  The  terms  south  and  north  are 
used  in  reference  to  the  Earth's  action  on  the  magnet,  the 
pole  which  is  attracted  towards  the  north  being  called  the 
north  pole. 

When  a  line  of  any  form  is  uniformly  magnetized  in  the 
direction  of  its  length,  the  effect  in  external  space  of  the 
north  pole  at  the  end  of  one  element  is  neutralized  by  that 
of  the  south  pole  at  the  beginning  of  the  consecutive  element. 
Thus  the  effect  of  such  a  magnet  on  a  north  pole  of  unit  in- 
tensity in  external  space  is  entirely  due  to  the  south  pole  at 
one  of  its  extremities  and  the  north  pole  at  the  other.  These 
centres  of  force  are  called  the  poles  of 'the  magnet.  A  magnet 
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whose  length  is  considerable  compared  with  its  other  dimen- 
sions, and  which  is  magnetized  in  the  direction  of  its  length 
may  be  looked  upon  as  linear.  It  may  be  straight  or  be 
bent  into  any  other  shape.  Very  small  magnets  may  be 
regarded  as  magnetic  particles.  To  such  particles  magnetized 
iron  filings  are  an  approximation. 

The  theory  of  magnetized  bodies  having  more  than  one 
finite  dimension  must  be  reserved  for  a  future  chapter. 

The  force  which  a  magnet  pole  exerts  on  a  given  pole  at 
a  given  distance  is  proportional  to  its  own  magnetic  intensity 
or  strength.  Hence,  by  properly  selecting  the  units  em- 
ployed, we  may  define  the  strength  of  a  magnet  pole  as  the 
force  which  it  exerts  on  the  unit  pole  at  the  unit  distance. 
The  magnetization  of  a  north  pole  is  counted  positive,  and 
that  of  a  south  pole  negative. 

In  the  case  of  magnetic  particles,  or  of  linear  magnets 
uniformly  magnetized  in  the  direction  of  their  length,  the 
product  of  the  strength  of  a  pole  and  of  the  distance  between 
the  poles  is  called  the  magnetic  moment  of  the  magnet. 

The  straight  line  joining  the  poles  is  called  the  axis  of  the 
magnet  and  the  middle  point  of  this  line  the  centre  of  the 
magnet. 

EXAMPLES. 

1.  If  j8  be  the  intercept  on  the  bisector  of  the  vertical  angle  of  a  triangle 
ACB  made  by  a  perpendicular  let  fall  from  the  middle  point  of  the  base  AB, 
show  tliat  the  attraction  of  AD  at  C  may  be  expressed  in  the  form 


where  a,  b,  c  are  the  sides  of  the  triangle,  and  \  the  density  of  c.     (Thomson 
and  Tait.) 

Let  <7A'be  the  bisector  of  the  angle  ACB,  and  H  the  foot  of  the  perpen- 
dicular let  fall  on  it  from  M  the  middle  point  of  AB.  Draw  AI  and  BJ  per- 
pendicular to  CK,  then 

U  =  2HI,  and  jB  =  CH  =  %  (Cl  +  CJ)  =  %(a  +  b)  cos^C. 
If  R  denote  the  attraction  of  AB  at  C,  we  have,  Art.  10, 

_  2A  sin^g     2\c  sin  \0  _  \c(a  +  b)  cos  \C  _\e(a  4-  b)  cosfrg 


abs\\\G   ~  ab  (a  +  b)  cos'*  %C  ~   (a  +  b)s(a-c) 

_  8Ac  £  (a  +  b)  cos  %C      _  S\c$  _ 
=  (a  +  h)  2s2(s-c)'  ™  (a  +  b)  {(a  +  b)*-c*}' 
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2.  The  base  AB  of  a  triangle  ABC  extends  both  ways  to  infinity,  the  part 
beyond  A  repelling,  and  that  beyond  B  attracting  with  a  force  varying  in- 
versely as  the  square  of  the  distance,  the  density  being  uniform  :  show  that  the 
direction  of  the  resultant  force  at  C  is  that  of  the  bisector  of  the  external  vertical 
angle  of  the  triangle. 

3.  Find  the  attraction  at  the  vertex  of  a  right  circular  cone  of  a  frustum  of 
the  cone  intercepted  between  two  planes  perpendicular  to  the  axis. 

If  »•  be  the  distance  of  any  point  Q  on  the  axis  from  the  vertex  0,  the 
attraction  at  0  of  an  infinitely  thin  frustum  of  the  cone  passing  through  Q  by 
Art.  14  is  lirpdr  (1  —  cos  a),  where  a  is  the  semi-angle  of  the  cone. 

Hence,  if  R  be  the  attraction  of  a  frustum  whose  length  along  the  axis  of 
the  cone  is  I,  we  have  R  =  2irpl(l  —  cos  a). 

4.  Find  the  attraction  of  a  solid  homogeneous 
hemisphere  at  a  point  P  on  its  edge. 

Let  a  denote  the  radius  of  the  hemisphere,  and 
let  C  be  its  centre.  Draw  a  plane  through  PC  per- 
pendicular to  the  base,  the  resultant  attraction  lies 
in  this  plane ;  let  £  denote  its  component  along  PC, 
and  X  perpendicular  to  PC,  then,  if  r  be  the  radius 
vector  from  P  to  the  surface  of  the  hemisphere,  we 
have 

1C      1C  IT       Tt 

{^f2  f "    f  "  2ff 

I    r  cos  0  sin  8  de  dtp  -  4pa       \    cos-0  sin  ed9dd>  =  — 
o  Jo  Jo  Jo 


lirpa 

T' 


X  =  4/><z  I     I    cos  0  sin20  cos  (pd9d(j>=  — . 
Jo  Jo 

5.  Show  that  the  observed  latitudes  of  stations  due  north  and  south  of  a 
hemispherical  hill  of  radius  a  and  density  p  differ  by  —  {  2  H —  I ,  where  It  de- 
notes the  radius  and  e  the  mean  density  of  the  Earth.     (Thomson  and  Tait.) 

6.  Find  the  attraction  of  a  homogeneous  rectangular  parallelepiped,  one  of 
whose  edges  is  infinitely  long,  at  a  point  P  on  this  edge. 

Take  P  for  origin,  and  the  infinitely  long  edge  as  axis  of  z,  then,  if  X  and  Y 
denote  the  components  of  attraction   parallel  to  the  edges  whose  lengths  are 

a  and  b,  and  <f>\  the  angle  whose  tangent  is  -,  we  have 

ITT    fjir  CTT    (<f>! 

sin  d  d6  dtp  +  pb  \     \     sin  9  tan  <f>  de  d<j>. 
o   J^  Jo   Jo 

!a  )                    A/  a?  +  b~ 
7T-2  tan-1  -  j  -f  2pb  log  - — 

Tn  like  manner 

Y=pb  (*•  -  2  tan-1  - 1  +  2p«  log  ^-^-jL_". 
(  a)  a 
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7.  Show  that  ;i  deep  narrow  crevasse  of  groat  length  extending  east  and  west 
i's   tin-  apparent   latitude  of  places  at  its  southern  edge  by  the   angle 

-  •?-  approximately,  whore  e  i.s  the  mean  density  of  the  earth,  p  the  density  of 
4  til  jj 

its  crust,  R  its  radius,  and  a  the  breadth  of  the  crevasse.     (Thomson  and  Tait.) 

8.  Prove  that  the  component  of  the  attraction  of  a  straight  line  AB  of 
density  A  parallel  to  itself  in  the  direction  from  B  to  A  at  a  point  P  is 

A    _    X 
PB  ~  PA' 

9.  Show  that,  if  the  point  P  be  in  the  production  of  AB,  the  attraction 
component  perpendicular  to  AB  is  zero,  and  that  if  Plie  between  A  and  B  this 
component  is  infinite  if  A  be  finite.     Show  also  that  for  both  these  positions  of  P 
the  expression  in  Question  8  for  the  attraction  component  parallel  to  AB  holds 
good. 

10.  In  the  case  of  mass  acting  inversely  as  the  distance,  prove  that,  if  two 
curves  be  inverse  to  each  other  relatively  to  a  point  0,  corresponding  elements 
of  the  two  curves  whose  densities  are  equal  produce  the  same  attraction  at  0. 

\ds        \rd0         \dO 

Mere  the  attraction  at  0  of  the  element  as  =  —  =  —  -.  —  =  —  —  ,  where 

r        r  sin  <f>      sin  <f> 

<t>  is  the  angle  which  the  radius  vector  from  0  makes  with  the  tangent  to  the 
element  ds.     In  like  manner,  attraction  of  ds  '=  -  -  ;,  but  in  the  case  of  inverse 


curves  <f>'  =  tr  —  <p  ;  .•.  &c. 

11.  In  the  case  of  mass  acting  inversely  as  the  square  of  the  distance,  prove 
that  corresponding  elements  of  the  two  curves  have  the  same  attraction  at  0  if 
the  densities  of  the  elements  be  proportional  to  the  perpendiculars  from  0  on 
their  tangents. 

12.  Prove  that  the  attraction  of  a  right  circular  cylinder  at  a  point  Pon  its 
axis  is     2irp  {zj  —  z\—  (r^  —  r\)  }  ,   where  p  is  the  density  of  the  cylinder,  z^  and 
z\  the  distances  from  P  of  the  two  ends  01  its  axis,  and  r^  and  r\  the  distances 
of  points  on  the  boundaries  of  the  terminal  plane  faces. 

13.  If  ^'  denote  the  acceleration  due  to  gravity  on  the  top  of  a  table-land 
of  height  h,  and  g  its  value  on  the  mean  surface  of  the  Earth  in  the  neighbour- 
hood of  the  table-land,  show  that 


where  «  denotes  the  radius  of  the  Earth,  «  its  mean  density,  and  p  the  density  of 
the  table-land. 

The,  table-land  may  be  regarded  as  a  thin  circular  plate  of  surface-density 
ph,  also  y  =  -$*•««,  and  at  the  top  of  the  table-land  the  attraction  of  the  rest  of 

fl(l^ 

the  Earth  is — .     Hence,  by  addition,  g'  is  obtained. 

(a  +  hy 

14.  A  triangle  is  formed  of  three  uniform  bars  whose  densities  are  A,  /*,  v, 
and  whose  elements  attract  with  a  force  varying  inversely  as  the  square  of  the 
distance  ;  determine  the  point  0  inside  the  triangle  at  which  a  particle  would 
be  in  equilibrium. 

C 
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If  Pt  <?>  ''  be  the  perpendiculars  from  the  point  0  on  the  three  sides  of  the 
triangle,  the  position  of  0  is  determined  by  the  equations 


p      q      r 
If  \  =  p.  =  v  the  point  0  is  the  centre  of  the  circle  inscribed  in  the  triangle. 

15.  A  uniform  bar  attached  to  smooth  hinges  at  its  extremities,  A  and  B,  is 
attracted  by  a  force  directed  to  a  fixed  point  C,  'and  varying  inversely  as  the 
square  of  the  distance  from  C.  If  P  be  any  point  on  the  bar,  and  the  angle  CPA 
be  denoted  by  <f>,  prove  that  the  bending  moment  M  at  P  is  given  by  the 
equation 


sin  <p 

where  /t  is  the  intensity  of  the  attractive  force  per  unit  of  length. 

The  resultant  attraction  F  on  PA  is  in  the  direction  of  CQ  the  bisector  of 

2u.          TCI  A 
the  angle  PGA,  and  its  magnitude  is  —  sin  -  —  ,  where  p  is  the  perpendicular 

from  C  on  AB.     The  moment  of  F  round  P  is 

2ju  AP  sin  A   cos2  \(A  +  (/>)  /*AP 

-f-  -  -f-,     that  is,        —  -  cot  i  (A  +  d>). 

p  sin  (A  +  <t>)  AC 

If  P  coincide  with  B  this  moment  must  be  equal  and  opposite  to  the  moment 
round  B  of  the  force  perpendicular  to  AB  exerted  by  the  hinge  at  A.  Hence, 
if  E  denote  this  force, 

R.AB=,j.—  - 

JL\j 

and  the  moment  of  R  round  P  is 


We  have,  then, 


sin  ^> 

16.  In  the  last  example  determine  where  the   bending  moment  M  is  a 
maximum. 

From  the  expression  for  M  given  above  we  readily  obtain 

M  =  2 


sin  J  (A  +  B)  sin  $> 

H  sin{<t>  +  ±(A-B)} 

sin  %(A  +  B)  sin  ^ 
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When  this  is  a  maximum 
sin  <p  cos  {<f>  +  i  (A  -  X)}  -  cos  <f>  {sin  O  4  i  (^  -  #)]  -  sin  £  (^  +  J?)}  =  0, 


that  is,    cos  <f>  sin  %(A  +  E)  =  sin  J  (^4  -  £),    which  determines  $>,  and  there- 
fore P. 

17.  Iron  filings  are  sprinkled  on  a  piece  of  paper  which  is  laid  over  the  two 
poles  of  a  horse-shoe  magnet  :  find  the  curve  traced  out  by  a  continuous  set  of 
filings. 

Any  filing  PQ  becomes  a  small  magnet,  each  of  whose  extremities  is  acted  on 
l.\  two  forces,  one  attractive,  and  the  other  repulsive.  For  the  equilibrium  of 
the  tiling  the  resultant  forces  passing  through  P  and  Q  must  be  equal  and 
opposite,  whence1  PQ  must  be  in  the  direction  of  the  resultant  force  at  Q.  Let 
S  and  N  be  the  poles  of  the  magnet,  and  L  any  point  on  the  production  of  SN, 
let  NQ  =  >-,  Sq  =  r,  QNL  =  0,  QSN  =  0'  ;  then,  if  m  be  the  strength  of  the 
pole  at  S  or  N,  and  ds  the  element  of  the  required  curve,  we  have 

m     m       r'  d0'     r  dO 
^  ''  r^  =  ~d7~  ''  ~ds   ' 

d0       r       sine' 

.•.     —  -  =  -  =  -  —  ,  whence  cos  0  -  cos  0  =  C, 
dO       r       sin  0 

which  determines  the  curve,  C  being  an  arbitrary  constant. 

Curves  traced  out  in  the  manner  described  above  are  called  magnetic  curves. 

18.  In  the  last  example  show  that  filings  whose  lines  of  direction  pass 
through  the  same  point  0  on  SN  lie  on  a  circle. 

Since  ^  :  ^  =  sin  SQO  :  sin  NQO, 

r'2      SO  r  /       /S0\l 

we  have  —  =  —  -;    .'.  -  =  (  r^  )    =  constant, 

r-       NO  r  r       \NO  / 

whence  the  locus  of  Q  is  a  circle. 

19.  Show  that  at  any  point  P  the  component  of  the  attraction  of  a  homo- 
geneous plane  lamina  in  the  direction  perpendicular  to  its  plane  is  expressed  by 
afl,  where  a  is  the  density  of  the  lamina,  and  ft  the  solid  angle  which  it  sub- 
tends at  P. 

If  \|i  be  the  angle  which  a  radius  vector  r  from  P  to  a  point  in  the  lamina 
makes  with  the  perpendicular  to  its  plane,  an  element  of  the  lamina  is  expressed 


by  -  ,  and  the  component  of  its  attraction  at  P  by  <r  dw  :  .•.  &c. 

I'O."  l^ 

20.  Prove  that  the  attraction  of  a  homogeneous  elliptic  plate  at  a  point  P  on 
the  perpendicular  through  its  centre  is  expressed  by 


C  2 
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where  z  is  the  distance  of  P  from  the  centre  of  the  ellipse,  a  and  b  its  semiaxes, 

a2  —  bz 
e  its  eccentricity,  and     «2  =  —   —  . 


cos 


Here         Q.  =  I     sin  6  d9  d<$>  =     (i  -  cos  0)  <fy>  =  2w  -  4  1 

If  w  be  the  central  radius  vector  of  the  ellipse,  and  if  we  put 

t<T  cos  <j>  =  a  cos  i|/,     "5T  sin  <f>  =  b  sin  <f, 
we  have  «2  cos2»|/  +  52  sin2v|/  =  w2  =  s2  tan20, 

and  the  limiting  values  of  ty  are  the  same  as  those  of  <£.     Hence  hy  substitution 
we  have  the  result  above. 

18.  Ellipsoidal  Sbell.  —  A  homogeneous  shell  bounded 
by  similar,  concentric,  and  coaxal  ellipsoids,  is  called  a  thick 
homceoid.     Such  a  shell  exercises  no 
attraction    at   a   point  P   inside   its 
internal  surface. 

To  prove  this,  suppose  a  cone  of 
infinitely  small  angle,  having  its 
vertex  at  P,  and  extending  in  both 
directions  to  the  outer  boundary  of  the  shell.  The  ellipsoids 
being  similar,  the  plane  CM  conjugate  to  the  axis  of  this  cone 
is  the  same  for  the  outer  and  the  inner  ellipsoid,  and  therefore 
the  intercepts  on  this  axis  on  opposite  sides  of  P  between  the 
inner  and  outer  boundaries  of  the  shell  are  equal.  Hence, 
by  Art.  9,  the  mass  inside  the  cone  exercises  no  attraction  at 
P,  but  by  supposing  an  infinite  number  of  such  cones  the 
whole  mass  of  the  shell  may  be  exhausted  ;  hence  the  total 
attraction  of  the  shell  at  P  is  zero. 

It  is  plain  that  we  can  show  in  a  similar  manner  that, 
in  the  case  of  a  uniplanar  distribution  of  mass  attracting 
inversely  as  the  distance,  a  homogeneous  band  bounded  by 
similar  concentric  and  coaxal  ellipses  exercises  no  attraction 
at  a  point  inside  its  inner  boundary. 

A  spherical  shell,  whose  attraction  at  an  internal  point 
has  been  investigated  in  Art.  12,  is  obviously  a  particular 
case  of  an  ellipsoidal  shell  bounded  by  similar  ellipsoids. 
When  the  external  and  internal  surfaces  of  a  homceoidal 
shell  approach  infinitely  near  to  each  other,  the  shell  is  called 
simply  a  homoeoid. 
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19.  Elliptic  Plate. — The  attraction  of  a  homogeneous 
elliptic  plate  at  a  point  on  the  extremity  of  an  axis,  for  a 
uniplauar  distribution  of  mass  attracting  inversely  as  the 
distance,  may  be  found  as  follows : — 

Let  2a  and  2b  denote  the  axes  of  the  ellipse,  and  F2  the 
component  in  the  direction  of  the  axis  of  y  of  the  attraction 
of  the  plate  at  the  point  B  whose  coordinates  referred  to  the 
centre  are  0,  -  b.  Taking  B  for  origin,  the  equation  of  the 
ellipse  referred  to  polar  coordinates  is 

2a*b  sin  0 

r  = 


a2  sin'0  +  b2  cos20" 

The  attraction  of  a  triangle,  of  infinitely  small  angle  dO, 
having  B  for  vertex,  and  extending  across  the  ellipse,  is 
expressed  by  rrdO.  Hence 


F,-2 

•Substituting  for  r  from  the  equation  of  the  ellipse,  we  have 


.  sn 


seo20^0 
du 


4r«2i  fir      b  TT\       2irrab 


a  2J      a  +  b' 

Since  an  ellipse  is  symmetrical  on  each  side  of  an  axis  it 
is  plain  that  the  attraction  component  at  B  parallel  to  the 
axis  major  is  zero.  If  Xi  be  the  attraction  of  the  plate  at 
an  extremity  of  the  axis  major,  we  find,  by  a  similar  process, 
that  Xl  is  codirectional  with  the  axis  major,  and  is  equal 
to  F2. 

We  can  now  prove  that  at  a  point  P  on  the  boundary, 
whose  coordinates  referred  to  the  centre  are  -  x  and  -  y,  the 


22 
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components,  X  and  Y,  parallel  to  the  axes,  of  the  attraction 
of  the  plate  are  given  by  the  equations 


To  show  this,  draw  through  P  a  parallel  PP'  to  the  axis 
major  AO.  Let  J?i  and  R2  denote  two  chords  of  the  ellipse 
drawn  through  the  extremity  A  of  the  axis  major,  and 
making  equal  angles  with  it  on  opposite  sides,  t\  and  r2  the 
parallel  chords  through  P,  and  9i  and  92  the  angles  they 
make  with  PP';  then  02  =  -9i  when  i\  and  r2are  on  opposite 
sides  of  PP',  and  02  =  TT  -  Bi  when  they  are  on  the  same  side. 
Again  r,  a  chord  drawn  through  P,  is  given  by  the  equa- 
tion 


/cos2  0     sin2  0 

rl  _  j_ 
o         T          - 

\   a2  i 


x  cos 


sin  0 


and  .B,  the  parallel  chord  through  A  by  the  equation 


^  /cos2 

E\ 


sin2  d\         2a  cos  0 

I  -.    r.  '        I       it  « * 


hence 


cos  0i  +  r2  cos  02  =  -  (i?i  +  J?2)  cos 
x 


Also  the  attraction  component  along  PP'  of  the  elemen- 
tary triangle  whose  side  is  r  is  expressed  by  rr  cos  0  dO. 
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Hence  we  have 

IT  IT 

X  =  T\    (r,  cos  0!  +  r  a  cos  02)  clO^  -  r  -      (#1  +  R  2)  cos  0!  </0i 

Jo  a  Jo 

=  -Z,,     similarly    F=?F2. 
«  o 

If  we  substitute  for  X^  and  F2  the  values  already  obtained, 
we  get 

2irTbx  _   2M   x  _2trTay  _    2M  y        . 

a+b   ~  a  +  b  a'  a  +  b       a  +  b  b'      ^  ' 

where  M  is  the  uniplanar  mass  of  the  plate. 

If  P  be  inside  the  ellipse  bounding  the  plate,  suppose  a 
similar  concentric  ellipse,  whose  axes  are  2a  and  2b',  drawn 
through  P,  then  the  band  between  this  ellipse  and  the 
boundary,  by  Art.  18,  exercises  no  attraction  at  P,  and  the 
attraction  components  X  and  Y  of  the  plate  are  given  by  the 
equations 


_  2irray 
=  "7TT'  "  ~a  +  b' 

20.  Infinite  Elliptic  Cylinder.—  If  we  put  T  =  2p  in 

equations  (5),  we  find,  by  Art.  11,  that  the  attraction  com- 
ponents X  and  Y  of  an  infinitely  long  homogeneous  elliptic 
cylinder,  whose  axis  is  the  axis  of  z,  at  a  point  —a?,  -  y,  on  or 
inside  the  bounding  surface,  are  given  by  the  equations 

(6) 


a+ b '  a+b' 

21.  Ellipsoid. — The  attraction  of  a  homogeneous  ellip- 
soid at  a  point  on  its  surface  may,  in  a  manner  similar  to  that 
employed  in  Article  19,  be  deduced  from  the  attraction  at  a 
point  P  at  an  extremity  of  an  axis. 

To  find  this  latter  attraction,  let  the  axes  of  the  ellipsoid  be 
denoted  by  2a,  2b,  2c,  and  let  P  be  the  point  whose  coordi- 
nates referred  to  the  centre  are  0,  0,  -  c,  then  the  equation 
of  the  ellipsoid  in  polar  coordinates  referred  to  P  as  origin  is 

/sin'0  cosV      sin20  sin'd>      cos20\      2  cos  0 

•        i  »       I  1    ^ .    __^^^_ 

r(      IT         ~~F~      ~^)~     c    ' 
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The  attraction  at  P  of  a  cone  of  infinitely  small  angle 
having  its  vertex  at  P,  and  extending  across' the  ellipsoid,  is 
expressed  by  pr  sin  0  dO  d$.  Hence,  if  Z3  denote  the  attrac- 
tion component  of  the  ellipsoid  at  P  in  the  direction  of  the 
axis  of  z,  we  have 


2     r27T  p    p 

r  sin  0  cosOdOdty  =  4p  \        r  sin  0  cos  6dOd(j>. 

o    J  o  Jo  Jo 

Substituting  for  r  from  the  equation  of  the  ellipsoid,  we 
obtain 


„  _  _ 

p(l       Jo  Jo  «2&2  cos20  '+  c2  sin20  (a2  si 

Put     ^2cos20=(7,     aVsin20 

TT 

(~2 
cos20sin0G?0 
, 


-^p          .  2  . 

(7  +  A  sm2^  +  ,6  cos-^ 

If  we  integrate  with  respect  to  $  we  get  for  the  corre- 
sponding integral 

i 


. 

tan"1     /  —  —  =r  tan  0    ; 


this  between  the  assigned  limits  is 

7T 


hence  * 

cos2  6  sin  0^0 
a=    7r« 


_  _  ___ 

v/(?Fcos20  +  iV  sin20)  (a2*2  cos20  +  cfc*  sin20)' 

(7) 
If  we  put  cos  0  =  M,  we  get  finally, 


^  =  ^Pnbc      r  .     ,  .      2x    .Hir  .     r»      ^    2n^-        (8) 
rc2  +  (a2  -  c2)  w2]2  [c2  +  (b2  -  c2)  w2]* 


^  the  symmetry  of  the  ellipsoid  round  its  axes  it  is 

plain  that  its  other  attraction  components  at  P  are  zero,  so 
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that  Z,,  denotes  the  total  resultant  attraction  at  the  extremity 
of  the  semi-axis  c. 

We  obtain,  in  like  manner, 

f1  u*du  /o\ 

^^  J.  [«•+(*•-*)*)•  (*+(#-*)«•)* 

11  ^2  (jy 

,(6'  +  (''-  **)«'!*  !*•+(«•-  ^•'l*' 

where  X,  and  F2  denote  the  attractions  at  the  extremities  of 
the  semi-axes  a  and  b.  The  expression  for  Z3  in  equation 
(8)  can  be  put  into  a  more  convenient  form  by  taking  the 
factor  c2  in  the  denominator  outside  the  integral  sign,  and 
by  putting 

/72   _  />2  ft   —  C* 

\    2_  \    2   _ 

Al  "  ~~?~~'    Ai  "  ~7~~ 

we  have,  then, 

l  u*du  _ 

*  * 


To  make  Xi  depend  on  Ai  and  X2,  assume 
a?  r*  r*  /7/\3 

2  ^  •>  Jl  7  *        f   ™  \ 

-T  -«=—,-  c%     then     r//f  =  —       1 
M2  r2  «2  W  / 


and 


®- 


Substituting  for  u  in  terms  of  v  in  equation  (9),  since  the 
limiting  values  of  v  are  the  same  as  those  of  ti,  we  get 

4Trpab  a  V  tf  dv 

' 


If  a  and  i  be  interchanged,  X^  and  A!  become  F2  and  A2  ; 
hence  we  obtain 

Y_4Trpabbfl  tf  dv 

c      '.Ml  +  A^Cl  +  A^V)8* 
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If  we  put  M  =  f  irpabc,  then  M  will  denote  the  mass  of 
the  ellipsoid,  and  JCi,  F2,  Z3  may  be  expressed  by  the  equa- 
tions 

3M       1 

X i  =  — r  « 


^3  =  -r 


V . 


(14) 


If  now  X,  Y,  Z  denote  the  components  parallel  to  the 
axes  of  the  attraction  of  an  ellipsoid  at  any  point  P  on  its 
external  surface,  whose  coordinates  are  - #,  -  y,  -z,  it  is  easy 
to  show  that 

X=-X       Y=-Y       Z  =  -Z 
a  b  c    ' 

To  prove  this,  draw  through  P  a  parallel  PP'  to  (70, 
where  C  is  the  extremity  of  the  semi-axis  c,  and  0  is  the 
centre  of  the  ellipsoid,  let  ^  and  P^2  denote  two  chords  of  the 
ellipsoid  lying  in  a  plane  passing  through  CO  and  making 
equal  angles  with  it  on  opposite  sides  at  the  point  (7,  and  let 
-/*!  and  rz  denote  the  parallel  chords  through  P,  and  0i  and 
02  the  angles  they  make  with  PP'.  Then  02  =  -  BY  when  i\ 
and  rz  are  on  opposite  sides  of  PP',  and  02  =  TT  -  Bi  when  they 
are  on  the  same  side ;  also  R  the  chord  drawn  through  C  is 
given  by  the  equation 

sin2rf»      cos20\          2c  cos 

*  '  '  =  + 


and  r  the  parallel  chord  through  P  by  the  equation 
i20  cos2<6      sin20  sin2d>      cos20^ 


2x  sin  0  cos  0      2?/  sin  0  sin  d>      2s  cos  0 

Y      i  J  I        i      • 

a2  62  c2 

hence         /*i  cos  6i  +  r2  cos  02  =  -  (Hi  +  R2]  cos  0i. 

c 
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w 

(»    fir 
(ri  cos  0i  +  ra  cos  02)  sin  0i  dOi  (l<(>, 
>  Jo 
•a 

n* 
(Ri  +  RZ)  cos  0]  sin  0t  dt)i  dfyy 
0 

X  V 

whence  Z  =  -  Z3,  and  similarly,  X  =  -  Xi  and  F  =  T  F2. 

c  «  o 

A  purely  geometrical  method  of  arriving  at  these  equa- 
tions will  be  found  in  Ex.  12,  Art.  24. 

If  we  substitute  for  Xlt  Y2,  and  Z3,  their  values  obtained 
from  equations  (14),  we  have 

3M     f1  «»I/M 

JL  =  Ax  =  — —  x 


: 


:JJ/ 

(72  =  —  - 


(15) 


where  ^4,  It,  C  are  constants  defined  by  the  equations  above. 

The  expressions  in  equations  (15)  for  the  attraction  com- 
ponents of  the  ellipsoid  at  a  point  P  whose  coordinates 
referred  to  the  centre  are  -  x,  -  y,  -  s,  hold  good  if  P  be  inside 
the  external  surface  of  the  ellipsoid. 

To  prove  this,  suppose  a  similar  ellipsoid,  whose  axes  are 
2a\  2b',  2c,  drawn  through  P ;  then,  by  Art.  18,  the  total 
attraction  at  P  is  the  attraction  of  this  ellipsoid.  Also,  if 
M '  bo  its  mass, 

M'        M  A       V         A        V        * 

-75-  =  —)     and    A  i  =  AI,  A  2  =  A2 ; 

C  C 

therefore  the  coefficients  of  ar,  y,  s  in  the  expressions  for  the 
attraction  components  are  the  same  whether  P  be  on  the 
surface  of  the  ellipsoid  or  in  its  interior. 

22.  Symmetrical  Expressions  for  Components  of 
Attraction. — Symmetrical  expressions  for  X,  Y,  and  Z  may 
be  obtained  in  the  following  manner  : — 

Assume  v  =  &  tan20,  then 

civ  =  2c2  sin  0  sec30  dB  =  2c2  sin  B  c~3  (c2  +  v)1  dO, 
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whence     sin  0  dO  = s,    also  v  =  <x>   when  0  =  -,  and 


v  =  0  when  9  =  0.     Thus  (7)  becomes 

dv 


(16) 


From  (16)  and  the  corresponding  equations  we  get 

-X"  =  2-n-pabcx  —r-      — r, 

Jo  (rr  +  tf)1  (b2  +  vr  (<?  +  «0 

•s v     \  /\  /        \  / 

(17) 


By  assuming  v  =  /u?u  it  is  easy  to  show  that  these  expres- 
sions hold  good  for  any  point  P  whose  coordinates  are  -  x, 
-  y,  and  -  s,  and  which  lies  inside  the  ellipsoid  on  the  sur- 
face of  the  similar  ellipsoid  whose  semiaxes  are  /ma,  /nb,  and  /me. 

23.  Components  of  Attraction  at  Internal  Point 
found  directly. — If  the  origin  be  taken  at  a  point  P  inside 
an  ellipsoid,  the  equation  of  its  surface  gives  a  quadratic 
equation  to  determine  the  intercepts  on  a  radius  vector  r, 
making  angles  a,  /3,  j  with  the  axes.  If  the  lengths  of 
these  intercepts  be  denoted  by  TI  and  rz,  the  component  Jf  of 
the  attraction  of  the  ellipsoid  at  P  is  given  by  the  equation 
X  =  $p  (r-i  -  TZ)  cos  a  dw  ;  but  i\  and  -  rz  are  the  roots  of  the 
quadratic  equation  in  r,  whence,  if  -x,  -y,  -  z  denote  the  co- 
ordinates of  P  referred  to  the  centre  as  origin,  we  have 

—  cos2a  +  77  cos  a  cos  6  +  -„  cos  a  cos  7 

Ct  u  C 

COS2a        COS'^jS        COS27 


ri    n,  2 

=  2    f    f"  «' 

I  ,  In    cos2^      siu2^  cos2d>      sin2^  sin3d>' 

v  U   v  V  |       '        t^ I 

_ —    -_  _ _    __    _ 


(•' 
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iJlT                      cos  <f>  dd> 
cos20 sin-fl  cos'-d)      siirfl  siird) 
D   + i.  + .!_ 


since 


i 


sn 


cos-0       sin2  61  cos2<£      sin^  sin2</> 
-- 


The  components  !F  and  Z  are  obtained  in  like  manner, 
and  the  subsequent  reductions  are  the  same  as  those  in  the 
preceding  Articles. 

It  is  obvious  that  X  may  be  expressed  by  the  equation 

x  f  cos'Wai 

A  =  4p  —  \  : T-J —  •  (loj 

a  j  cub' a      cos  p      cos  y 


24.  Components  of  Attraction  expressed  by  Elliptic 
Functions.  —  The  expressions  for  X,  T,  Z  given  by  equations 
(15)  can  be  made  to  depend  on  elliptic  functions  of  the  first 
and  second  kind. 

In  order  to  effect  this  transformation,  assume  \iU  =  tan  r//, 
and  let 


a--bz=/<2,  a2-c2  =  A-',   -  =  K2,      i-ic8smY  =  A(^)-  A. 

ft"  ~  (s 

then  M2  =  -r-?,      </w  =  -^—  -  ^/i//,     1  +  Ai2«2  =  sec2i^, 

AI  AI 

(\    °         A    2  \ 

1  -    l"  "   2  sin2^/  1  sec2^/  =  sec2^/  A2  ; 
AI  y 

hence,  if  the  equations  for  X,  Y,  Z  be  written  in  the  form 

(19) 


we  have       At3  1,  = 


,  3 

1 
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In  the  ordinary  notation  of  elliptic  functions 

f*    diL  f* 

— r-rr  =  £  (i//),  and       A  (y)  dil> 
Jo  ^W  Jo 

Introducing  this  notation  we  have 


7l       Xilxt'-X.')    '  (21) 

where  ^  =  tan"1  Xi.  The  values  of  J2  and  73  can  be  obtained 
directly  from  (15),  but  it  is  easier  to  deduce  them  from  that 
of -/i  in  the  following  manner  : — 

From  (18)  and  the  corresponding  equations  for  T  and  Z 
we  have 

-+--  +  —  =  2jojcta  =  4-n-p,  (22) 

ZX      2Z      22T  2  2f  ^o> 

a;          y      '   s  J  a^2  °os27  +  £>2c2  cos2a  +  c2«2  cos2/3' 

From  the  first  of  these  equations  we  get 

(23) 


and  from  the  second,  by  means  of  reductions  such  as  are 
applied  to  the  expression  for  Z3  in  Art.  21,  we  have 

du 


By  a  transformation  similar  to  that  applied  above  to  the 
expression  for  /i  this  equation  becomes 


(1  +  A,2)  $•*•(!•+  A22)  /,  +  /,  =         -.  (24) 

AI 

Hence,  by  (23),  we  have 

-  -7=  =.          (25) 

A,  ' 
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The  value  of  /!  being  given  by  (21),  if  we  solve  for 
and  73  from  (23)  and  (25)  we  get 


r   _ 


-Xa2)      Xi(X,*-X,a)      Xa' 


-/s  —  ^~~: 


ii  AS 


8n       COS 


Hence,  remembering  that 

X!  =  tan  ^15     c-2  Aj2  =  ^2,     cz  Az2  =  A;2  -  /r  , 
from  equations  (19)  we  obtain 


.  (26) 


Lr     (27) 


Equations  (27)  assume  a  simpler  form  in  the  case  of  an 
ellipsoid  of  revolution.  Such  an  ellipsoid  may  be  either  oblate 
or  prolate. 

In  the  case  of  an  oblate  ellipsoid  of  revolution  a  =  J,  and 
therefore  Ai  =  A2  =  X.  Hence  Ffa)  =  fa  =  tan"1  A,  and  equa- 
tions (23)  and  (25)  become 


27"  4.  T  -  9X27-  - 

~  rrx~2'      7i  -  x  " 


whence  we  obtain 


32  Resultant  Force. 

and  therefore  we  have 


2A3c3 
SMy 


i       ZMx  i                 A     i 
tan"1  A  - rti 


ta  i-X  - 


c3   f 


"  tan 


.   (28) 


In  the  case  of  a  prolate  ellipsoid  of  revolution  b  =  c,  and 
therefore  X2  =  0.     Putting  Xt  =  A,  we  have,  then, 


where  tan  ^i  =  A  =  siuh  ^.     Hence  equations  (23)  and  (25) 
become 

I  +   2/3  =  —  -,        \ZIi  =  ^   -- 

2  x 


whence 

and  therefore 


T    _ 


^-3 


T^  •      1. 

=  S1 


2A3c 
^  =  ^     -jsinhvcosh  v  - 

*t    \    O   y^O      I  'V  '*• 


2A33 


v/l  +  A2  -  log  (A  +  v/I+A2) 


.(29) 


The   methods    employed    in   this   Article   are    due    to 
Mr.  F,  Purser. 
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EXAMPLES. 

1.  If  X,  I",  Zbe  the  components  of  the  attraction  of  a  homogeneous  ellipsoid 
at  an  internal  point,  whose  coordinates  are  -  x,  —  y,  -  z,  show  geometrically 
that 

X      Y     Z 

-  +  -  +  -  =  4*y>, 
x      y      z 

where  a  is  the  density  of  the  ellipsoid. 

If  MI,  Ri,  and  RZ  be  three  parallel  chords  drawn  through  the  extremities  of 
the  axes  of  an  ellipsoid,  and  making  with  them  the  angles  a,  j3,  and  y,  we  have 

Ri  cos  a      Ri  cos  0      J?3  cos  y  _ 
2a  2J  2c  ' 

Xl         F2        ^3 

whence  —  +  —  -f  —  =  4r/>, 

•        0       | 

from  which  equation  that  given  above  follows  by  Art.  21. 

2.  If  a  straight  line  be  drawn  from  the  centre  to  the  surface  of  a  homo- 
geneous ellipsoid,  prove  that   the  directions  of  the  resultant  attraction  at  all 
points  of  the  line  are  parallel. 

3.  Prove  that  the  attraction  of  a  homceoid  at  a  point  on  its  external  surface  is 
in  the  direction  of  the  normal,  and  is  expressed  by  4irpS,  where  8  is  the  thickness 
of  the  homoeoid  at  the  point. 

By  Art.  18,  the  attraction  at  a  point  P  inside  and  infinitely  near  the  internal 
surface  of  the  homo3oid  is  zero.  As  P  passes  through  the  homoeoid  to  the  out- 
side, the  normal  component  of  attraction  is  altered  by  4ir<r,  Art  16,  the  other 
components  remaining  unchanged.  Hence,  outside  and  infinitely  near  the 
external  surface,  the  total  attraction  is  in  the  direction  of  the  normal  and  is  equal 
to  4wff,  but  in  this  case  <r  =  pS. 

4.  Show  that  the  attraction  of  a  homoeoid  at  a  point  on  its  external  surface 
varies  directly  as  the  central  perpendicular  on  the  tangent  plane  at  the  point. 

If  p  denote  the  central  perpendicular  on  a  tangent  plane,  o,  #,  7  its  direction 
angles,  and  a,  b,  c  the  semi-axes  of  the  ellipsoid,  we  have 

j92  =  a2  cos2a  +  b-  cos2/3  +  c2  cos2y. 
Hence,  if  a,  b,  c  vary,  o,  j8,  y  remaining  constant, 

p  dp  =  a  da  cosza  +  *  db  cos2£  +  cdc  cos2?  =  a2cos2a  —  +  bz  cos2/3  —  +  c3  cos2  y  — ; 

a  o  c 

but  in  passing  from  an  ellipsoid  to  a  consecutive  similar  ellipsoid 

da      db      dc  da  da 

—  =  —  =  — ,  and  therefore  p  dp  =  p1  — ,  whence  5  =  dp  =  p  —  ; 

a 
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and  if  R  denote  the  attraction  of  the  homoeoid  at  the  point  of  contact  of  the 
tangent  plane, 

R  =  4-irpS  =  47TD  —  p. 
a 

5.  A  mass  of  homogeneous  fluid,  subject  to  its  own  attraction,  is  rotating  as 
a  rigid  body  with  a  uniform  angular  velocity ;  prove  that  its  external  surface 
may  he  an  oblate  ellipsoid  of  revolution  having  its  shortest  axis  coincident  with 
the  axis  of  rotation. 

When  a  fluid  is  in  equilibrium,  its  free  surface  must  be  perpendicular  at  each 
point  to  the  resultant  force.  If  the  fluid  be  in  motion,  by  D'Alembert's 
Principle  (see  "Dynamics,"  chap,  ix.),  the  acting  forces,  together  with  the 
forces  of  inertia,  form  a  system  in  equilibrium.  In  the  present  case,  if  x,  y,  z  be 
the  coordinates  of  a  point  on  the  free  surface  of  the  fluid,  dx,  dy,  dz  are  propor- 
tional to  the  direction  cosines  of  a  tangent  at  this  point ;  and  if  the  axis  of 
rotation  be  taken  as  the  axis  of  z,  and  co  denote  the  angular  velocity,  the  com- 
ponents of  the  acceleration  of  a  particle  of  fluid  at  x,  y,  z  are  —  o>2#  and  —  u^y. 
Hence,  if  X,  Y,  Z  denote  the  components  of  the  force  per  unit  of  mass  acting 
at  the  point  x,  y,  z,  we  have 

(X  +  a*x)  dx  +  (Y+  u*y)  dy  +  Zdz  =  0.       (a) 

This  equation  can,  in  general,  be  satisfied  by  supposing  the  free  surface  to 
be  an  oblate  ellipsoid  of  revolution  whose  equation  is 


c2  (1  +  A2)      c2 

The  attraction  components  X,  Y,  Z  are  then  of  the  form  -  Ax,  -  Ay,  and  -  Oz, 
where  A  and  G  are  given  by  equations  (28),  and  the  differential  equation  of  the 
ellipsoid  is 

x  dx  +  y  dy  +  (1  +  A2)  z  dz  =  0. 

This  is  identical  with  the  equation  to  be  satisfied  at  the  free  surface  provided 
that  (1  +  A2)  (A  -  «2)  =  0.  If  p,  the  density  of  the  fluid,  and  w2  be  given,  this 
equation  determines  A.  Substituting  for  A  and  C  from  (28),  remembering  that 

4  o>2 

M  =  -  irpc3  (1  +  A2),     and  putting    -  —  =  q,    we  have 

3  47TO 


For  a  discussion  of  this  equation  see  Laplace,  "Mecanique  Celeste,"  Livre 

3o>2 

ni.,  chap.  iii.     Laplace  uses  q  to  denote  - — . 

4?rp 

6.  An  ellipsoid  with  three  unequal  axes,  and  having  its  shortest  axis  as  the 
axis  of  rotation,  is  a  possible  form  of  relative  equilibrium  for  a  revolving  mass 
of  homogeneous  fluid. 
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The  components  of  the  attraction  of  an  ellipsoid  at  a  point  x,  y,  z  on  its 
surface  are  of  the  form  -  Ax,  -  By,  and  -  Cz.  If  we  substitute  these  expres- 
sions for  J,  Y,  Zia  (a),  Ex.  5,  we  have 

(A  -  u*)xdx  +  (B-u*)ydy  +Czdz  =  0. 
The  differential  equation  of  the  surface  of  the  ellipsoid  is 

JI*   +_£*,.«*.,  o, 

1  +  Ai3      1  +  Aa8 
and  this  equation  is  identical  with  the  former  provided  that 

C=  (1-f  A,2)  (A  -  «2)  =  (1  +  A22)  (B  -  a,2). 
If  we  eliminate  «2  from  these  equations,  we  have 

(1  +  Ai2)  (1  +  A22)  (A  -  B)  =  (A22  -  A!2)  <7. 
Substituting  for  A,  B,  C'from  (15),  and  putting 


V/(l  +  A.i2w2)  (1  +  A22«2)  =  U, 
we  get 

(i+Aiz)(i4A22)  [  (r  -jbrr2-r 

JQ      \  *    T    f*\      **  *    T    f*>4 

Transposing  and  reducing,  we  have 


If  Ai  be  given,  one  solution  of  this  equation  is  Aj  =  AI,  which  corresponds  to 
an  ellipsoid  of  revolution.     If  this  solution  be  rejected,  and  if  we  put 


(Ai  +  A2) 


we  see  that  /(Aj)  is  positive  when  A2  =  0,  and  negative  when  \2  =  w  .  Hence 
f(\z)  must  vanish  for  some  positive  value  of  A2.  This  value  of  A2  gives  a  real 
ellipsoid  satisfying  the  conditions  of  the  question,  provided  the  corresponding 
values  of  Ai  and  <at  are  real  and  positive.  From  the  equations  of  condition  given 
above  we  find 

C  Ar     3Jf  f1  (l-«2)w2rfM 

a2  =  A  — 


_  f 
I5"  Jo 


1  +  Ai2       1  +  Ai2   c3   J0    (1  +  Ai2  M')  U' 

whence  it  appears  that  if  Ai  be  assigned,  the  corresponding  value  of  «2  is  real  and 
positive.     The  above  theorem  is  due  to  Jacobi. 

7.  If  the  figure  of  a  revolving  mass  of  homogeneous  fluid  in  relative  equili- 
brium be  an  ellipsoid,  its  shortest  axis  must  be  the  axis  of  rotation. 

D  2 
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A  particle  of  fluid  at  the  extremity  of  the  axis  of  rotation  has  no  acceleration, 
and  therefore  the  resultant  attraction  at  this  point  is  normal  to  the  surface  ;  but 
from  equations  (  1  5)  or  (27),  it  is  plain"  that  the  resultant  attraction  of  an  ellipsoid 
is  not  normal  to  the  surface  except  at  the  extremity  of  an  axis.  Hence  the  axis 
of  rotation  is  an  axis  of  the  ellipsoid.  If  it  he  not  the  shortest  axis,  let  it  be  the 
axis  of  x  ;  then  the  equation  to  be  satisfied  at  the  free  surface  is 


Axdx  +  (B-u^ydy  •(-  (C  -  w2)z<fe  =  0, 
which  must  therefore  he  identical  with 

xdx  ydy 


l+Aiz 
whence  (1  +  Ai2)  A  =  C  -  «2, 


but  this,  being  a  negative  quantity,  is  an  impossible  value  for  «2.     If  the  axis 
of  y  were  the  axis  of  rotation,  we  should  have,  in  like  manner, 


2)  V 

Hence  the  only  possible  axis  of  rotation  is  the  shortest  axis  of  the  ellipsoid. 

8.  An  approximately  spherical  ellipsoid  having  three  unequal  axes  is  not  a 
possible  form  of  equilibrium  for  a  revolving  mass  of  homogeneous  fluid. 

If  an  ellipsoid  having  unequal  axes  be  approximately  spherical,  Ai  and  AZ 
must  be  both  small  quantities,  less  than  unity  ;  but  f(\z)  in  Ex.  6  is  positive 
when  A.2  =  0,  and  remains  positive  so  long  as  Ai2Az2  <  1.  Hence  the  value  of 

Az  for  which/(Aj)  vanishes  is  greater  than  —  -  ;  and  therefore  if  AI  be  less  than 

Xr 

unity,  Az  must  be  greater  than  unity  for  the  ellipsoid  which  is  the  figure  of  equi- 
librium.    This  ellipsoid  cannot  therefore  be  approximately  spherical. 

The  theorem  above  is  proved  by  Laplace  by  the  use  of  spherical  harmonics. 

9.  A  prolate  ellipsoid  of  revolution  is  not  a  possible  form  of  relative  equili- 
brium for  a  revolving  mass  of  homogeneous  fluid. 

If  the  axis  of  revolution  of  the  ellipsoid  be  the  axis  of  rotation,  the  theorem  is 
a  particular  case  of  Ex.  7,  and  is  given  by  Laplace,  "  Mecanique  Celeste,"  Livre 
in.,  chap.  iii. 

If  the  axis  of  rotation  be  perpendicular  to  the  axis  of  revolution  of  the  ellip- 
soid, f(\z)  in  Ex.  6  should  vanish  when  Az  =  0  ;  but  this  is  not  the  case,  and 
therefore  under  no  circumstances  can  a  prolate  ellipsoid  of  revolution  be  a 
figure  of  equilibrium. 

10.  Prove  that  the  direction  of  the  resultant  attraction  at  any  point  of  the 
surface  of  a  prolate  ellipsoid  of  revolution  lies  between  the  normal  to  the  surface 
at  the  point  and  the  line  drawn  from  it  to  the  centre  of  the  ellipsoid. 

Let  a  be  the  angle  which  the  resultant  attraction  at  any  point  of  the  surface 
of  a  homogeneous  prolate  ellipsoid  of  revolution  makes  with  the  axis  of  revolu- 
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tion  which  is  the  axis  of  x.     Then  x  and  y  being  the  coordinates  of  this  point 
in  the  plane  of  the  generating  ellipse  passing  through  it,  we  have,  by  (29), 

tan  o  =  8inh  X  cosh  x  -  x  V  . 
2(x-taiihx)      *' 

also  if  v  be  the.  angle  which  the  normal  at  the  same  point  makes  with  the  axis 
of  x,  we  hare 

tan  v  =  (1  +  A2)  -  =  -  cosh2  x- 

X        X 

If  we  compare  the  expressions  for  tan  a  and  tan  v,  we  see  that  v  >  a,  pro- 
vided .F(x)  is  positive,  where 


=  X  (2  cosh2x  +  1)  -  3  sinh  x  cosh  x- 
Now  -F(x)  =  X  (2  +  cosh  2x)  -  f  sinh  2x, 


and  if  we  substitute  for  cosh  2x  and  sinh  2x  their  expansions  in  powers  of  2x, 
we  see  that  -F(x)  is  positive  when  x  is  positive,  and  x  must  be  positive,  since 
it  is  the  logarithm  of  a  quantity  greater  than  unity. 

Again,     tan  a  >  -,     provided  that    sinh  x  cosh  x  ~  X  >  2  (x  - 
x 

This  condition  is  fulfilled  if  /(x)  be  positive,  where 

/(x)  =  sinh  x  cosh2  x  +  2  sinh  x  -  3x  cosh  x  ; 
but  here  /(x)  =  i  (sinh  3X  +  9  sina  x)  -  3X 


and  expanding  in  powers  of  x  we  see,  as  before,  tbat/(x)  is  positive. 

By  a  similnr  procedure  the  some  result  can  be  obtained  in  the  case  of  an 
oblate  ellipsoid  of  revolution. 

11.  Find  the  mutual  attraction  between  the  two  hemispheres  into  which  a 
homogeneous  sphere  is  divisible  by  a  plane  through  its  centre. 

It'  the  sphere  were  fluid,  it  would  be  in  equilibrium  under  its  own  attraction  ; 
then  the  fluid  pressure  p  at  any  point  would  be  given  by  the  equation 


>  =  p  \  (Xdx+  _„,  .  — ,  .  .         r 

but  p  =  0  when  r  =  a  the  radius  of  the  sphere ; 

•'•    P  —  \"*P'  (a*  ~  ''2)- 

Again  in  this  case  the  entire  pressure  P  perpendicular  to  a  central  section  of  the 
sphere  is  given  by  the  equation 

2*1  -.2  nl  a* 


Now  suppose  one  hemisphere  of  the  fluid  sphere  rigidified,  it  will  remain  in 
equilibrium  under  the  same  external  forces  as  those  which  acted  on  it  before  ; 
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and  therefore  the  mutual  attraction  F  between  the  hemispheres  must  be  equal 
to  P.     Hence,  if  M  be  the  mass  of  one  hemisphere,  we  have 


Another  method  of  arriving  at  this  result  will  be  found  in  Ex.  14. 

12.  Prove  geometrically  that  the  component,  parallel  to  an  axis,  of  the 
attraction  of  an  ellipsoid  E  at  a  point  P  on  its  surface,  is  equal  to  the  attraction 
of  an  ellipsoid  E',  similar  to  E  and  similarly  placed,  at  a  point  at  the  extremity 
of  the  parallel  axis,  provided  this  axis  be  equal  to  the  parallel  chord  of  E  drawn 
through  P. 

Let  PZ  be  the  chord  of  E  parallel  to  an  axis  of  E,  and  let  C"  be  the  extremity 
of  the  codirectional  axis  of  E',  then,  0  being  the  centre  of  the  ellipsoids  E  and 
E',  we  have  200'=  PZ. 

Draw  any  plane  through  PZ,  it  meets  the  ellipsoid  E  in  an  ellipse  whose 
axis  is  parallel  to  PZ,  and  the  parallel  plane  through  00'  meets  the  ellipsoid  E' 
in  a  similar  ellipse.  Suppose  these  two  ellipses  put  in  one  plane  and  made 
concentric  and  similarly  placed,  then  the  axis  of  the  inner  is  equal  to  the  parallel 
chord  PZ  of  the  outer. 

Draw  two  chords  PRi  and  PEz  making  equal  angles  with  PZ  on  opposite 
sides,  join  PC',  and  from  the  point  P'  where  it  meets  the  outer  ellipse  again 
draw  P'R'  parallel  to  PR\  ;  draw  also  C'T\  and  C'Tz,  chords  of  the  inner  ellipse, 
parallel  to  PRi  and  PR2-  Then  PR'  -  PRz,  and  the  middle  points  of  P'R', 
C'T',  and  PRi  are  in  one  straight  line,  and  C'  is  the  middle  point  of  PP', 
wherefore 


C'TZ  =  2C"Ti  =  PRi  +  P'R'  = 


PRz 


when  Ri  and  Rz  are  on  opposite  sides  of  PZ;  but 

2C"Ti  =  PRi  -  P'R'  =  PRi  -  PRz 

when  .Ri  and  Rz  are  on  the  same  side  of  PZ.  Hence,  as  the  attraction  of  a  thin 
cone  at  its  vertex  is  proportional  to  its  length,  the  truth  of  the  theorem  is 
manifest. 
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13.  Show  how  to  represent  the  attraction  of  a  homogeneous  ellipsoid  at  a 
point  1'  tit  the  extremity  of  its  axis  by  means  of  an  arc  of  one  of  its  focal  conies 
and  the  tangent  drawn  at  the  extremity  of  this  arc. 

If  P  be  at  the  end  of  the  shortest 
axis  2c  of  the  ellipsoid,  assume  a 
point  Q  on  the  longest  axis  such  that, 
0  being  the  centre, 


and  draw  through  Q  a  tangent  QTto 
the  focal  ellipse  ;  then,  if  ^  be  the 
angle  which  the  perpendicular  p  from 
0  on  QT  makes  with  the  axis-major  of  the  ellipse,  putting  OQ  =  {,  we  have 

£2  cos-t^  =  j»2  =  c2  (Ai2  cos2^  +  A22  sin2!//). 
Substituting  for  £  we  have 

Ai2  A22  w2  =  (Ai2  \zz  w2  +  A22)  sin2ij/  ; 

whence  , 

AIM  c\\\zzttdu 


If  A  be  the  extremity  of  the  axis  major  of  the  focal  ellipse,  and  if 
QT—  t,  arc  AT  =  a,  it  is  plain,  by  drawing  a  consecutive  tangent  Q'T'  whose 
length  is  tf,  that  f  -  t  =  sin  ^{  +**-*,  whence  sin  >|/rf{  -  dt  —  da.  Now  if 
Zz  be  the  attraction  of  the  ellipsoid  at  P,  by  (14),  Art.  21,  we  have 

SM          .  ZMc 


where  <  is  drawn  from  a  point  K  on  the  axis  such  that 


If  the  point  P  be  at  the  extremity  of  the  mean  axis,  assume  Q  on  the  greatest 
axis  so  that 


then,  proceeding  in  a  manner  similar  to  that  above,  we  find 

ZMb 


where  t  is  the  tangent  drawn  from  a  point  K  such  that 


OJST=V  ^ 


a.d  <  is  the  corresponding  arc  of  the  focal  hyperbola. 
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The  attraction  at  the  extremity  of  the  longest  axis  can  be  found  from  those 
at  the  extremities  of  the  other  two  by  means  of  the  relation  given  in  Ex.  1.  The 
construction  in  this  example  is  due  to  Mac  Cullagh. 

14.  Find  the  mutual  attraction  between  the  portions  into  which  a  homo- 
geneous ellipsoid  is  divided  by  a  central  plane  perpendicular  to  a  principal 
axis. 

Let  E\  and  E%  be  the  semi-ellipsoids  into  which  the  ellipsoid  E  is  divided 
by  the  diametral  plane.  The  attraction  of  E  on  EZ  is  compounded  of  the 
attractions  of  E\  on  Ez,  and  of  Ey  on  itself,  but  the  latter  is  zero,  being  the 
resultant  of  pairs  of  equal  and  opposite  forces,  and  therefore  the  attraction  £  of 
Ei  on  Ei  is  equal  to  that  of  the  whole  ellipsoid  on  Ey. 

If  the  diametral  plane  be  perpendicular  to  the  shortest  axis  of  the  ellipsoid, 
then,  for  the  corresponding  attraction  Its,  we  have  £3  =  Cp  JJJ  z  dx  dy  dz  taken 
through  the  volume  of  the  semi- ellipsoid,  C  being  given  by  equations  (15). 
If  we  change  the  variables  by  assuming 


a      k'     b      k'     c      k' 

abc*  f 

we  obtain  J?s  =  Cp  — j-r  \  £d£dri  d( 

k*  } 

taken  through  the  volume  of  the  hemisphere  whose  radius  is  k ;  whence 
_  vpabcz     _  3 M 

3  =  ~~~4 =  TG"  c' 

where  M  denotes  the  mass  of  the  ellipsoid,  and  C  is  given  by  (15)  or  (27). 

In  like  manner,  for  diametral  planes  perpendicular  to  the  other  two  axes  of 
the  ellipsoid,  we  have 

3M  SM 

E^-Aa,     E^—Bb. 

16.  Show  that  the  mutual  attraction  of  the  two  semi-ellipsoids  situated  on 
opposite  sides  of  a  principal  plane  is  equal  to  the  attraction  of  the  entire  ellipsoid 
on  a  particle  of  half  its  own  mass  situated  at  the  centre  of  inertia  of  one  of  the 
semi-ellipsoids. 

16.  Show  how  to  determine  the  attraction  of  a  homogeneous  solid  of  revo- 
lution at  any  point  0  on  its  axis. 

If  we  take  the  point  0  for  origin,  the  axis  of  revolution  for  axis  of  x,  and  a 
perpendicular  to  it  for  that  of  y,  and  if  X  denote  the  required  attraction,  by  (3), 
Art.  14,  we  have 

Z  =  2' 


17-  Determine  the  form  of  the  homogeneous  solid  of  revolution,  of  given 
density  and  mass,  whose  attraction  at  a  point  0  on  the  axis  of  revolution  is  the 
greatest  possible. 
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The  axes  being  taken  as  in  the  lost  example,  the  mass  of  the  solid  is  expressed 
by    wpfy'dx.     Hence 


K 


1 ^  \dx  + 


is  to  be  made  a  maximum,  where  a  is  constant. 

Taking  the  variation  of  the  quantity  under  the  integral  sign,  and  equating 
to  zero  the  coefficient  in  it  of  Sy,  we  get 

xv 

ay  + — ,  =  0, 

(*'  +  y2)' 

whence,  putting  o  =  — 5,  we  obtain  for  the  equation  of  the  curve  which  gene- 
rates the  required  solid 

cos  e      1 
a*x  =  r*,     or     —  =  -. 

This  curve  passes  through  the  origin  0  and  cuts  the  axis  of  x  there  at  right 
angles. 

A  curve  whose  equation  is  — —  =  C,  where  Cis  constant,  obviously  possesses 

the  property  that  an  element  of  mass,  wherever  it  is  placed  on  this  curve,  pro- 
duces at  the  origin  the  same  component  of  attraction  parallel  to  the  axis  of  x. 
By  varying  0  and  keeping  r  constant,  we  see  that,  as  C  increases,  the  corresponding 
curve  approaches  the  axis.  Hence,  if  an  element  of  mass  be  moved  from  one 
of  these  curves  to  another  lying  inside  the  former,  the  attraction  component  due 
to  this  element  is  increased.  It  is  now  easy  to  verify  the  result  obtained 
already  by  the  Calculus  of  Variations ;  for  if  the  generating  curve  A  of  the 
surface  bounding  a  solid  M  having  the  required  mass  be  not  a  curve  of  the  above 
form,  describe  a  curve  B  of  this  form,  such  that  the  corresponding  solid  has  the 
mass  required ;  then,  if  the  mass  in  that  part  of  A  lying  outside  B  be  moved 
into  the  space  inside  B  not  enclosed  by  A,  the  attraction  component  of  Mis 
increased,  and  is  therefore  a  maximum  when  A  coincides  with  B. 

18.  An  uniplanar  mass  m,  acting  inversely  as  the  distance,  is  placed  at  a  point 
on  the  circumference  of  a  circle  whose  centre  is  0,  and  which  passes  through  a 
point  .P;  show  that  the  force  which  m  exerts  at  f  in  the  direction  PO  is  the 
same  wherever  m  be  situated. 

19.  A  given  amount  of  uniplanar  mass  is  homogeneously  distributed  so  as  to 
produce  the  greatest  possible  attraction  at  at  a  given  point  P;  the  density  of 
the  distribution  being  assigned,  find  the  form  of  the  curve  by  which  it  is 
bounded.  Ans.  A  circle  passing  through  P. 

20.  Deduce  equation  (25),  Art.  24,  by  direct  integration  from  the  values 
of  /i  and  Lt  given  by  (15),  Art.  21. 

By  (15)  we  have 


0  (I  +*!»«*)*    (1+ 
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-1  f1  A22M2rfw  ri  du 


r1 A22  u2  du ri 

"  Jo     l  +  \iV*l  +  A22«2i  +  J 


(1+Ai2)* 
whence  (25)  follows  by  transposition. 

21.  Find  from  equations  (15)  by  direct  integration  the  components  of  the 
attraction  of  an  oblate  ellipsoid  of  revolution  at  a  point  on  its  surface. 

ZM      fi       tfdu 


Putting  \u  =  tan  if,  we  have 

3Jf* 


Z~A3C3 


J          sec4  *  A3  c3 


where  tan  *i  =  A.    Again, 
3-Jfzr1 


22.  Find  from  equations  (15)  by  direct  integration  the  components  of  the 
attraction  of  a  prolate  ellipsoid  of  revolution  at  a  point  on  its  surface.      ' 

In  this  case  X  = 


<?    Jo  (1  -f  A2w2)* 
Putting  AM  =  sinh  x>  we  have 

_  3  MX   r  sinh2x  coshx  <?x 
A3  c3   }          cosh3x 


3Jlfy  f  sinh2x  cosh  %  dx 
A3  c3  J          cosh  x 


(cos]l  2x  dx.  -  dx)  =    r    (sinh  x1  cosh  xi  -  xO» 

where  sinh  xi  =  A. 
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CHAPTER  III. 

LINES     OF     FORCE. 

25.  Field  of  Force. — A  region  of  space  considered  in 
reference  to  the  action  of  attracting  or  repelling  masses  is 
called  a  field  of  force. 

If  a  curve  be  drawn  in  a  field  such  that  the  tangent  at 
each  point  is  co-directional  with  the  resultant  force  at  that 
point,  the  curve  is  called  a  line  of  force. 

If  x,  y,  z  denote  the  coordinates  of  a  point  in  the  field, 
and  X,  y,  Z  the  components  of  the  resultant  force  at  that 
point,  the  differential  equations  of  a  line  of  force  are  plainly 

dx  _  dy  _  dz  ,,,. 

X :=  Y  =  ~Z' 

So  long  as  a  line  of  force  does  not  pass  through  mass  it 
is  continuous.  In  the  case  of  a  volume  distribution,  the 
resultant  force  is  always  continuous  both  in  magnitude  and 
direction  ;  but  X,  Y,  Z  are  not,  in  general,  the  same  functions 
of  the  coordinates  inside  and  outside  the  acting  mass.  We 
have  seen  (Art.  13)  that  this  is  so  in  the  case  of  a  homo- 
geneous sphere.  The  equations  of  a  line  of  force  in  gene- 
ral, therefore,  become  different  when  the  line  passes  from 
space  occupied  by  mass  into  that  which  is  unoccupied,  but  the 
two  curves  have  a  common  tangent  at  the  boundary  of  the 
mass. 

In  the  case  of  a  sphere,  it  happens  that  the  lines  of  force 
both  inside  and  outside  the  sphere  are  straight,  and  so  in 
this  case  the  one  curve  is  the  continuation  of  the  other. 

When  a  field  of  force  is  due  partly  or  entirely  to  a  surface 
distribution,  the  resultant  force  is  discontinuous  at  the  surface, 
and  therefore  in  passing  through  the  surface  the  line  of 
force  either  stops  altogether  or  changes  its  direction  abruptly. 
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A  line  of  force  at  no  point  of  which  the  resultant  force 
vanishes,  cannot  be  a  closed  curve,  if  the  force  be  due  to  per- 
manent attracting  or  repelling  masses. 

For  if  it  were,  an  element  of  mass  placed  on  the  curve 
would  be  driven  round  and  round  continually,  and  so  an 
unlimited  amount  of  work  could  be  produced  without  the 
consumption  of  materials  or  using  up  of  energy,  which  is 
impossible. 

26.  Gauss'  Tbeorem. — For  any  system  of  mass,  attract- 
ing or  repelling  with  a  force  varying  inversely  as  the  square 
of  the  distance,  if  N  be  the  component  of  the  resultant  force 
along  the  outward  drawn  normal  to  a  closed  surface  8,  the 
integral  J  NdS  taken  over  the  entire  surface  is  equal  to 
4wM  +  2-jrM',  where  M  is  the  sum  of  the  masses  inside, 
and  H'  the  sum  of  those  on  the  surface,  and  those  masses 
which  attract  are  regarded  as  negative. 

To  prove  this,  let  us  consider  the  force  due  to  the  mass  m 
concentrated  at  any  point  0.  If  0  be  outside  S,  and  if  r  be 
any  radius  vector  drawn  from  0  which  penetrates  inside  the 
surface,  it  must  pass  out  again,  and  corresponding  to  every 
entrance  there  is  an  exit. 

If  we  now  suppose  a 
cone  of  infinitely  small  solid 
angle  d<,)  to  have  0  for  its 
vertex  and  r  for  its  axis,  the 
element  of  surface  which  it 

2  sJ 

intercepts  is -,  where  i//  is  the  acute  angle  between  r  and  the 

normal  to  the  surface  element  dS.  Since  JVis  the  component 
along  the  normal  drawn  outwards,  and  the  force  exerted  by  m 
is  supposed  repulsive,  N\  the  normal  component  of  the  force 

YYl/ 

due  to  m  at  an  entrance  is cos  \Llt  whence  N"idSi  =  -  mdw ; 

ri  m 

again  Nz  the  normal  component  at  an  exit  is  —  cos  i//2,  and 

^*2 

therefore  NidSi^mdv,  whence  N\dS\  +  N2dS2  =  0.  As 
the  number  of  entrances  is  equal  to  the  number  of  exits,  the 
total  contribution  to  the  surface  integral  J  NdS  due  to  the 
cone  having  the  line  r  for  its  axis  is  zero.  A  similar  result 
holds  good  for  any  other  radius  vector  from  0,  and  also 
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for  every  element  of  mass  outside  S,  and  therefore  the  part  of 
the  integral  J  NdS  due  to  mass  outside  S  is  zero. 

If  0  be  inside  S,  any  radius  vector  r  from  it  must  pass 
once  out  of  the  surface  S  without  a  corresponding  entrance, 
and  if  r  enters  S  there  must  for  each  entrance  be  a  corre- 
sponding exit ;  hence  the  whole  contribution  to  the  surface 
integral  /  NdS  due  to  the  cone  having  r  for  axis  is  mdw.  In 
order  to  get  the  whole  portion  of 
the  surface  integral  due  to  m,  we 
must  integrate  d&  all  round  0. 
In  this  manner  we  obtain  4irm. 
A  similar  result  holds  good  for 
every  other  element  of  mass  in- 
side S.  If  0  be  on  the  surface  S,  all  radii  vectores  from  it 
on  one  side  of  the  tangent  plane  pass  out  of  S  once  without 
any  corresponding  entrance.  Any  radius  vector  from  0  on 
the  other  side  of  the  tangent  plane  either  does  not  meet  S  at 
all  or  else  accomplishes  as  many  exits  as  entrances.  Hence 
in  this  case  the  entire  contribution  of  the  mass  m  at  0  to  the 
surface  integral  is  \rndu  taken  over  a  hemisphere,  that  is 


Finally,  if  we  add  together  all  the  parts  of  the  integral 
due  to  the  various  elements  of  mass,  we  obtain 

J  NdS  =  4iirM  +  2ir  M '.  (2) 

The  number  of  entrances  and  exits  of  any  one  radius 
vector  which  meets  the  surface  S  depends  on  the  form  of  this 
surface. 

If  the  closed  surface  S  contain  two  adjacent  regions 
separated  by  a  single  sheet,  this  sheet  must  be  counted  twice 
over,  once  as  a  boundary 
to  each  region,  or,  which 
comes  to  the  same  thing, 
not  counted  at  all.  As 
an  example  of  a  surface 
such  as  has  been  described,  o 
we  may  take  a  sphere  and 
the  portion  of  another 
sphere  terminated  by  the 
curve  of  intersection  of  the  two.  In  this  case  as  r  passes 
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out  of  the  complete  sphere  it  may  enter  the  region  enclosed 
between  the  two  spheres.  The  part  of  the  complete  sphere 
which  forms  the  boundary  between  the  two  regions  is  then 
to  be  counted  twice  over  in  the  estimation  of  the  integral, 
and  in  passing  through  this  surface  r  accomplishes  both  an 
exit  and  an  entrance. 

27.  Equi  -potential  Surfaces.  —  When  the  acting  mass 
is  all  within  a  finite  distance  of  the  origin,  its  potential  at 
any  point  P  may  be  defined  as  the  work  done  against  the 
forces  of  the  system  in  bringing  a  unit  of  mass  fi  from  an 

infinite  distance  to  the  point  P,  the  position  of  the  masses  to 
which  the  field  of  force  is  due  being  supposed  to  be  invariable. 
Since  in  any  displacement  of  JJL  perpendicular  to  a  line  of 
force  no  work  is  done,  the  potential  must  be  the  same  at  all 
points  of  a  surface  cutting  the  lines  of  force  orthogonally. 
Hence  such  a  surface  is  called  an  equi-potential  surface. 

28.  Tubes  of  Force,  Solenoids.  —  If  through  every 
point  of  a  closed  curve  on  an  equipotential  surface  a  line 
of  force  be  drawn,  and  these  lines  produced  to  meet  another 
equipotential  surface,  we  obtain  a  tube  of  force. 

In  an  infinitely  small  tube  of  force  having  no  mass  inside  it 
the  product  of  the  resultant  force  and  orthogonal  section  of  the 
tube  is  constant. 

For  let  Si  and  S3  be  orthogonal  sections  of  the  tube,  and 
Ri  and  Rz  the  values  of  the  resultant 
force  at  these  sections.  The  portion 
of  the  tube  intercepted  between  the 
sections  Si  and  S2  forms  with  them 
a  closed  surface  for  which  J  NdS  =  0, 
but  at  each  point  of  the  surface  made  up  of  the  lines  of 
force  N  =  0,  and  at  the  termination  Si  which  is  perpen- 
dicular to  the  lines  of  force  N=  -  JKi,  whilst  at  S2  the  normal 
component  N  =  Rz,  whence 


and  therefore  ^iSi  =  ^3S2.  (3) 

When  the  geometrical  form  of  a  tube  of  force  is  known, 
equation  (3)  enables  us  to  determine  the  intensity  of  the 
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resultant  force  at  any  assigned  point  of  a  line  of  force  when 
the  intensity  at  one  given  point  is  known. 

If  a  tube  of  force  pass  through  mass  the  product  of  the 
resultant  force  and  orthogonal  section  is  increased  by  4irM,  where 
M  is  the  total  amount  of  mass  which  the  tube  contains. 

For  in  this  case 

li^  -  R^i  =  \  NdS  =  47rJf, 
whence  -R22a  =  Ri"2\  +  4irM.  (4) 

When  a  vector  quantity,  that  is,  a  quantity  which  has 
direction  as  well  as  magnitude,  varies  throughout  a  certain 
region  of  space  in  such  a  way  that  J  NdS  taken  over  any 
closed  surface  S  drawn  in  the  region  is  zero,  N  being  the 
component  of  the  vector  normal  to  the  surface,  this  vector 
quantity  is  said  to  have  a  solenoidal  distribution. 

From  what  is  said  above  it  appears  that  the  resultant 
force  due  to  attractive  or  repulsive  mass  has,  in  unoccupied 
space,  such  a  distribution.  Tubes  of  force  are  accordingly 
sometimes  called  solenoids. 

29.  Discontinuous  Change  of  Resultant  Force  at 
Surface  on  which  there  is  Finite  Mass. — We  have 
seen  already,  Art.  16,  that  when  a  point  P  passes  through  a 
surface  S  on  which  there  is  a  distribution  of  finite  mass,  the 
force  component  normal  to  the  surface  at  P  changes  dis- 
continuously  by  the  amount  4™,  where  a  is  the  surface 
density.  The  truth  of  this  theorem,  which  is  one  of  great  im- 
portance, follows  readily  from  the  properties  of  tubes  of  force. 

For,  draw  a  tube  of  force  containing  the  element  dS,  let 
\fri  and  ^/2  be  the  angles  which  its 
directions  on  each  side  of  dS  make 
with  the  normal  to  the  element, 
2i  and  22  its  corresponding  ortho- 
gonal sections  infinitely  near  dS, 
and  Qi  and  Q2  the  volumes  of  the 
portions  of  the  tube  included  between 
dS  and  2i  and  22,  respectively.  Then,  by  equation  (4), 

where  pi  and  p2  are  the  densities  of  the  volume  distributions 
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close  to  dS.  Now  Si  =  dS  COST//I,  ~2,2  =  dS  cos^/2,  and  Qj  and 
Q.Z  are  infinitely  small  quantities  of  an  order  higher  than  dS, 
and  therefore 

Rz  cos  i//2  =  J?i  cos  i//!  +  47TO-.  (5) 

Hence,  when  P  passes  perpendicularly  through  the 
surface,  the  normal  component  of  the  resultant  force  in  the 
direction  in  which  P  moves  is  increased  by  47r<r. 

If  we  imagine  a  small  closed  circuit  consisting  of  elements 
of  lines  on  opposite  sides  of  S  parallel  to  and  infinitely  near 
a  tangent,  and  of  two  consecutive  normals,  and  if  we  suppose 
an  element  of  mass  to  move  round  this  circuit,  no  work  is 
done  in  this  displacement  by  the  forces  of  the  system  since 
the  circuit  is  closed.  But  the  work  done  in  one  normal  dis- 
placement is  equal  and  opposite  to  that  done  in  the  other, 
hence  the  work  done  in  one  tangential  displacement  is  equal 
and  opposite  to  that  done  in  the  other,  and  therefore  a 
tangential  component  of  the  resultant  force  cannot  change  by 
any  finite  amount  in  passing  from  one  side  of  the  surface  to 
the  other. 

We  can  now  write  down  the  equations  which  hold  good, 
at  any  point  P  of  a  surface  on  which  there  is  a  distribution 
of  mass,  between  Xi,  TI,  Z^  the  components  parallel  to  the 
coordinate  axes  of  the  resultant  force  on  one  side  of  the 
surface,  and  X2,  •  Y^,  Z2,  the  components  on  the  other  side. 
For,  let  /,  m,  n  denote  the  direction  cosines  of  the  normal,  and 
A,  /u,  v  those  of  any  tangent  to  the  surface  at  the  point  P, 
then,  by  what  has  been  proved  above,  we  have 


-X1}+m(Y2-  Yi)  +  n  (Z2  -  Z,}  =  4™,     (6) 
A  (X,  -XJ  +  p  (F2  -  FO  +  v  (Z,  -  Zl)  =  0.        (7) 

30.  Electric   Conductors    and   Non-Conductors.— 

In  reference  to  electric  phenomena,  bodies  are  usually  divided 
into  conductors  and  non-conductors.  The  observed  properties 
of  the  former,  so  far  as  we  are  concerned  with  them,  may  be 
explained  by  two  hypotheses  :  —  1.  All  bodies  contain  inde- 
finite but  equal  amounts  of  the  two  kinds  of  electric  mass 
which  an  electric  force  tends  to  separate  and  drive  in  opposite 
directions.  2.  In  a  conductor,  electric  mass  moves  freely  in 
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any  direction  in  which  it  is  urged  by  the  electric  forces  of  the 
field,  but  if  the  conductor  be  insulated,  that  is,  surrounded 
by  non-conductors,  no  electric  mass  can  leave  the  conductor. 

As  a  consequence  of  these  hypotheses,  we  see  that  there 
can  be  no  force  at  any  point  in  the  substance  of  a  conductor 
in  electric  equilibrium,  for  if  there  were  such  a  force  at  any 
point  P,  the  two  kinds  of  electricity  at  P  would  be  separated 
and  would  move  in  opposite  directions. 

Again,  at  a  bounding  surface  of  a  conductor  in  electric 
equilibrium,  the  resultant  force  must  be  normal  to  the  surface, 
for  otherwise  there  would  be  motion  of  electric  mass  along 
the  surface. 

Hence,  when  an  insulated  conductor  is  brought  into  a 
field  of  electric  force,  a  separation  of  electric  mass  takes 
place  in  its  substance,  and  this  separated  mass  is  distributed 
in  such  a  way  as  to  modify  the  field  of  force  so  that  at  each 
point  in  the  substance  of  the  conductor  the  resultant  force 
is  zero,  and  that  at  each  point  on  the  bounding  surface  the 
resultant  force  is  normal  to  the  surface. 

From  this  last  result  it  follows  that  the  surface  of  a  con- 
ductor in  electric  equilibrium  is  an  equi-potential  surface  of  the 
then  existing  electric  field. 

Also,  if  a  be  the  density  of  the  surface  distribution  at  any 
point,  since  the  resultant  force  inside  the  surface  of  the  con- 
ductor is  zero,  by  Art.  29  the  resultant  force  infinitely  near 
the  surface  outside  is  expressed  by  4:ir<r. 

The  action  of  electrified  bodies  in  producing  a  separation 
and  redistribution  of  electric  mass  in  other  bodies  from  which 
they  are  separated  by  a  non-conducting  medium  is  called 
electric  induction.  Faraday  discovered  that  this  action  is 
dependent  on  the  nature  of  the  intervening  medium. 

In  the  case  of  homogeneous  isotropic  media  and  for  the 
standard  medium,  in  which  the  unit  force  is  that  between 
unit  masses  at  the  unit  distance,  results  obtained  from  the 
theory  of  direct  action  at  a  distance  according  to  the  prin- 
ciples given  above  hold  good  experimentally.  For  other 
homogeneous  isotropic  media,  the  force  between  unit  masses 
at  the  unit  distance  is  not  the  unit  force,  but  is  for  each 
medium  a  fixed  constant,  whose  reciprocal  is  called  the 
specific  inductive  capacity  of  the  medium.  To  obtain  results 
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experimentally  correct  we  have  then  to  multiply  each  force, 
when  expressed  as  a  function  of  masses  and  distances,  by 
the  constant  belonging  to  the  medium. 

The  true  theory  for  anisotropic  media,  that  is,  media 
having  different  properties  in  different  directions,  is  compli- 
cated and  not  fully  known.  See  Clerk  Maxwell,  "  Electricity 
and  Magnetism,"  Part  i.,  Chap,  iv.,  Article  101  a. 

In  the  present  treatise  when  we  have  to  deal  with  electric 
induction  we  shall  suppose,  except  the  contrary  be  expressly 
stated,  that  the  non-conducting  medium  is  the  standard 
isotropic  homogeneous  medium. 

It  is  easy  to  show  by  Gauss'  theorem,  Art.  26,  that  there 
can  be  no  free  electric  mass  at  any  point  of  a  conductor  in  electric 
equilibrium  except  ihe  point  be  situated  on  one  of  its  bounding 
surfaces. 

For,  let  P  be  a  point  in  the  conductor,  describe  in  its 
substance  a  closed  surface  Si  surrounding  P,  then  /  NdSi  =  0, 
since  N  is  zero  at  each  point  of  Si ;  also  there  cannot  be  a 
distribution  having  a  finite  surface  density  on  Si  itself  be- 
cause JV"  is  zero  both  inside  and  outside  Si ;  therefore  the  total 
mass  inside  Si  is  zero,  and  as  Si  may  be  made  as  small  as  we 
please,  it  follows  that  there  is  no  mass  at  P. 

31.  Tubes  of  Induction. — A  tube  of  force  is  positive 
when  its  direction  coincides  with  that  of  the  resultant  force 
of  the  field  acting  on  positive  mass. 

When  the  field  of  force  is  due  to  the  presence  of  a 
number  of  charged  conductors  in  electric  equilibrium,  there 
is  no  force  in  the  substance  of  any  one  A  of  these  conductors ; 
but  if  there  be  a  positive  charge  on  any  element  dS  of  its 
surface,  a  positive  tube  of  force  T,  in  which  J.K^S  =  kiradS, 
starts  from  this  element. 

It  is  possible  for  the  resultant  force  to  vanish  at  a  point 
or  line  in  unoccupied  space.  Such  a  point  or  line  is  a  point 
or  line  of  equilibrium. 

It  may  happen  that  some  of  the  lines  of  force  bounding 
the  tube  T  pass  through  points  of  equilibrium;  but  since 
/  Rd^  is  constant,  there  must  be  a  continuous  portion  of  this 
tube  for  which  R  does  not  vanish.  Similar  reasoning  applies 
to  this  portion  in  its  subsequent  course,  and  we  may  conclude 
that  T  cannot  terminate  in  unoccupied  space,  and  that  there 
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must  be  some  lines  of  force  inside  the  tube  7*  for  which  R  does 
not  change  its  sign  so  long  as  T  does  not  pass  through  mass. 
We  can  now  see  that  T  cannot  return  to  the  conductor  A  ; 
for  if  it  did,  a  line  of  force  L  inside  71,  on  which  R  does  not 
change  its  sign,  would  meet  the  conductor  A  in  points  Q  and 
Q';  and  the  circuit  partly  composed  of  L  would  be  completed 
by  the  line  Q'Q  on  the  conductor,  in  a  displacement  along 
which  no  work  would  be  done  on  an  element  of  mass  by  the 
forces  of  the  system.  Hence  the  forces  of  the  system  would 
do  work  in  the  displacement  of  an  element  of  mass  round  a 
complete  circuit  which  is  impossible. 

From  Art.  25  it  appears  that  a  tube  of  force  cannot  be 
a  closed  tube  returning  into  itself.  On  the  whole,  therefore, 
we  may  conclude  that  a  positive  tube  of  force  starts  from  a 
conductor  on  which  the  charge  on  the  portion  of  surface 
enclosed  by  the  tube  is  positive,  and  either  goes  on  to  infinity 
or  ends  on  a  conductor  on  which  the  charge  on  the  corre- 
sponding portion  of  surface  is  negative,  the  two  charges 
being  equal  in  magnitude. 

The  leading  property  of  tubes  of  force  in  reference  to 
electrical  science  is  the  numerical  equality  of  the  charges  on 
the  portions  of  the  conductors  by  which  they  are  terminated. 
Tubes  or  solenoids  along  which  this  equality  is  propagated 
through  an  insulating  medium  are  termed  tubes  of  induction. 
It  must  be  remembered  that  the  identification  of  tubes  of 
force  with  tubes  of  induction  in  the  manner  effected  above 
holds  good  only  under  tjie  limitations  laid  down  in  the  pre- 
ceding Article. 

In  reference  to  electric  phenomena  it  would  seem  that 
the  existence  of  tubes  of  induction  is  the  primary  fact.  This 
was  recognized  by  Clerk  Maxwell  who  indicated  a  method  of 
basing  on  them  the  explanation  of  the  observed  phenomena 
of  electricity. 

Another  mode  of  doing  this  has  been  developed  by  Pro- 
fessor J.  J.  Thomson.  These  investigations  do  not  come 
within  the  scope  of  the  present  treatise. 

In  accordance  with  the  theory  adopted  in  this  Article,  the 
unit  tube  of  induction  may  be  defined  as  that  in  which  J  RdS 
taken  over  the  portion  of  an  equipoteutial  surface  enclosed  by 
the  tube  is  unity.  The  charge  E  on  a  conductor  may  be 

E  2 
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indicated  by  the  number  of  positive  unit  tubes  of  induction 
starting  from  its  surface,  that  is,  by  the  excess  of  the  number 
of  positive  above  that  of  negative  tubes.  If  n  be  this  number, 
we  have  n  =  4:TrE.  If  the  unit  tube  were  denned  as  that 
which  encloses  on  the  surface  of  the  conductor  from  which  it 
starts  a  portion  having  the  unit  charge,  we  should  have  n  =  E. 
Clerk  Maxwell  sometimes  uses  one  of  the  definitions  given 
above,  and  sometimes  the  other  ("  Electricity  and  Magnet- 
ism," Part  i.,  Arts.  22,  82,  89  c) .  The  latter  definition  is  that 
which  is  adopted  by  Professor  J.  J.  Thomson.  The  tubes 
which  have  been  called  above  tubes  of  induction  are  by  him 
termed  Faraday  tubes. 

In  the  case  of  tubes  of  magnetic  induction,  the  definition 
of  the  unit  tube  adopted  by  Professor  J.  J.  Thomson  as 
well  as  by  others  is  the  first  of  the  definitions  given  above. 

32.  Induction  over  a  Surface. — If  t  be  the  angle 
between  the  normal  drawn  outwards  at  any  point  of  a  sur- 
face 8  and  the  resultant  force  R  at  that  point,  the  integral 
J  R  cos  e  dS  taken  over  S  is  called  the  induction  over  the  surface. 
It  is  plain  that  if  N  be  the  force  component  normal  to  the 
surface,  R  cos  E  =  N;  and  we  conclude,  from  Art.  26,  that  in 
unoccupied  space  the  induction  over  a  closed  surface,  having 
no  mass  in  its  interior,  is  zero. 

Again,  the  induction  /  over  a  surface  S  bounded  by  a 
closed  curve  s  depends  only  on  the  curve. 

To  prove  this,  suppose  any  other  surface  S'  bounded  by  s, 
then  the  induction  over  the  closed  surface  composed  of  8 
and  S'  is  zero  ;  that  is,  when  the  sides  of  S  and  S'  next  s  are 
both  regarded  as  interior,  we  have  /  =  /'. 

If  the  field  of  force  result  from  the  joint  action  of  several 
force  systems,  the  induction  /  over  any  surface  8  is  the  sum 
of  the  inductions  /15  J2,  &c.,  due  to  these  systems  taken  sepa- 
rately. This  is  obvious  since  N  =  Ni  +  Nz  +  &o. 

If  there  be  any  two  surfaces  in  unoccupied  space,  the 
intervening  region  being  devoid  of  mass,  and  if  the  portions 
of  these  surfaces  enclosed  by  the  same  tube  of  force,  finite  or 
otherwise,  be  denoted  by  81  and  S2,  the  induction  over  81  is 
equal  to  that  over  <S2.  Hence  we  conclude  that  if  two  closed 
curves  «i  and  «2  lie  on  the  same  line-of- force  surface  the  value 
of  the  induction  for  the  one  is  the  same  as  for  the  other. 
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33.  Field  of  Force  Symmetrical  round  an  Axis. — 

When  all  the  forces  lie  iii  planes  passing  through  a  common 
axis  OZ,  and  in  any  two  of  these  planes  are  equal  respec- 
tively, and  disposed  in  the  same  manner,  the  whole  system  is 
one  of  revolution  round  OZ. 

In  this  case,  points  on  the  same  line  of  force  in  their  revo- 
lution trace  out  circles  for  which  the  inductions  are  equal. 

Conversely  if  there  be  two  points  Qi  and  Q2  lying  in  the 
same  plane  through  OZ,  and  if  the  induction  for  the  circle 
traced  by  the  revolution  of  Qi  be  equal  to  that  for  the  circle 
traced  by  Q2,  then  Qt  and  Q2  must  lie  on  the  same  line  of 
force.  For  if  not,  draw  in  the  plane  OQiQ2  the  equipotential 
curve  passing  through  Q2,  and  let  it  meet  the  line  of  force 
through  Qi  in  Q'2,  then  the  induction  over  the  portion  of  the 
equipotential  surface  lying  between  the  circles  traced  by  Q2 
and  Q'y  must  be  zero,  which  is  impossible  except  there  be  a 
point  of  equilibrium  between  Q2  and  Q'2 ;  therefore,  in  gene- 
ral, Q2  and  Q'2  are  on  the  same  line  of  force. 

34.  Graphic  Representation  of  Lines  of  Force. — 
If  the  field  of  force  be  such  as  would  be  produced  by  a  finite 
number  of  masses  situated  on  the  axis  of  revolution,  it  is 
always  possible  to  obtain  any  number  of  points  for  which 
the  value  of  the  corresponding  induction,  as  explained   in 
Art.  33,  is  known. 

Let  A  be  a  centre  of  force  on  the  axis  of  revolution  OZ 
at  which  the  mass  is  m',  then  the  lines  of  force  for  m',  con- 
sidered alone,  are  straight,  and  the  tubes  of  force  are  cones 
having  A  as  vertex.  Draw  through  A  in  a  plane  containing 
OZ,  a  straight  line  APi  making  with  AZ  an  angle  B\  such 
that  2irm'  (1  -  cos  0\)  =  i,  and  draw  AP-i,  AP3,  &c.,  making 
angles  0'2,  0'3,  &c.,  with  AZ  such  that 

1  -  cos  O'l  =  cos  6'  i  -  cos  0'2  =  cos  0'2  -  cos  0'3  =  &o. ; 
then  since 


(fl'i  f  Jrr  m' 
-t  a1  si 
o    Jo      a 


sn          e     =    wm       -  cos 


and  sin  0Wtfy  =  2?r  (cos  0'1  -  cos  0/2), 

Jfl'Jo 

the  induction  is  i  for  each  cone  of  revolution  whose  inuer 
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and  outer  boundaries  are  generated  by  successive  lines  drawn 
as  above.  Hence,  if  I\,  I't,  &c.  be  the  inductions  due  to  m' 
for  circles  traced  by  the  revolution  of  points  on  APl}  APt, 
&c.,  we  have 

/'I=t,    /',  =  2»,  .  .  .  .  /V  =  »'». 

In  like  manner  for  a  mass  in"  situated  at  a  point  B  on 
the  axis  we  have 


where  I'\>  &c.  correspond  to  points  on  lines  BQi,  &c.  drawn 
through  B  such  that 

2irw"  (1  -  cos  0",)  =  ?:,     1  -  cos  0",  =  cos  fl^  -  cos  0"2  =  &c. 

If  now  tiie  field  of  force  be  due  to  the  joint  action  of  m' 
and  m",  and  we  take  the  point  It  in  which  the  straight  line 
APn-  intersects  the  straight  line  BQn",  for  the  induction  / 
corresponding  to  R,  we  have 

/=  TV  +  /"»"=  (n'+n")f; 

and  if  the  numbers  n'  and  n"  vary,  but  so  that  n'  +  n"  =  con- 
stant =  «,  we  obtain  a  set  of  points  for  which  the  correspond- 
ing induction  is  ni.  A  curve  passing  through  these  points  is 
a  line  of  force  for  the  joint  action  of  the  two  masses  m'  and 
m".  The  points  of  intersection  of  these  lines  of  force  with 
the  straight  lines  bounding  the  tubes  of  equal  induction  for 
a  third  mass,  determine  in  a  similar  manner  points  for  which 
the  corresponding  inductions  are  equal  in  the  case  of  the  joint 
action  of  three  masses.  Thus  a  line  of  force  can  be  drawn 
for  this  case,  and  it  is  plain  that  the  method  can  be  extended 
to  the  case  of  any  number  of  masses  situated  on  the  axis  of 
revolution. 

This  mode  of  obtaining  a  graphic  representation  of  the 
lines  of  force  is  given  by  Clerk  Maxwell,  "  Electricity  and 
Magnetism,"  Part  i.,  Chapter  vii. 

35.  Force  acting  on  Element  of  Surface  of 
charged  Conductor.  —  When  a  conductor  is  charged  with 
electricity  in  equilibrium,  the  electricity  in  each  element  of 
its  surface  is,  in  general,  acted  on  by  a  force  normal  to  the 
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element  ;  and  as  the  electricity  cannot  leave  the  element,  the 
same  force  tends  to  move  the  element  itself  relatively  to  the 
rest  of  the  surface,  and  produces  stresses  if  this  motion  he 
prevented  by  the  cohesion  of  the  material  of  the  conductor. 
The  electric  force  just  outside  the  element  dS  is  4™,  and 
inside  the  surface,  in  the  substance  of  the  conductor,  is  zero. 
To  determine  the  force  J  which  would  act  on  an  element 
of  surface  dS  if  it  contained  a  unit  of  electric  mass,  imagine 
a  surface  S\  described  in  the  substance  of  the  conductor, 
inside  and  close  to  S.  Since,  by  Article  30,  the  resultant 
force  at  each  point  of  this  surface  is  zero,  J  NdS\  =  0; 
and  therefore,  by  Art.  26,  since  there  is  no  mass  on  Si,  the 
total  mass  inside  it  must  be  zero.  Now  imagine  another 
surface  S2  coinciding  with  Si  except  at  the  element  dS  where 
it  coincides  with  S  ;  then  /  NdSz  =  ±irM+2irM';  but  by  what 
precedes  M  =  0,  and  M'  =  adS  ;  also,  N  is  zero  everywhere 
on  &  except  in  the  element  dS,  where  it  is  the  same  as  J;  we 
have  therefore  JdS  =  '2ir<j  dS,  that  is,  J  =  ZTTCT.  The  force  J 
is  the  force  per  unit  of  electric  mass  acting  in  the  element. 
To  get  the  mechanical  force  FdS  tending  to  move  the  element, 
or  producing  stress  in  the  material  of  the  conductor,  we  must 
multiply  J  by  the  electric  mass  in  the  element,  that  is,  by 
<rdS.  Hence  we  obtain 


0 


7T 


where  R  is  the  resultant  force  just  outside  the  element;  whence 
-P,  the  mechanical  force  acting  on  the  unit  of  area  of  the 
surface  of  the  conductor,  is  given  by  the  equation 


The  value  of  J  can  be  obtained  in  another  way  by  con- 
sidering the  normal  force  immediately  inside  and  immediately 
outside  dS.  The  total  normal  force  immediately  outside  dS 
is  made  up  of  two  parts,  one  due  to  the  distribution  on  dS 
itself,  which  may  be  denoted  by  JVi,  and  one  due  to  the 
electricity  on  the  rest  of  the  conductor,  which  may  be  denoted 
by  N2.  Inside  dS  the  corresponding  normal  forces  may  be 
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denoted  by  N\  and  N',  ;  then  N\  +  N'z  -  0,  and  by  (5), 
Art.  29,  Ni  +  Nz  =  47TCT  ;  but  ^2  and  N\  can  differ  only  by  an 
infinitely  small  quantity  ;  also  N\  =  -  Ni  ;  hence  N,  =  -Z^i 
=  2n(T.  Again,  the  total  resultant  force  which  the  electricity 
on  the  element  dS  exerts  on  itself  must  be  zero,  and  therefore 


36.  Uniplanar  Distribution.  —  In  the  case  of  a 
uniplanar  distribution,  the  force  varying  inversely  as  the 
distance,  the  results  of  the  preceding  Articles  hold  good  with 
some  slight  modifications. 

In  this  case  curves  take  the  place  of  surfaces,  and  solid 
angles  are  replaced  by  plane  angles,  so  that  2?r  expresses  the 
total  angle  round  a  point. 

Thus  Gauss'  Theorem,  Art.  26,  becomes 


(9) 
Instead  of  equation  (4)  we  have 

R*d*  =  Mldl  +  2irM,  (10) 

where  dl  and  d2  are  orthogonal  diameters  of  an  infinitely 
small  uniplanar  tube  of  force. 
For  (5)  we  must  substitute 

R2  COS  i//2  =  JKi  COS  i//!  +  2-rrv,  (11) 

where  v  is  the  uniplanar  line  density  on  the  curve  s.  Hence, 
when  P  passes  perpendicularly  through  the  curve  $,  the 
normal  component  of  the  resultant  force  at  P  in  the  direction 
in  which  P  moves  is  increased  by  2wv.  Equations  (6)  and 
(7)  become  • 

l(X9  -  JCi)  +  m(Ya-  Fi)  =  2wv,    X  (  J,  -  XJ  +  p  (F2  -  ¥,}  =  0. 

(12) 

To  see  that  these  equations  are  consistent  with  those  for 
cylindrical  distributions  in  three  dimensions,  the  force  vary- 
ing inversely  as  the  square  of  the  distance,  we  must  remember 
that,  in  a  uniplanar,  distribution,  the  mass  contained  in  an 
element  of  area  is  double  the  mass  in  the  cylinder  of  unit 
height  standing  on  this  area  in  the  corresponding  cylindrical 
distribution,  but  that  the  resultant  force  R  acting  on  the 
unit  of  mass  is  the  same  for  the  two  distributions. 
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We  see  now  that,  in  a  uniplanar  distribution,  the  force 
acting  on  the  mass  contained  in  an  element  of  area  is  double 
the  force  acting  on  the  mass  in  the  corresponding  element  of 
volume  in  the  cylindrical  distribution.  A  similar  result 
holds  good  for  an  element  of  a  curve  and  the  corresponding 
element  of  the  surface  of  a  cylinder.  Thus  instead  of 
equation  (8)  we  have  in  the  case  of  a  uniplanar  distribution 

7?z 

F-f,  (13) 

where  F  is  the  force  per  unit  of  length  acting  on  a  charged 
curve. 

As  a  uniplanar  distribution  is  merely  a  mathematical 
artifice,  (13)  must  be  transformed  into  (8)  in  order  to  have  a 
physical  meaning. 

For  a  uniplanar  distribution,  tubes  of  equal  induction  due 
to  a  single  mass  situated  at  a  point  A  are  sectors  of  a  circle 
having  equal  angles  with  A  as  centre.  Hence  the  method 
given  in  Art.  34  for  drawing  lines  of  force  due  to  the  joint 
action  of  any  number  of  isolated  masses,  is  readily  applicable 
to  auniplauar  distribution,  the  equations  given  in  that  Article 
for  determining  the  tubes  of  equal  induction  being  replaced 


37.  Equality  of  Total  JInss  in  Equivalent  Distri- 
butions. —  If  two  different  distributions  of  mass  produce  the 
same  normal  force  at  every  point  of  a  closed  surface  S  sur- 
rounding both,  the  integral  J  NdS  is  the  same  for  one  dis- 
tribution as  for  the  other,  and  therefore,  Art.  26,  MI  =  J/2, 
where  Ml  is  the  total  mass  in  the  first  distribution,  and  Mt 
the  total  mass  in  the  second. 

Again,  if  the  resultant  force  at  each  point  of  S  be  the 
same  for  the  two  distributions,  JV  must  be  the  same,  and 
therefore  as  before  MI  =  Mz. 

If  the  resultant  force  for  the  two  distributions  be  the 
same  at  all  points  outside  S,  it  must  be  the  same  at  each  point 
of  S,  and  therefore  we  conclude  that  — 

If  two  distributions  produce  the  same  resultant  force  at 


58  Lines  of  Force. 

every  point  of  space  external  to  a  closed  surface  8  surround- 
ing both,  the  total  mass  in  the  one  distribution  must  be 
equal  to  the  total  mass  in  the  other. 

If  a  curve  IQQ  substituted  for  a  surface,  it  is  obvious  that 
the  results  of  this  Article  hold  good  for  a  uniplanar  distri- 
bution in  which  the  force  varies  inversely  as  the  distance. 

38.  Centrobaric  Distribution.  —  If  a  distribution  of 
mass  M  be  such  that  its  resultant  force  in  external  space 
always  passes  through  the  same  point  0,  the  distribution  is 
said  to  be  centrobaric,  and  the  point  0  is  called  the  baric 
centre. 

When  a  distribution  is  centrobaric,  the  resultant  force  at 
any  point  P  in  external  space  is  the  same  as  if  the  entire 
mass  M  were  concentrated  at  the  baric  centre  0. 

To  prove  this,  since  the  lines  of  force  are  straight  lines 
passing  through  0,  a  tube  of  force  must  be  a  cone  having  its 
vertex  at  0  ;  then  if  diD  denote  the  solid  angle  of  this  cone, 
S  its  section,  and  RI  the  resultant  force  at  a  point  P  whose 
distance  from  0  is  r,  we  have,  by  Art.  28,  along  this  tube 

Hi  r2  da)  =  .RjS  =  constant  =  m\dia,  whence  Hi  =  —  ; 

r 

and  in  like  manner  the  resultant  force  Rn  at  any  point  on  a 
line  Ln  of  force  is  given  by  the  equation 


Now  suppose  two  points  P  and  Q  at  the  same  distance  r 

from  0,  at  which  the  forces  are  —  ^  and  —  ^  ;  take  on  OP  and 

r*  r2 

OQ  points  P'  and  Q'  such  that  PPf  =  QQ',  and  connect 
PQ  and  P'Q'  by  arcs  of  circles  having  0  as  centre;  then 
the  work  done  by  the  forces  of  the  field  on  an  element  of 
mass  in  moving  round  the  closed  circuit  PQQ'P'P  is  zero; 
but  along  the  circular  arcs  there  is  no  work  done,  as  they  are 
perpendicular  to  the  lines  of  force.  Hence,  in  going  from 

r  to  r',  the  work  done  by  the  force  —  ~  is  equal  to  the  work 
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done  by  the  force  -j,  and  therefore  wt  =  mz:  in  general,  there- 

M 
fore,  R  =  —  ;  but  this  is  the  expression  for  the  force  produced 

by  a  mass  m  placed  at  0  ;  hence,  by  Art.  37,  we  have  m  =  M, 
and  the  theorem  is  proved. 

If  there  be  an  unoccupied  region  <3  of  space  in  the  in- 
terior of  a  distribution  of  mass  M  which  is  centrobario  for 
this  region,  in  which  the  baric  centre  0  is  situated,  so  that 
a  closed  surface  S  can  be  drawn  round  0  having  no  mass  in 
its  interior  ;  then  at  every  point  of  @  the  resultant  force  is 
zero. 

For  by  a  mode  of  procedure  similar  to  that  employed 
above,  it  can  be  shown  that,  at  any  point  of  the  unoccupied 
region  whose  distance  from  0  is  r,  the  resultant  force  is 

—  .     Hence  for  the  surface  S,  by  Art.  26,  we  have 


but  again,  since  there  is  no  mass  inside  S,  we  must  have 
J  NdS  =  0  ;  whence  m  =  0  ; 

and  therefore  at  every  point  of  the  unoccupied  region  the 
resultant  force  is  zero. 

In  a  centrobaric  distribution  due  to  mass  within  a  finite 
distance  from  the  origin,  the  baric  centre  must  coincide  with 
the  centre  of  mass.  This  follows  from  the  consideration  that, 
at  a  point  at  infinity,  the  forces  due  to  the  various  mass 
elements  act  in  parallel  lines,  and  are  proportional  to  the 
corresponding  masses.  Hence  their  resultant  passes  through 
the  centre  of  mass;  and  therefore  this  point  must  be  the 
intersection  of  two  such  resultants,  and  consequently  must 
coincide  with  the  baric  centre. 

The  theorems  relating  to  the  baric  centre  which  have  been 
established  above  may  be  proved  in  a  similar  manner  for  a 
centrobario  distribution  of  uniplauar  mass  for  which  each 
element  of  force  varies  inversely  as  the  distance. 
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EXAMPLES. 

1 .  Determine  the  lines  of  force  and  the  equipotential  surfaces  in  the  interior 
of  a  homogeneous  ellipsoid. 

The  differentia]  equations  of  a  line  of  force  are 

dx       dy      da 

Ax      By      Cz ' 

where  A,  B,  <7are  the  same  as  in  (15),  Art.  21. 
Integrating  these  equations  we  have 


where  JBTi  and  JTz  are  arbitrary  constants. 

The  differential  equation  of  an  equipotential  surface  is 

Ax  dx  +  By  dy  +  Cz  dz  —  0, 
which  integrated  becomes 

Ax*  +  £y*  +  Cz2  =  K, 

where  K  is  an  arbitrary  constant. 

2.  The  attraction  of  a  homogeneous  spherical  shell  at  an  internal  point  is 
zero,  and  at  an  external  point  is  the  same  as  if  its  entire  mass  were  concen- 
trated at  its  centre. 

It  is  obvious  from  symmetry  that  the  shell  is  centrobaric  both  for  an  internal 
and  an  external  point,  the  baric  centre  being  the  centre  of  the  sphere.  Hence 
by  Art.  38  we  obtain  the  above  results. 

3.  If  the  resultant  force  in  unoccupied  space  be  uniform  in  direction  it  must 
be  uniform  in  magnitude. 

In  this  case  the  lines  of  force  are  parallel  straight  lines  ;  a  tube  of  force  is 
therefore  a  cylinder  whose  section  is  constant. 

Hence  by  Art.  28  the  force  is  constant  along  any  one  line  of  force ;  and  by 
a  method  similar  to  that  employed  in  Art.  38,  we  can  show  that  the  force  does 
not  vary  in  going  from  one  line  of  force  to  another. 

In  this  case  the  equipotential  surfaces  are  planes. 

4.  A  hollow  closed  conductor  is  charged  with  electricity  in  equilibrium.     If 
there  be  no  mass  in  the  interior  hollow,  show  that  at  every  point  in  it  the 
resultant  force  is  zero,  and  that  there  is  no  charge  at  any  point  on  the  inner 
surface  of  the  conductor. 

Since  the  interior  hollow  @  is  unoccupied,  no  tube  of  force  can  begin  or  end 
there  ;  and  therefore,  since  a  tube  of  force  cannot  be  a  closed  curve,  if  there  be 
a  tnbe  of  force  in  @,  it  must  begin  and  end  on  the  interior  surface  of  the  con- 
ductor, which  by  Art.  31  is  impossible. 

Again,  since  there  is  no  force  on  either  side  of  the  interior  surface  of  the 
conductor,  by  Art.  29  there  can  be  no  charge. 


Examples.  61 

5.  Show  that  the  electricity  on  a  charged  insulated  ellipsoidal  conductor  is  in 
equilibrium  when  it  is  so  distributed  that  its  density  at  each  point  of  the  ex- 
ternal surface  of  the  ellipsoid  is  proportional  to  the  normal  thickness  of  the 
coincident  homceoid. 

If  the  electricity  be  distributed  in  this  manner,  by  Art.  18  the  force  at  a 
point  in  the  substance  of  the  conductor  is  zero;  and  therefore,  by  Art.  29, 
at  the  external  surface,  the  resultant  force  is  in  the  direction  of  the  normal. 
The  conditions  for  electric  equilibrium  are  therefore,  Art.  30,  fulfilled. 

6.  In  Ex.  6  prove  that  <r  the  electric  density  at  any  point  Q  of  the  surface 
of  the  conductor,  £  the  resultant  force  at  a  point  outside  the  surface  and 
infinitely  near  Q,  and  F  the  force  per  unit  of  area  acting  in  the  surface  of 
the  conductor  at  Q,  are  given  by  the  equations 

Ep  Ep  1 


4vabc'  abc'  8ir 

•where  E  is  the  total  charge  on  the  conductor,  a,  b,  e  its  semi-axes,  and  p  the 
perpendicular  from  its  centre  on  the  tangent  plane  at  Q. 

By  Ex.  4,  Art.  24,  we  have  a  =  icp,  where  K  is  constant,  but  J  <rdS=  JE,  and 
J  pdS  =  4itabc ;  hence  we  obtain  er,  and  the  expressions  for  J?  and  F  follow  from 
Arts.  29  and  35. 

From  the  expressions  for  <r,  -R,  and  F,  it  follows  that  these  quantities  become 
very  large  at  points  near  the  extremities  of  an  elongated  ellipsoidal  conductor 
for  which  b  and  c  are  very  small  compared  with  a. 

1.  Determine  the  distribution  of  electricity  on  an  ellipsoidal  conductor  when 
one  axis  becomes  evanescent. 

If  p  be  the  central  perpendicular  on  the  tangent  plane  at  the  point  x,  y,  z  on 
the  surface,  we  have,  in  general, 

p^  +  l*-^; 

2  /  r  •&         */2  \          «2 

whence  -y  =  c2  f  —  +  rj-J  +  —  ; 

when  z  and  c  are  each  zero,  this  becomes 


Hence 

c 


and 


It  is  plain  that  the  ellipsoid  is  transformed  into  an  elliptic  plate  whose  thick- 
ness at  the  edge  is  an  infinitely  small  quantity  of  the  second  order.  The  density 
at  the  edge  is  infinite,  but  on  that  part  of  the  surface  of  the  plate  where  the 
density  is  infinite  the  total  mass  is  infinitely  small. 
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In  fact,  at  a  point  on  the  ellipse  whose  semi-axes  are  va  and  vb,  we  have 

i2z2+aV  = 
and  therefore 

E 


4vab  Vl  -  v2 

It  is  now  easy  to  show,  by  integration,  that  on  one  surface  of  the  plate  between 
this  ellipse  and  the  edge  the  total  amount  of  mass  is  \E"J\  —  i>z,  which  is  zero 
when  v  =  I . 

It  is  scarcely  necessary  to  remark  that  a  conductor  such  as  that  here  sup- 
posed could  not  be  realized  in  nature. 

If  the  ellipsoid  be  of  revolution  it  becomes  a  circular  plate,  and  we  have 

-  -E 

~4«zV(a2-  r2)' 

where  r  is  the  distance  from  the  centre  of  the  point  of  the  plate  where  the 
surface  density  is  ff. 

8.  Find  a  distribution  of  electricity  consistent  with  equilibrium  on  a  charged 
insulated  infinitely  thin  elliptic  plate. 

The  distribution  ff,  which  has  been  obtained  in  Ex.  7  for  the  elliptic  plate 
A  into  which  an  ellipsoid  with  an  evanescent  axis  is  transformed,  gives  at  each 
point  of  the  plate  not  on  its  edge  a  force  perpendicular  to  its  plane.  If  we 
suppose  an  infinitely  thin  plate  B,  whose  thickness  follows  a  different  law  from 
that  of  A,  but  whose  elliptic  boundary  is  the  same,  to  be  substituted  for  A, 
the  force  at  any  point  of  B,  not  on  its  edge,  due  to  the  distribution  ff  on  its 
surface  can  differ  by  only  an  infinitely  small  quantity  from  the  force  at  the  cor- 
responding point  of  A,  and  is  therefore  normal  to  B.  Hence  electricity  E 
distributed  over  an  infinitely  thin  elliptic  plate,  whose  thickness  follows  any 
law,  is  in  equilibrium  if  its  density  ff  on  each  surface  of  the  plate  at  the  point 
x,  y  be  given  by  the  equation 

E 


The  thickness  of  the  plate  B  at  its  edge  may  be  an  infinitely  email  quantity 
of  the  first  order,  but  the  total  mass  distributed  over  the  surface  intercepted 
between  the  two  faces  of  B  at  its  edge  remains  the  same  as  the  corresponding 
mass  for  A,  and  is  therefore  infinitely  small,  though  the  mode  of  its  distribution 
is  undetermined.  Accordingly  the  expression  obtained  above  for  a  remains 
valid. 

In  a  subsequent  chapter  it  will  be  proved  that,  under  given  conditions,  there 
is  only  one  possible  distribution  of  electricity  consistent  with  equilibrium. 

9.  A  spherical  soap-bubble  is  charged  with  a  quantity  E  of  electricity ;  if 
this  charge  be  just  sufficient  to  keep  the  bubble  in  equilibrium,  the  air  inside 
and  outside  being  at  the  same  pressure,  prove  that 

i6™r=f, 

where  a  is  the  radius  of  the  soap-bubble,  and  T  the  tension  along  a  great  circle 
across  the  unit  of  length  of  the  perpendicular  arc. 


Examples.  63 

It  is  here  supposed  that  the  material  surface  of  the  sphere  is  equally  ex- 
panded in  all  directions  so  that  the  tension  is  the  same  along  all  great  circles. 
'I'll.-  normal  pressure  at  a  point  Pon  the  sphere  is  equilibrated  by  the  tensions 
along  all  the  great  circles  passing  through  P.  Consider  now  a  small  circle 
having  its  pole  at  P,  the  arc  dt  of  a  great  circle  from  P  to  its  circumference 
being  infinitely  small.  If  dr  be  the  angle  between  two  tangents  to  a  great 
circle  passing  through  P  at  the  points  where  it  meets  the  small  circle,  we  nave 
adr  =  '2ds.  Again  the  resultant  of  the  two  tensions  acting  at  P  along  the  same 
great  circle  is  2Tdsd0  sin  Jrfr.  Hence  the  resultant  of  all  the  tensions  passing 
through  P  is 

T 

T  Tdr  ds    that  is    2ir  -  ds*, 
a 

and  this  must  equilibrate  the  total  force  acting  normally  to  the  spherical  area 
enclosed  by  the  small  circle  having  ds  for  radius.  Hence  if  F  be  the  magnitude 
of  this  force  per  unit  of  area, 

=  2ir  -rfs2. 


E 

Substituting  for  F  from  Art.  35,  and  remembering  that  <r  =  -  —  ,  we  obtain 

4ira^ 

the  equation  required. 

10.  Prove  that  at  any  point  of  the  surface  of  an  ellipsoidal  mass  of  homo- 
geneous liquid,  rotating  in  relative  equilibrium  round  a  permanent  axis,  the 
force  acting  on  a  fluid  particle  is  proportional  and  parallel  to  the  corresponding 
semi-diameter  of  the  reciprocal  ellipsoid. 

The  components  of  the  force  are 

-(A-w*)x,    -(B-<a*)y,    and    -  Cz, 
whence,  by  Ex.  6,  Art.  24,  the  above  result  is  obvious. 

11.  Show  that,  for  any  distribution  of  mass,  every  line  of  force  which  does 
not  encounter  mass  or  pass  through  a  point  of  equilibrium  has  an  asymptote 
passing  through  the  centre  of  mass. 

From  Art.  31  it  appears  that  the  line  of  force  has  a  point  at  infinity  :  and,  as 
the  resultant  force  at  this  point  passes  through  the  centre  of  mass,  the  truth  of 
the  theorem  is  obvious. 

12.  Find  the  equation  of  a  line  of  force  due  to  masses  m',  m",  m'",  &c., 
situated  at  points  on  the  same  straight  line. 

By  Art  34  we  have 

1  =  2ir  {m'  (1  -  cos  «')  +  m"  (1  -  cos  6")  +  &c.  }  ; 

whence  m'  cos  6'  -f  m"  cos  0"  +  &c.  =  M  —  —, 

2ir 

where  M  is  the  sum  of  the  masses.     If  I  be  constant,  this  equation  represents  a 
line  of  force. 

It  can  readily  be  obtained  from  the  consideration  that  the  component  of  the 
resultant  force  perpendicular  to  a  line  of  force  at  any  point  on  this  line  is  zero  ; 
hence 

m'  r'dff      m 
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but  r'  sin  0'  =  r"  sin  0"  =  r'"  sin  0'"  =  &c.  =  &c.  ; 

whence  m'  sin  6'  df)'  +  m"  sin  9"  d&"  +  &c.  =  0, 

which,  by  integration,  gives  the  equation  above. 

13.  In  Ex.  12  show  how  to  draw  the  asymptote  to  a  line  of  force  for  which 
J  is  given. 

The  asymptote  passes  through  the  centre  of  mass,  and  makes  with  the  axis 
an  angle  0  given  by  the  equation 


cos  0  =  1 

If  /  >  4ir.flf,  the  value  obtained  for  cos  6  is  impossible.  In  this  case,  the 
corresponding  line  of  force  has  no  point  at  infinity,  and  must  therefore  start 
from  one  of  the  acting  masses  and  end  on  another,  or  pass  through  a  point  of 
equilibrium. 

If  all  the  masses  have  the  same  algebraical  sign,  there  is  no  line  of  force  for 
which  I>  4irM ;  for  if  there  were,  we  should  have  for  a  point  on  this  line 

—  2ir  (m  cos  0'  +  m"  cos  0"  +  &c.)  >  2?r  (m'  +  m"  +  &c.), 
which,  on  the  hypothesis  above,  is  impossible. 

14.  When  the  sum  of  the  masses  is  zero,  no  line  of  force  at  a  finite  distance 
from  the  axis  can  extend  to  infinity. 

15.  For  two  masses  whose  magnitudes  are  equal,  and  whose  algebraical 
signs  are  opposite,  the  lines  of  force  are  magnetic  curves.     See  Ex.  17,  Art.  17. 

16.  In  the  case  of  a  uuiplanar  distribution,  the  lines  of  force  for  two  equal 
masses,  one  attractive,  the  other  repulsive,  are  circles. 

17.  For  two  equal  repulsive  masses  the  lines  of  force  in  a  uniplanar  distri- 
bution are  hyperbolas. 

18.  If  a  field  of  force  result  from  the  action  of  masses  whose  sum  is  zero, 
and  which  are  situated  at  a  finite  distance  from  the  origin,  no  tube  of  force  for 
which  the  corresponding  induction  is  not  infinitely  small  can  extend  to  infinity. 

•  If  such  a  tube  extended  to  infinity,  the  induction  over  the  portion  of  the 
sphere  at  infinity  intercepted  by  it  would  be  a  quantity  not  infinitely  small ; 
but  when  the  sum  of  the  acting  masses  is  zero,  so  also  is  the  induction  over  the 
whole  sphere  at  infinity,  and  the  induction  over  any  portion  of  this  sphere  cannot 
differ  from  zero  by  more  than  an  infinitely  small  quantity. 


Historical.  65 


CHAPTER  IV. 

THE     POTENTIAL. 

SECTION  I. — Elementary  Properties. 

39.  Historical. — When  a  particle,  whose  mass  is  unity,  is 
moving  under  the  action  of  a  force  whose  components  X,  Y,  Z 
at  any  point  are  functions  of  its  coordinates,  the  velocity  v  of 
the  particle  is  given  by  the  equation 

v*  =  2  l(Xdx  +  Tdy  +  Zdz)  +  C. 

If  the  quantity  under  the  integral  sign  is  a  perfect  differen- 
tial we  obtain,  by  integration,  a  function  U  of  the  coordinates 
which  is  called  the  force  function. 

Laplace  seems  to  have  been  the  first  to  employ  the 
force  function  in  the  solution  of  questions  relating  to  attrac- 
tions. The  powerful  analysis  of  Laplace  led  to  many  results 
of  great  value,  and  showed  the  importance  of  a  study  of  the 
properties  of  this  function.  The  research  was  taken  up 
with  splendid  success  by  Green,  whose  great  theorem  may  be 
said  to  dominate  the  whole  field  of  the  higher  Mathematical 
Physics,  and  to  whom  the  term  Potential  is  due. 

Lagrange,  in  the  "Mecanique  Analytique,"  made  frequent 
use  of  the  force  function  which  corresponds  to  a  rnateriaj 
system  and  which  is  obtained  by  integration  from  that 
belonging  to  a  particle;  but  in  his  Equations  of  Motion 
in  generalized  coordinates  he  substituted  another  function 
which  is  equal  to  the  force  function  with  its  sign  changed. 
This  latter  function  has  an  important  physical  meaning,  as  it 
expresses  the  potential  energy  of  the  moving  system.  To  it, 
therefore,  the  term  potential  can  be  applied  more  properly 
than  to  the  force  function. 

40.  Definition  of  the  Potential.—  The  potential  of  a 
mass  system  at  any  point  is  the  energy  due  to  the  mutual 
action  of  the  unit  of  mass  placed  at  the  point,  and  the  system, 
regarded  as  invariably  connected,  placed  in  its  actual  position. 

F 
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The  potential  of  a  system  of  repelling  or  attracting 
masses  at  any  point  may,  perhaps,  be  more  simply  defined  as 
the  work  done  agamst  the  forces  of  the  field,  due  to  the  system, 
in  bringing  theum^f  mass  to  the  point  from  an  infinite  distance, 
the  positions  of  the  acting  masses  being  supposed  invariable. 

Since  no  energy  is  expended  in  bringing  an  invariable 
system  unacted  on  by  external  force  into  any  assigned  position, 
it  is  plain  that  one  of  these  definitions  is  equivalent  to  the  other. 

When  we  have  to  do  with  attractive  masses  the  potential, 
as  defined  above,  is  negative.  Hence,  in  the  case  of  a  gravi- 
tation potential,  if  the  acting  masses  be  regarded  as  positive, 
it  is  simpler  to  define  the  potential,  at  any  point,  as  the  work 
done  by  the  forces  of  the  system  in  bringing  the  unit  of  mass 
from  an  infinite  distance  to  the  point.  The  potential  is  then 
the  same  as  the  force  function,  and  is  the  function  which  was 
employed  by  Laplace.  In  questions  relating  to  gravitation 
the  potential  is  still  commonly  so  regarded. 

It  would  seem  to  be  the  simplest  method  in  all  cases  to 
'  adopt  as  the  definition  of  the  potential  the  second  of  those 
given  above ;  and  if  the  acting  mass  be  attractive  to  regard  it 
as  negative,  the  unit  mass  acted  on  being  always  positive. 
In  this  way  the  algebraical  expression  for  the  potential  will  be 
the  same  as  that  for  the  function  used  by  Laplace  ;  and  when 
we  have  to  consider  only  the  potential  and  the  resultant  force, 
the  same  algebraical  formulae  will  be  equally  valid  for  electric 
and  gravitational  masses.  It  must,  however,  be  remembered 
that  there  is  no  mathematical  artifice  by  which  one  algebraical 
formula,  interpreted  in  the  same  manner,  can  be  made  to 
express  the  two  physical  facts,  that  masses  of  like  kind  repel 
one  another  in  the  case  of  electrical  action,  and  that  they 
attract  one  another  in  the  case  of  gravitation. 

When  the  distribution  of  mass  is  cylindrical,  the  potential, 
as  defined  above,  is  infinite,  and  this  is  true  also  for  the 
corresponding  uniplanar  distribution. 

For  such  a  distribution,  if  X  and  !Fbe  the  components  of 
the  resultant  force  at  any  point  of  the  uniplanar  field,  the  poten- 
tial V  may  be  defined  by  the  equation  V  =  -  J  (X  dx  +  Y dy], 
where  no  constant  is  to  be  added.  This  definition  is  provisional 
only,  and  is  to  be  regarded  as  relative  to  the  mode  of  arriving 
at  the  form  of  the  potential  given  in  the  next  Article. 
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41.  Mathematical  Expression  for  the  Potential. 

— The  force  exerted  at  any  point  P,  whose  distance  from  the 

origin  is  r,  by  a  mass  m  situated  at  the  origin,  is  — ;  and  the 

work  done  by  this  force  in  moving  the  unit  mass  from  P  to 
an  infinite  distance  is 

1*  m  j      ii,  L  '      m 
-  dr.    that  is,    — . 
r  r*  r 

Hence  the  potential  at  P  of  a  mass  m  at 'any  point  Q  is 

— ,  where  r  is  the  distance  QP. 
r 

Since  the  work  done  by  any  set  of  forces  in  a  given  dis- 
placement is  the  sum  of  the  works  done  by  the  different 
forces  taken  separately,  if  V  denote  the  potential  at  P  due 
to  any  system  of  masses  mit  m^  &c.,  whose  distances  from  P 
are  ru  rz,  &c.,  we  have 

r-*~-  (i) 

When  the  acting  mass  is  continuously  distributed,  this 
equation  becomes 

F  = 


In  the  case  of  a  uniplanar  distribution,  the  force  due  tot  a 

¥¥\>        r  //j  d'F 

mass  m  at  the  origin  is  — ,  also  -  =  m  log  r  ;  hence,  ac- 
cording to  the  definition  at  the  end  of  Article  40,  the  potential 
V  for  a  uniplanar  distribution  of  mass  m  is  given  by  the 
equation 

F=S;wlog-.  (3) 

When  the  unit  of  length  is  assigned,  this  equation  gives  a 
definite  value  for  the  potential  at  every  point. 

42.  Spherical  Shell  and  Sphere.— To  calculate  the 
potential  of  a  homogeneous  thin  spherical  shell  at  a  point  P 
whose  distance  from  the  centre  C  of  the  shell  is  c.  In 
this  case  the  element  of  mass  is  2ir(r  a2  sin  <f>d<f>,  where  a  denotes 

T  2 
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the  radius  of  the  sphere,  and  0  the  angle  which  the  radius 
drawn  to  any  point  of  its  surface  makes  with  OP;  taking 
P  for  origin,  we  have 


_     _       f  «2  sin  0  dti 
V  =  2?r(T    -  —  - 


f  7 
dt\ 
} 


since  rz  =  a2  +  c*  -  2ac  cos 


If  P  be  outside  the  sphere,  the  limits  of  the  integral  are 
c  +  a  and  c  -  a  ;  if  P  be  inside,  they  are  a  +  c  and  a  -  c.     Hence 

A  2 

for  an  external  point  V=  •  -  ,  and  for  an  internal  F"=47ro-a. 

c 

If  now  we  suppose  the  point  P  variable,  and  take  C  for 
origin,  we  have 


,,  — 

V  =•  -  .     or     V  = 

r 

according  as  P  is  external  or  internal. 

If  P  be  on  the  surface  of  the  sphere,  the  value  of  V  for 
one  form  of  the  function  is  the  same  as  for  the  other. 

From  the  equations  for  V  given  above,  we  learn  that  the 
potential  of  a  homogeneous  spherical  shell  has  the  same 
constant  value  for  all  points  inside  it  ;  and  for  all  external 
points  is  the  same  as  if  the  entire  mass  of  the  shell  were 
concentrated  at  its  centre. 

From  this  last  result  we  may  conclude  that  the  potential 
of  a  homogeneous  solid  sphere  at  a  point  P  outside  it  is  given 

M 

by  the  equation  V  =  —  ,  where  M  is  the  mass  of  the  .sphere, 

and  r  the  distance  of  P  from  its  centre.  The  same  equation 
holds  good  if  the  sphere  be  composed  of  homogeneous  layers, 
comprised  between  spheres  concentric  with  the  external 
surface. 

The  potential  of  a  homogeneous  solid  sphere  at  an  internal 
point  P,  whose  distance  from  the  centre  C  is  r,  is  the  sum  of 
the  potential  of  the  concentric  sphere  passing  through  P 
and  of  the  thick  shell  comprised  between  this  sphere  and 
the  external  boundary.  If  the  radius  of  this  latter  be  a, 
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and  that  of  any  of  the  spheres  making  up  the  shell  be  Rt 
we  have,  therefore, 

4  f°  2 

V  =  13  Trpr1  +  47rp      .R<£R  =  2;rpa3  -  r.  Trpr3. 

Jr  « 

Here  again  we  see  that,  at  the  external  surface  of  the  solid 
sphere,  the  two  forms  of  the  function  V  have  the  same  value, 

VIZ.,  ^Trpa2. 

EXAMPLES. 

1.  Find  the  potential  of  a  uniform  thin  bar  of  density  A.  and  length  I  at  any 
point  P. 

Take  the  middle  point  of  the  bar  for  origin,  let  |  and  13  be  the  coordinates  of 
P,  and  x  the  coordinate  of  any  point  on  the  bar,  its  line  of  direction  being  taken 
as  the  axis  of  x  ;  then,  if  V  be  the  potential  of  the  bar  at  P,  we  have 


between  x  =  -  \l  and  x  =  \l.     If  r  and  r'  be  the  distances  of  P  from  the  extre- 
mities of  the  bar, 


To  express  V  in  terms  of  r  and  r'  we  have 


whence,  substituting  for  {,  we  get 

(r'+f)2_r2 

V-  A.  log  i-—  -f  —  —  =  A  log  i  -  ;  —   ,  ,      -  -  =  \  log  -  -  —  -. 
°r'2_(r_/)i  °  (r  +  r  _  /)  (r'  _|_  ;  _  r  °  r  +  ^  _  / 


2.  Find  the  potential  at  a  point  P  of  the  portion  of  a  homogeneous  spherical 
shell  intercepted  between  two  planes  perpendicular  to  the  line  joining  P  to  the 
centre  of  the  sphere. 

If  V  be  the  potential  required,  a  the  radius  of  the  sphere,  c  the  distance  of 
its  centre  from  P,  and  a  the  density  of  the  shell,  then 


Ittaa  (  ,       1-iraa 

=-    •  [*- (»-2-n), 

c     j  c 


where  rz  and  n  are  the  distances  from  P  of  points  on  the  small  circles  which  are 
the  boundaries  of  the  annulus. 

If  M  be  the  mass  of  the  annulus,  since 

M  =  —  (raa  -  ri2),    we  have     V  =    ' 


e  ra  +  n 
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3.  Mass  acting  inversely  as  the  square  of  the  distance  is  uniformly  distri- 
buted on  the  circumference  of  a  circle  ;   prove  that  the  chord  of  contact  of 
tangents  drawn  from  an  external  point  P  divides  the  mass  into  two  parts  having 
equal  potentials  at  P. 

The  normals  to  the  circle  at  the  two  points  at  which  it  is  met  by  a  line 
drawn  through  P  make  equal  angles  with  this  line.  Hence,  the  potentials  of  the 
two  portions  of  mass  are  composed  of  elements  which  are  equal  respectively. 

4.  Find  the  uniplanar  potential  of  a  homogeneous  circle  at  any  point  P,  the 
force  varying  inversely  as  the  distance. 

Let  v  denote  the  uniplanar  density  of  the  circle,  a  its  radius,  c  the  distance 
of  P  from  its  centre  0 ;  then  if  Q  be  any  point  on  its  circumference,  and  if 
r  and  <£  denote  the  distance  PQ  and  the  angle  POQ,  the  potential  V  is  given  by 
the  equation 

J2T  /1\ 

log   (-]  d$. 

Now          rz  -  a2  +  e2  -  lac  cos  </>  =  c2  f  1  -  -  e'4> )  [  1  -  -  <r«4> } , 
whence,  if  P  be  external  to  the  circle, 

ty   +  &c. 


!a  az  )  f2ir 

-  cos  <p  -i —  cos  2</>  +  &c.  > ,  and  therefore  I     log  r  d<$>  =  2ir  log  c. 
c  2(r  ;  Jo 

Substituting  in  the  expression  for  F,  we  get  V  =  lirva  log  -.     If  P  be  internal, 

c 

we  obtain,  in  a  similar  manner, 

12JT 
logrdty  =  2ir  log  a, 
o 

i  < 

whence  V  =  lirva  log  -. 

a 

5.  Find  an  expression  for  the  potential  F  of  a  plane  lamina,  of  uniform  den- 
sity o",  at  any  point  0,  the  force  varying  inversely  as  the  square  of  the  distance. 

Take  0  for  origin,  let  c  be  the  perpendicular  distance  of  0  from  the  plane  of 
the  lamina,  N  the  foot  of  this  perpendicular,  and  CT  the  distance  of  any  point  in 
the  lamina  from  JV;  then  the  element  of  mass  is  expressed  by  <r  •nr  d  d<j>,  and, 
as  r2  =  tc2  +  c2,  we  have 


where  the  integral  is  to  be  taken  round  the  curve  bounding  the  lamina.     If  N 
be  inside  this  curve,     F=<r{fr<fy>  —  lire]  ,     and  if  outside,     V  =  a  Jr  dip. 

The  original  expression  for  V  may  be  transformed  in  another  manner,  as 
follows  : 


f 
(r- 
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Now  if  p  be  the  perpendicular  from  JVon  a  tangent  to  the  curve  »  bounding  the 
lamina,  •&*  d<p  =  p  dt  ;  again,  if  o>  be  the  solid  angle  subtended  at  0  by  the  lamina, 
and  9  the  angle  which  r  makes  with  ON,  we  have 

r  dr  d<b  c 


f/1      1\   ,        fr-e, 
whence  w  =  e  1  1  ---  I  d<f>  =  I  -  dip, 

and  therefore,  by  substitution, 


If  the  lamina  be  bounded  by  straight  lines,  I  - —  for  one  side  of  the  lamina  be- 
comes pi  \  — ,  or  pi  v\,  if  v\  denote  the  potential  at  0  of  this  side  regarded  as 
having  a  density  equal  to  unity.  Hence 

y  =  <r{  pi  t>i  +pz  t>2  -r  &C.  —  ceo}, 

where  p\,  pt,  &c.  are  the  perpendiculars  from  N  on  the  sides  of  the  lamina,  and 
v i,  t>2,  &c.,  their  potentials  at  0. 

6.  Find  the  potential  of  a  homogeneous  solid  figure,  bounded  by  plane  faces, 
at  any  point  0. 

If  p  denote  the  density,  and  Fthe  potential  at  0,  of  the  solid,  we  have 

V=  (({9- 


The  volume  of  the  elementary  cone  having  0  for  vertex,  and  standing  on 

r3 

the  element  dS  which  subtends  the  solid  angle  dia  at  0  is  expressed  by  —  rfco,and 

o 

18  dS 
also  by         ,  where  &  is  the  perpendicular  from  0  on  dS.    Hence,  if  OTJ,  Wj, 

&c.  denote  the  perpendiculars  from  0  on  the  faces  of  the  polyhedron,  and 
t'i,  '';,  &c.  the  potentials  at  0  of  these  faces  regarded  as  of  unit  density,  we  have 

p  {      fdSi  CdSi  )      P  , 

'm»  1^1 +*»  I  •    -  +  &c.  J  =  -  {OT!  t>i  +  "S3zvz  +  &c.  L 

2  (      J    r  }    r  )       2 

In  this  equation  the  perpendiculars  OTJ,  &c.  are  to  be  regarded  as  positive 
or  negative  according  as  the  radii  vectores  corresponding  to  each  pass  out  of  or 
into  the  polyhedron  after  meeting  the  face  to  which  they  are  drawn. 

7.  Find  the  component  in  any  given  direction  of  the  attraction  of  a  homo- 
geneous polyhedron  at  the  origin  0. 

If  the  polyhedron  be  on  the  positive  side  of  the  origin,  and  x,  y,  z  denote 
the  coordinates  of  any  point  in  it,  then  X,  the  required  component  of  attraction, 
is  given  by  the  equation 


where  a  is  the  angle  which  the  normal,  drawn  outwards  at  any  point  of  the 
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surface  of  the  polyhedron,  makes  with  the  axis  of  x,  and  v  is  the  potential  at  0 
of  the  corresponding  face  regarded  as  of  unit  density. 

The  same  result  can  be  obtained  from  the  expression  for  V  in  Ex.  6. 
In  this  case  V  is  a  force  function,  and  if  we  change  the  origin  and  take 
£,  TJ,  £  as  the  coordinates  of  0,  we  have 


also 


and 


dm  dv  ((dSdr      c  f  dS  dr      f  f  dS 

— -=  -  cosa,     —  =  -       —  —  =       —  —  =        —  cos  0, 

dl-  d£  J  J  r2  d£      J  J  r2  dx      J  J  r2 


where  $  and  0  are  the  angles  which  r  makes  with  the  normal  and  with  the  axis 
of  x.     Substituting,  we  have 

P  f  f  dS 

cos  o  +  -      cos  0  cos  «|/  —  ; 
2  J  J  r 


X  =  -  - 


.    .       f  f  ,  dS      f  f  cos  0  r2  du      f  f  f 

but      jJCOS0cos4,7=jJ_-—  -JJ] 


'  cos  6  r2  dr  du 


-Jli 


dx  dy  dz  dr 
r*      dx 


cos  a  dS 


8.  Find  the  components  of  the  attraction  of  a  homogeneous  right-angled 
triangle  at  a  point  0  on  the  perpendicular  to  the  plane  of  the  triangle  at  one  of 
its  acute  angles. 

Let  ABC\)Q  the  triangle,  C  being  the  right  angle, 
and  let  0  be  on  the  perpendicular  to  its  plane 
through  A  ;  let  AB  =  c,  BC  =  a,  CA  =  b,  OA  =  p, 
OB  —  ry,  OC  =  rz,  and  let  a,  /8,  7  denote  the  angles 
of  the  spherical  triangle  in  which  the  planes  meeting 
at  0  intersect  a  sphere  of  unit  radius  having  0  as 
centre ;  then,  if  X,  Y,  Z  be  the  components  of  the 
attraction  at  0  parallel  to  AC,  GB,  and  OA,  we  have 


dxdydr 


where  vc  and  va  denote  the  potentials  at  0  of  the  lines 
AB  and  BC,  regarded  as  of  unit  density.  In  like 
manner 

Y  =  a  (vb  —  vc  sin  B), 

and  by  Ex.  19,  Art.  17,  we  have  Z  =  «•«,  where  o>  is  the  solid  angle  which  the 
triangle  ABC  subtends  at  0.     Since  CB  is  perpendicular  to  the  plane  AGO,  the 


angle  7  is  right,  and  as    «  =  a  +  j8  +  7 -  IT,     we  have    w  =  j8-  {-:  —  « ) ;  but 


A, 


and    tan  o  =  -. 
o 
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Again,  if  we  describe  a  sphere  round  B  as  centre,  we  get  from  the  spherical 
triangle  formed  by  the  planes  meeting  at  S, 

sin  OS  A  tan  0  =  tan  £,    that  is,      -  tan  fl  =  -  ; 

fj  a 

we  hare,  therefore, 

w  =  tan-1  ---  tan'1  -. 
pa  a 

By  Ex.  1,  we  have 


. 

Ve  =  log  —  -  ,  Va  =  log  -  ,  Vb  =  log 

P  +  ra-c'  er2+r3_a'  6 

also,  from  the  geometry  of  the  figure, 

r2*=pz  +  c2,    ry*  =  rz*  -  a?  = 
hence 

(vV2  +  e  +  vV2  -  c) 

' 


,  - 

V.  =  log  ^    _  -  -  '  =  log 


_ 

Vra  -  c  (Vr2  +  e  +  Vr2  -  «)  Vr22-  <ft 

A  similar  process  being  applied  in  the  case  of  va  and  n,  we  obtain 
.      r2  +  c  rt  +  a  r3  +  b 

V,  =  log  -  ,        Va  =  log  -  ,        Vb  =  log  -- 
p  ra  p 

Substituting  for  va,  Vb,  ve,  and  a,  the  values  found  above,  we  get  finally, 

rz  4  c  r2 


-cr         i ,      fa  +  b      b        rz  +  o  I 
r=,rjlog_ ;log  —  j, 


p  a 
with  the  equations 

9.  Find  the  attraction  of  a  homogeneous  plane  polygon  at  any  point  0. 

From  0  let  fall  a  perpendicular  OA  on  the  plane  of  the  polygon  ;  from  A 
let  fall  perpendiculars  on  each  of  the  sides,  and  join  A  to  each  of  the  vertices. 
We  have  then  a  number  of  right-angled  triangles  having  a  common  vertex  at  A  ; 
find  by  Ex.  8  the  components  of  the  attraction  of  each  of  these  at  0.  The 
resultant  of  all  these  forces  is  the  attraction  required. 

Most  of  the  Examples  in  this  Article  are  borrowed  from  Routh's  "Analytical 
Statics,"  vol.  ii. 
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43.  Differential  Coefficients  of  the  Potential.—  If 

the  point  P  receive  a  displacement  ds,  the  potential  V  be- 
oomes  V  at  the  new  position  of  P,  and  by  its  definition  V  -  V 
is  the  work  done  by  the  forces  of  the  field  on  the  unit  of 
mass  in  the  displacement  ds  ;  but  if  F  be  the  component  of 
the  resultant  force  in  this  direction  this  work  is  Fds  ;  hence 
Fds  =  -  (  V  -  F),  and  therefore 


If  dx,  dy,  dz  be  the  increments  of  the  coordinates  of  P  due  to 
the  displacement  ds,  we  have 

_,  dV  .       dV  .       dV  . 

V  -  V  =  -:-  dx  +  —  dy  +  —  efe, 
da;  %  flfe 

efo;  c?y  cfe 

also  —  =  /,     —  =  m,    —  =  w, 

cfe  as  c?s 

where  /,  m,  n  are  the  direction  cosines  of  ds  ;  hence 


dV        dV\ 

-  +  m  —  +  n  —-  .  (5) 

dx  dy  dz  J 

As  a  particular  case  of  the  above  equation,  if  X,  Y,  Z  be 
the  components  of  the  resultant  force  along  the  axes, 


z       (6) 

7       —  "5  J  '  J     '  \     I 

dx  dy  dz 

It  has  been  shown  in  Art.  15  that,  for  all  continuous  distribu- 
tions of  mass,  through  a  volume,  X,  Y,  Z  are  finite  at  every 
point  of  space.  Hence  we  conclude  that  so  also  are  the 
differential  coefficients  of  F. 

In  the  case  of  a  surface  distribution  of  mass,  it  has  been 
shown  in  Art.  16  that  at  a  point  0  on  the  surface  the  normal 
component  of  force  is  finite.  That  the  two  other  components 
of  force  are  finite  may  be  shown  in  the  following  manner  : 

A  tangential  component  of  the  attraction  at  0  is  made 
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up  of  two  parts,  of  which  one  is  due  to  a  circular  plate,  of 
infinitely  small  radius  a,  having  0  for  centre,  and  the  other 
to  the  mass  whose  distance  from  0  exceeds  a. 

Taking  O  for  origin,  the  normal  at  0  for  the  axis  of  2, 
and  putting  x*  +  y-  =  p2,  we  have 


z  3 


where  i/<  denotes  the  angle  which  the  normal  to  the  surface 
at  any  point  makes  with  the  axis  of  z. 
In  the  first  integral 


<r  =  <TO  +  I  —  1  p  cos  (ft  +  I  —  1  p  sm  <ft. 

Hence  the  first  integral  is  of  the  order  a.  In  the  second 
integral,  s  is  a  function  of  x  and  y,  given  by  the  equation  of 
the  surface  ;  whence 

d  /1\         1  Idr      drdz 

I i i 

dx\r)         r*\dx      dz  dx 

therefore,  denoting  the  second  integral  by  X2,  and  integrating 
by  parts,  we  have 

[   <r<ly         [((d  f    <r     \          <T     zdz\dxdy 

A2    =    — +  <  —        7          - —   3-)    . 

J  r  cos  y     JJ  (ax  \cos  yj      cos  y  r  dx)      r 

The  limiting  curve  next  the  origin,  round  which  the 
single  integral  is  to  be  taken,  is  a  circle  of  radius  a,  at  whose 
circumference  r  and  cos  ^  differ  from  a  and  unity  respectively 
by  infinitely  small  quantities  of  the  second  order ;  also 
dy  =  a  cos  (ft  d(ft,  and  a  differs  from  a  constant  by  a  quantity 

/•  j 

of  the  order  a.     Hence  for  this  curve      '— -  =  0. 

J  r  cos  y 

Inside  the  sign  of  double  integration  dxdy  =  p  dp  d<(t,  and 
when  r  is  small,  z  is  of  the  order  r2,  and  therefore  the  coef- 
ficient of  dp  d<f>  is  always  finite.  Hence  we  conclude  that  X 
is  finite. 
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When  we  have  to  do  with  a  uniplanar  distribution,  it  is 
plain  from  the  definition  of  V  that 

_dV_  dV_ 

dx  ~  ^'          ~dj  ~  Y> 

and,  as  X  and  Y  are  everywhere  finite  for  a  continuous 
distribution,  here  also  we  may  conclude  that  the  differential 
coefficients  of  F"  are  finite  throughout  the  whole  plane. 

In  the  case  of  a  volume  distribution,  X,  Y,  Z  are,  Art.  15, 
not  only  finite  but  also  continuous,  and  therefore  their 
differential  coefficients  must  be  finite  ;  whence  we  conclude 
that  the  second  differential  coefficients  of  V  are  finite.  For  a 
surface  distribution,  the  normal  component  of  force  is  dis- 
continuous at  the  surface,  and  in  this  case,  therefore,  at  the 
surface  the  second  differential  coefficients  of  V  are  infinite. 

Similar  results  hold  good  for  a  uniplanar  distribution. 
If  it  be  areal,  the  second  differential  coefficients  of  V  are 
finite  everywhere  in  the  plane,  but  if  it  be  linear  they  are 
infinite  at  the  curve  on  which  the  mass  is  distributed. 

44.  Mathematical  Characteristics  of  the  Poten- 
tial. —  For  a  continuous  volume  or  surface  distribution  of 
finite  mass  the  potential  is  finite,  continuous,  and  single  valued 
throughout  the  whole  of  space,  as  may  be  shown  in  the 
following  manner  : 

If  d&  denote  an  element  of  volume  where  the  density  of 
the  acting  mass  is  p,  and  r  the  distance  of  this  element  from 
the  point  P,  the  potential  V  at  this  point  is  given  by  the 

equation      V=  -  —  ;     tbis  becomes,   if    P  be   taken    for 


origin,  V  -  J  pr  dr  dw,  in  which  the  quantities  under  the  inte- 
gral sign  are  always  finite.  Hence  at  all  points,  whether  inside 
or  outside  the  acting  mass,  V  is  finite  if  the  total  mass  be  so. 
Again,  if  over  a  surface  8  there  be  a  distribution  whose 
density  at  the  element  dS  is  a,  the  resulting  potential  V  at 

f/o 
—  .     The  surface 

element  dS  expressed  in  polar  coordinates  is  given  by  the 
equation 

dS=  v/  {  (r2  sin  6  dd  d<j>)z  +  (r  sin  6  dr  d<f>y  +  (rdr  dO)2}. 
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Hence  the  expression  for  dS  contains  r  as  a  factor,  and,  if 
P  be  taken  for  origin,  the  quantity  under  the  sign  of  inte- 
gration in  the  expression  for  V  remains  finite  when  r  is  zero. 
Accordingly  V  is  finite. 

When  the  acting  mass  is  finite,  and  at  a  finite  distance 
from  the  origin,  the  potential  at  infinity  is  obviously  infi- 
nitely small. 

Since  by  the  last  Article  the  differential  coefficients  of  V 
are  everywhere  finite,  we  conclude  that  V  is  continuous. 

The  continuity  of  V  appears  also  from  the  consideration 
that  the  contribution  of  an  element  of  mass  to  the  value  of  V 
at  the  point  P  is  infinitely  small,  even  if  P  be  inside  the 
acting  mass. 

A  function  of  the  coordinates  of  a  point  is  single  valued 
when  it  has  only  one  value  for  given  values  of  the  coor- 
dinates. Such  are  all  algebraical  functions  consisting  of 
integer  powers  or  of  fractional  powers,  expressing  real 
quantities  of  given  algebraical  sign.  On  the  other  hand,  an 

v 

inverse  trigonometrical  function,  such  as  tan~l  -,  is  many 

x 

valued,  that  is,  for  any  given  values  of  x  and  y  the  function 
admits  of  an  infinite  number  of  values. 

The  algebraical  expression  for  the  potential  at  a  point  P 
shows  that  it  is  a  single  valued  function  of  the  coordinates  of  P. 

That  V  is  single  valued  may  be  arrived  at  indirectly  if 
we  consider  that,  in  the  displacement  of  the  unit  of  mass 
round  a  closed  circuit,  the  work  done  by  the  forces  of  the 
field  must  be  zero  ;  because,  if  it  were  not,  work  could  be 
obtained  from  permanent  natural  agents  without  loss  of 
energy  or  consumption  of  material.  Hence  we  conclude 


My 

that   for   every  closed   circuit       -  ds  is  zero,  and  therefore 

J  ds 

that  the  value  of  V  at  any  point  is  independent  of  the  path 
by  which  the  point  is  reached. 

It  may  happen  that,  at  each  point  of  a  certain  region  @ 
of  space,  V  =  0,  where  <j>  is  not  a  single  valued  function  ;  but 
if  this  be  so,  there  must  be  a  region  adjacent  to  @  in  which 
V  is  not  equal  to  d>,  or  else  a  surface  S  situated  in  <3  in 
passing  through  which  V  changes  discoutinuously.  This 
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latter  alternative  cannot,  as  we  saw  above,  hold  good  when 
V  is  due  to  a  continuous  distribution  of  electric  or  gravi- 
tating mass,  but  may  be  fulfilled  in  the  case  of  magnetic 

forces.     Whichever   alternative  be  the  true  one,  \-~  ds  =  0 

Jds 

for  every  closed  circuit  which  can  be  drawn  without  pass- 
ing out  of  <S  or  cutting  the  surface  8,  and  it  is  only  for 
such  a  circuit  that  F"is  continuously  equal  to  0,  and  for  which 
therefore  the  equation 


(dV  .       (fy 

-T-  ds  =  -r- 

J  ds          jds 


is  valid.  The  truth  of  this  last  statement  is  obvious  when 
the  circuit  lies  partly  in  a  region  for  which  V  is  not  equal  to 
^> :  in  the  other  case,  that  is,  if  there  be  a  surface  S  in 
passing  through  which  V  changes  discontinuously,  if  <j)i  and 
^>2  be  the  values  of  0  which  are  equal  to  V  at  the  points  PI 
and  P^  at  opposite  sides  of  this  surface,  <j)2  is  not  the  value  of 
0  consecutive  to  0i,  but  is  consecutive  to  0'1}  a  value  of  $  at 
Pi  differing  from  <j>i  by  a  finite  amount ;  for  example,  if  <f> 
were  an  angle,  we  should  have  <j>\  =  <fn  ±  2ir ;  thus,  for  a 
circuit  cutting  the  surface  S,  the  potential  V  is  not  con- 
tinuously equal  to  0. 

By  regarding  the  surface  8  as  a  boundary  to  @,  even 
though  @  is  011  both  sides  of  it,  we  may  consider  that  any 
circuit  cutting  S  does  not  lie  inside  @,  and  say  that,  in  any 
case,  for  every  closed  circuit  or  cycle  inside  @  we  must 

have  —  ds  =  0.     Hence  d>  may  be  said  to  be  acyclic  for  the 
>  }ds 

region  @. 

We  conclude  that  if  for  any  region  of  space  V  is  equal 
to  a  function  0  which  is  not  a  single  valued  function,  then 
0  must  be  acyclic  throughout  this  region. 

The  expressions  for  the  potential  of  a  homogeneous 
spherical  thin  shell  and  of  a  homogenous  sphere  given 
in  Art.  42  illustrate  the  statement  that  the  potential  V 
at  a  point  P  is  finite,  continuous,  and  single  valued 
whatever  be  the  position  of  P.  From  Art.  42  we  learn 
also  that,  in  the  case  of  a  sphere,  as  P  passes  from  space 
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occupied  by  mass  into  space  unoccupied,  the  form  of  F, 
regarded  as  a  function  of  the  coordinates  of  P,  changes. 
That  this  is  true  in  general  will  be  shown  in  Art.  45. 

In  the  case  of  a  uniplanar  areal  distribution,  the  potential 
V  at  any  point  at  a  finite  distance  from  the  acting  mass,  if 
this  point  be  taken  for  origin,  may  be  expressed  by  the 
equation  V  -  -  \rr  log  r  dr  dO.  Here  the  coefficient  of 
dr  dO  sign  is  zero  when  r  is  zero,  and  is  always  finite 
so  long  as  r  is  finite. 

When  the  uniplanar  distribution  is  linear,  since  the 
element  of  the  curve  on  which  the  uniplanar  mass  is  distri- 
buted is  expressed  by 


the  value  of  the  potential  V  at  the  origin  is  given  by  the 
equation 

)r\  fa 

u  log  r  dr  -      v  log  r  dr  +  &c., 
o  Jo 

where  the  terms  under  the  integral  sign,  not  written  down, 
have  r2  as  a  factor,  and  vanish  therefore  at  the  origin. 
Integrating  the  first  two  terms  by  parts,  we  get 


v  (r  log  r  -  r)  - 


v  (r  log  r  -  r) 


(r  log  r  -  r}  dv  +       (r  log  r  -  r)  dv  +  &o. 

Jo  Jo 


Here,  when  r  =  0,  the  corresponding  terms  outside  the 
sign  of  integration  vanish,  and  so  also  does  the  coefficient  of 
dv  under  the  sign  of  integration ;  whence  it  appears  that,  if 
the  origin  be  on  the  curve  where  there  is  mass,  V  remains 
finite. 

Again,  as  the  contribution  to  the  value  of  V  afforded  by 
the  element  of  mass  at  the  origin  is  infinitely  small,  V  is 
continuous. 

At  a  point  P  at  an  infinite  distance,  the  potential  of  a 

uniplanar  distribution  of  mass  is  2w<  log  -  ;  if  R  be   the 
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distance  of  P  from  the  centre  of  mass,  which,  except  Sm  =  0, 
is  at  a  finite  distance  from  all  points  of  the  acting  mass,  we 
have  r  =  R  +/,  where  /is  finite  ;  then 


(i      f    f 

whence     F=  Sw  log  -=  +  log  1  1  -  ^  +  &c. 
(        H  \        JK 


which  differs  by  only   an   infinitely   small  quantity  from 
(Sm)  log  —  .     Unless  Sw  be  zero,  the  value  obtained  for  V 

JEf 

is  infinite  and  of  a  sign  opposite  to  that  of  the  total  mass. 
When  the  total  uniplanar  mass  is  zero,  its  potential  at 

infinity  is  an  infinitely  small  quantity  of  the  order  —  ,  where 

R 

a  is  finite,  and  R  is  the  distance  of  a  point  at  infinity  from 
a  point  in  the  acting  mass. 

This  appears  from  the  consideration  that,  if  the  total 
mass  be  zero,  for  every  positive  element  m  of  mass  there 
must  be  an  equal  negative  element  ;  then  if  R  be  the  distance 
of  the  former,  and  R  -f  a  that  of  the  latter,  from  a  point  P 
at  infinity,  the  joint  potential  of  the  two  elements  of  mass  at 
P  is  v,  where 

R  +  a         ,      f-i      a\         fa  \ 

v  =  mlog  —=—  =  m  log    1  +  p    =  m   -  +  &c.  , 

X  \       MJ          \M  j 

which  is  of  the  order  —  ;  hence  the  whole  potential  at  P  is  of 
./t 

this  order. 

That  V  is  single  valued  can  be  shown  for  a  uniplanar  in 
the  same  manner  as  for  a  three-dimensional  distribution. 

On  the  whole,  therefore,  we  conclude  that,  for  a  continuous 
distribution  of  finite  uniplanar  mass  comprised  within  a 
finite  area,  V  is  everywhere  Continuous  and  single  valued; 
and  is  finite  at  all  points  witnm  a  finite  distance  of  the 
acting  mass,  but  infinite  at  an  infinite  distance,  unless  the 
total  mass  be  zero,  in  which  case  V  is  zero. 
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45.  Equation**   of  Laplace    and    Poisson.  —  If   we 

integrate  the  quantity 


+  +  ~' 


where  d<&  denotes  an   element   of  volume,  throughout  the 
region  bounded  by  the  closed  surface  S,  we  obtain 

(dzV      dzV      d-V\    , 

TV  +  TT  +  TT      dx  dy  dz 
\  dx*        dy2         as    / 

'dV  ,  ({dV 

-dyd*+\\dy 

The  double  integral 


dzdx+  ||—  dxdy. 


j  j 
— -  dxdy 

dz 


denotes  the  sum,  for  the  entire 
surface  S,  of  the  quantities 

*T)  -  (<r\ ! 

dz  li 


,     , 

dx  dy> 


dV 


(dV\        ,  (dV\  .          .          .   ., 

where    —      and     —     are  the  values  of  -  -   at  the  points 
\  dz  /i          \  dz  Jz  dz 

where  a  line  parallel  to  the  axis  of  Z  enters  and  leaves  the 
space  bounded  by  the  surface  S.  If  /,  m,  n  be  the  direction 
cosines  of  the  normal  to  the  surface  drawn  outwards,  and  dSi 
and  dS2  the  elements  of  surface  intercepted  by  the  prism  whose 
section  is  dx  dy,  we  have  -  HI  dSi  =  dxdy  =  nz  dSi  ;  whence 


,Q 

dS,  + 


(tdV\      (dV\  \    ,    . 

-r-     >  dxdy  =  1 
|\<&/i      \dzJJ 

and  therefore 

((dV  ,    ,       f   dV 

-T-  dxdy  =  \n  -^-  dS. 
|J  rfa  <fc 


f^Tjr 

v&/« 


82  The  Potential 

If  we  proceed  in  a  similar  manner  with  the  two  other  double 
integrals,  we  get 


p2        dy*        d, 

,dV         dV        dV\, 

—7-  +  m  —  +  n  —-  }  dS  =  -  $  NdS, 
dx  dy  dz  J 

where  N  is  the  component  normal  to  the  surface  of  the 
resultant  force.     By  Gauss'  Theorem,  Art.  26,  we  have 


and  if  If  be  due  to  a  contiuous  volume  distribution  of  density 
p,  we  have     M  =  Jprf®,     whence 

F     d*V 


Since  this  equation  is  true  for  any  volume,  however  small,  it 
is  true  for  the  element  rf@  ;  and  therefore,  in  space  occupied 
by  mass,  whose  density  at  the  point  #,  y,  z  is  p,  we  have 

*  *  * 

°-  (8) 


dx* 


This  is  known  as  Poisson's  equation. 

In  space  unoccupied  by  mass,  (8)  becomes 


_ 

= 


which  is  the  equation  of  Laplace. 
The  operator 


is  of  such  frequent  occurrence  in  Mathematical  Physics  that 
it  is  convenient  to  indicate  it  by  a  distinct  symbol. 
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The  notation  which  will  be  adopted  in  the  present  treatise 
is  that  of  Thomson  and  Tait,  Natural  Philosophy,  and  of 
Williamson,  Integral  Calculus,  in  accordance  with  which 


will  be  denoted  by  the  symbol  v2- 

Clerk  Maxwell  uses  v  to  express  the  quaternion  operator 

.  d       .  d       ,  d 

l~r+J  -J-  +  *:T» 
dx        ay        dz 

so  that,  with  him,  v2  denotes 


3     df     dz2 

Theoretically  speaking,  this  notation  is  more  perfect  than 
the  other;  but  when  there  is  no  reference  to  quaternions, 
the  introduction  of  the  negative  sign  is  inconvenient. 

We  may  now  write  the  equations  of  Laplace  and  Poisson 
in  the  form 

V'F=0,     (10)  v*F+47rjo  =  0.     (11) 


As  the  point  x,  y,  z  passes  from  occupied  into  unoccupied 
space,  V  remains  finite  and  continuous,  but  there  is  an  abrupt 
change  in  the  value  of  V2  V.  From  this  we  learn  that  the 
form  of  V,  regarded  as  a  function  of  x,  y,  z,  cannot  be  the 
same  in  the  two  regions  of  space. 

At  a  surface  on  which  there  is  a  distribution  of  finite 
mass,  neither  of  the  above  equations  holds  good.  In  fact  in 
this  case  V2  V  is  infinite  and  indeterminate. 

46.  Differential  Equation  for  the  Potential  at  a 
charged  Surface.  —  If  P  be  a  point  on  a  surface  at  which 
the  surface  density  is  <r,  and  N  and  N'  be  the  normal  com- 
ponents at  this  point  of  the  resultant  force  on  the  sides 
A  and  A'  of  the  surface  in  the  direction  from  A  to  A,  by 
Art.  29  we  have  N=  N'  +  $TT<J  ;  now  if  v  and  v  be  the  normals 
drawn  from  P  towards  A  and  A',  then 

dV   Ar,     dV 
N=-—,N  =-7-,, 
dv  av 

0  2 
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.  dV     dV 

whence  —r  +  -3-,  +  47r<r  =  0.  (12) 

dv       dv 

Equation  (12)  is  called  the  characteristic  equation  at  the 
charged  surface.  When  the  surface  is  closed,  the  form  of  V 
on  one  side  is  in  general  different  from  its  form  on  the  other. 
Of  this  we  have  had  an  example  in  the  case  of  a  thin 
spherical  shell,  Art.  42. 

47.  Differential  Equations  for  Uniplanar  Distri- 
bution.— In  the  case  of  a  uniplanar  distribution,  V  is  a 
function  of  x  and  y ; 

d2        dz 

then  v2  becomes  —  +  — , 
dx*     dyz 

and  Jjv2  V  dx  dy,  taken  through  the  space  bounded  by  a  closed 
curve  s,  is  equal  to  -  J  Nds  taken  round  the  curve  ;  this  again, 
by  Art.  36,  equals  2irM ;  whence,  taking  for  s  the  boundary 
of  an  element  where  the  uniplanar  density  is  r,  we  have 

V2  V+  27TT  =  0.  (13) 

Again,  by  Art.  36,  we  see  that  at  a  curve  on  which  there  is  a 
mass  distribution  of  density  u,  we  have 

(14) 

WI/"  Wl/ 

48.  Transformation  of  Coordinates. — It  has  been 
shown,  in  Art.  45,  that 

?,  (15) 

where  the  first  integral  is  taken  through  the  volume  bounded 
by  the  closed  surface  8,  over  which  the  second  integral  is 
taken,  and  n  is  the  normal  to  the  element  dS  drawn  outward. 
From  equation  (15),  we  can  readily  deduce  the  form  of  v2^ 
for  any  coordinates. 

In  the  case  of  polar  coordinates,  we  have 

d©  =  r»sin0drd0<fy; 
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and  the  surface  elements  of  a  sphere,  of  a  right  cone,  and  of 
a  meridian  plane,  are,  respectively,  denoted  by 

r2  sin0  dO  d<}>,       r  sin  0  dr  d<f>,       r  dr  dO. 

Hence,  if  we  integrate  through  the  region  enclosed  by  two 
spheres  having  the  origin  as  centre,  two  coaxal  cones  having 
this  point  as  vertex,  and  two  meridian  planes,  by  (15)  we  obtain 

I' 


dr 


I— Tl  r  sin  0  dr  d$  +  — : — -^j-  r  dr  dd 

rd6  ^  JJ  r  sin  0<fy 


.     Ad  (  .dV\       d 
sin  u  -7-  [  r  — —  I  +  -r=  i  OAJUI  v  ^^  i 
dr\drj      dV\  dti  J 


If  we  now  suppose  the  region  through  which  the  volume 
integral  is  taken  to  become  infinitely  small,  we  get 


V2 

I(dftd7\     _±_d_(-    *d_Z\ 
~7*{dr\    dr)+  smedd\BU      dd)  +  ri 

rz  sin  0  dr  dB  d<f>  ; 
whence  we  obtain  the  operational  equation 

1  (rf    ,  rf         1     ^        a  d         1     rf*  )  n«\ 

*-*    +™9    + 


If  we  put  cos  0  =  /u,  we  have 

d  n  d  1      rf         rf  . 

—  r  =  -  sm  d  —,  and  -^  —  s  3L  =  ~  "J"  » 

rf0  rft  sin  0  dv        dp. 
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and,  substituting  from  these  equations,  we  obtain 
d  . 


=~~    r 


1      dzV\ 

i  -  i  TT   • 
1  -  fj?  dtp  } 


On  this  mode  of  expressing  v2  V  is  based  the  spherical 
harmonic  analysis  of  Laplace. 

When  the  position  of  a  point  P  is  expressed  by  the  per- 
pendicular p  let  fall  from  it  on  a  given  line  OZ,  the  distance  z 
of  the  foot  of  this  perpendicular  from  a  given  point  0  on  this 
line,  and  the  angle  0  which  a  plane  through  OZP  makes 
with  a  given  plane  through  OZ,  the  quantities  jo,  0,  z  are 
called  cylindrical  coordinates. 

In  this  case,  d®  -  p  dp  d§  dz,  and  the  element  of  volume 
is  bounded  by  the  areas  p  dfy  dz,  dpdz,  p  dp  dQ,  and  their 
opposites.  By  a  process  similar  to  that  employed  for  polar 
coordinates  we  get  then 

d2V 


When  V  is  a  function  of  x  and  y  only,  we  have 


dx*       df  ' 

and,  if  we  consider  only  the  coordinate  plane  of  #,  y,  the 
cylindrical  coordinates  p  and  0  become  plane  polar  coordi- 
nates r  and  9 ;  whence,  for  the  uniplanar  potential,  we  obtain 

(19) 

Polar,  or  spherical,  and  cylindrical  coordinates  are  particular 
cases  of  curvilinear  coordinates. 

For  an  account  of  the  general  method  of  curvilinear 
coordinates  in  which  the  position  of  a  point  is  indicated  by 
the  intersection  of  three  surfaces,  and  for  the  corresponding 
formula  of  transformation,  see  Williamson,  Trans.  K.I.A., 
vol.  xxix.  part  xv. 
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49.   Law  of  Force  In    Electrical  Action. — It  has 

been  assumed  in  the  preceding  pages  that  the  force  between 
two  elements  of  electric  mass  varies  inversely  as  the  square 
of  the  distance  between  them;  but  the  most  satisfactory 
method  of  proving  this  fact  is  somewhat  indirect  and 
depends  on  the  determination  of  the  form  of  the  electric 
potential. 

Whatever  be  the  law  of  force  for  electric  masses,  the 
definition  given  in  Art.  40  for  the  potential  due  to  a  mass 
system  holds  good,  so  that  if  m\^  (>•}  denote  the  potential  at  a 
point  P,  whose  distance  from  the  origin  is  r,  due  to  a  mass 
m  placed  at  the  origin,  the  potential  V  at  P  of  any  mass 
system  is  given  by  the  equation 

F  =  Ji/,(r)dm,  (20) 

where  r  is  the  distance  of  P  from  dm. 
The  force  components  at  P  are 

dV        dV  dV 

-  — ,     — — ,     and     -  — ; 
dx          dy  dz 

and  if  there  be  no  force  at  any  point  of  a  given  region,  the 
potential  throughout  this  region  is  constant. 

It  has  been  found  experimentally,  and  the  method  is 
susceptible  of  great  accuracy,  that  when  an  insulated  con- 
ductor is  charged  with  electricity  in  equilibrium  there  is  no 
electric  mass  anywhere  in  its  interior.  The  experiment  can 
be  performed  by  means  of  a  conductor  such  that  its  outer 
layer  of  material  can  be  separated  into  two  portions  and 
removed  by  means  of  insulating  handles. 

No  matter  what  charge  is  originally  imparted  to  the 
conductor,  no  electric  mass  can  be  detected  in  its  interior 
portion  after  the  outer  layer  has  been  removed.  We  con- 
clude therefore  that,  in  a  charged  insulated  conductor,  the 
whole  of  the  electric  mass  is  accumulated  at  the  outside  of 
the  external  surface. 

Whatever  be  the  distribution  of  electricity,  or  the  law  of 
force,  there  can  be  no  force  anywhere  in  the  substance  of  a 
conductor  in  electric  equilibrium,  because  if  such  a  force 
existed  it  would  produce  a  new  distribution.  Hence  we 
conclude  that  the  couche  of  electricity  in  equilibrium  on  the 
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external  surface  produces  no  force  anywhere  in  the  interior 
region,  throughout  which  the  potential,  due  to  the  surface 
distribution,  is  consequently  constant. 

If  the  charged  conductor  be  a  sphere,  since  this  surface  is 
perfectly  symmetrical,  the  distribution  of  mass  on  it  must  be 
uniform,  and  therefore  the  law  of  force  must  be  such  that 
the  potential  of  a  homogeneous  thin  spherical  shell  is  con- 
stant for  all  points  in  its  interior. 

Let  a  be  the  radius  of  the  shell,  a  its  density,  and  r  the 
distance  of  any  point  on  its  surface  from  a  point  P  in  its 
interior,  whose  distance  from  the  centre  is  £,  then  the 
element  of  acting  mass  is  found  as  in  Art.  42  ;  and  from  (20) 
we  have  for  F,  the  potential  at  P,  the  equation 


F= 


fa^    ,  ,  . 

n//  (r)  dr  = 

J  a_f 


Hence     /  (a  +  £)  -  /  (a  -  £)  =  C£,     where  C  is  constant. 
Differentiating  twice  with  respect  to  £,  we  have 

/"  («  +  £)-/"(«-  5)  =0. 
Hence    /"  (r)     must  be  independent  of  the  value  of  r,  in 

other  words  constant  ;  whence  —  =  Cy  +  C2,  where  Ci  and  (72 

ar 

are  constants  ;  but  ~  =  n//  (r)  =  rV,  and  therefore  r  V=  G^r  +  Cz, 
av 

and         V  =  Ci  +  —  ,    whence  finally    —  -  =  -A  that  is,  the 
r  dr       r* 

law  of  force  is  that  of  the  inverse  square. 

50.  Energy   of  a  Mutually    Repulsive    System.  — 

When  a  system  is  composed  of  mutually  repulsive  mass,  the  in- 
ternal repulsive  forces  tend  to  drive  this  mass  asunder,  and 
would  in  doing  so,  if  not  prevented  by  restraints  or  opposing 
forces,  perform  a  certain  amount  of  work  which  must  be 
equal  to  the  potential  energy  of  the  system  in  its  actual  state. 
Let  m  denote  the  mass  concentrated  at  any  point  Q  of 
the  system,  and  V  the  potential  at  that  point.  Imagine  a 
system  B  geometrically  identical  with  the  given  system  A  , 
but  such  that  the  mass  at  any  point  is  equal  to  the  mass  at 
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the  corresponding  point  of  A  multiplied  by  a  quantity  // 
constant  for  the  whole  system.  Then,  since  the  distances 
are  the  same,  and  every  mass  in  B  is  /u  times  the  correspond- 
ing mass  in  A,  the  potential  at  any  point  in  B  is  /*  times  the 
potential  at  the  corresponding  point  of  A. 

Let  us  now  suppose  the  element  of  mass  niid/j.  brought  to 
the  point  Qi  in  B  where  the  mass  is  /j.mlf  and  the  potential 
fi  V\.  The  work  required  for  this  operation  is  /x  Fi/WidJu  ;  and 
if  a  similar  operation  be  performed  for  each  point  of  the 
system  B,  the  total  work  required  is 

(juFiWi  +  juF2Wi  +  &c.)  dfji. 
Hence,  if  this  work  be  denoted  by  d  Wy  we  have 


If  p  be  1,  the  system  B  is  identical  with  the  given  system  A; 
and  if  we  suppose  /u  to  be  increased  continuously  in  the 
manner  described  above  from  0  to  1,  we  obtain  the  total 
work  required  to  bring  together  the  system  A.  This  work 
is  equal  to  the  potential  energy  W  of  the  system  ;  hence 


P  ndn  =  &  m  V.  (21) 

Jo 


W  =  Sw  V 

In  the  case  of  a  mutually  attractive  system,  it  is  plain  that  W 
expresses  the  work  required  to  scatter  the  system  to  an  infinite 
distance. 

51.  Mutual  Energy  of  two  Invariable  Systems. — 

The  energy  due  to  the  mutual  action  of  two  systems  of  mass 
when  brought  into  any  assigned  relative  position,  each  system 
being  regarded  as  itself  invariable,  may  be  expressed  by  any 
one  of  three  different  forms. 

If  Q  be  any  point  of  the  first  system,  m  the  mass  there 
concentrated,  and  Vp  the  potential  of  the  whole  system  at 
any  point  P  in  space,  and  if  Q',  m't  and  V ' P  have  corre- 
sponding significations  for  the  second  system,  the  mutual 
energy  W  is  given  by  the  equations 

,  ,          mm  .~~. 

Q'  Q  f    ' 

where  r  is  the  distance  between  Q  and  Q'. 
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The  truth  of  the  equations  above  is  obvious  from  the 
definition  of  the  potential. 

52.  Change  of  Energy  due  to  alteration  of  Mass. 

—  If  the  geometrical  form  of  a  system  remain  invariable,  but 
the  mass  at  each  point  be  altered,  the  potential  receives  a 
corresponding  change,  and  also  the  total  potential  energy 
due  to  the  mutual  action  of  the  parts  of  the  system  on  each 
other.  If  the  mass  at  any  point  be  changed  from  m  to  m't 
the  potential  at  the  same  point  from  V  to  V,  and  the  total 
energy  of  the  system  from  W  to  W,  we  have 

2  (W  -  JF)  =  Sm'F'  -  SwF. 

If  now  we  suppose  the  two  systems  in  Art  51  to  be  geo- 
metrically coincident,  by  (22)  we  have 


whence 

S(w'-m)(F'  +  V) 


and  we  get 

F).   (23) 


This  equation  can  be  established  also  in  a  manner  similar 
to  that  employed  in  Article  50. 


EXAMPLES. 

1  .  Show  that  the  component  parallel  to  the  axis  of  x  of  the  repulsion  of  a 
homogeneous  body,  of  density  p,  bounded  by  the  surface  S,  at  any  external 
point  0,  is  equal  to  the  potential  of  a  fictitious  distribution  on  S  whose  density 
at  any  point  of  the  surface  is  lp,  where  I  is  the  cosine  of  the  angle  which  the 
normal,  drawn  outwards  at  the  point,  makes  with  the  axis  of  x. 

Take  0  for  origin,  let  X  be  the  force  component  due  to  the  repelling  mass, 
and  v  the  potential  at  0  of  the  fictitious  surface  distribution  ;  then 

dx  dy  dz  x  f  f  f  Ax  dy  dz  dr         f  f  Ay  dz 


A  surface  distribution  of  density  lp  is  merely  a  mathematical  artifice,  and 
physically  impossible  (see  Art.  8). 
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2.  Find  the  potential  of  a  homogeneous  thin  circular  plate  at  a  point  P  on 
the  perpendicular  to  its  plane  through  its  centre. 

If  t3  be  the  distance  of  any  point  of  the  plate  from  its  centre  C,  and  e  the 
distance  PC,  taking  P  for  origin,  we  have  r  dr  =  "&  dry ;  whence 

V  =  2r<r  \ldr=  Zrrcr  (Va2  +  c2  -  c), 


where  a  is  the  radius  of  the  plate.     If  C  be  taken  for  origin,  V  assumes  the 
form 

2wff  (vV  +  r2  -  r),     or     2ir<r  (Va2+z2  -  z), 

according  as  CT  is  regarded  as  a  radius  vector  or  a  coordinate.     In  the  latter 
case  when  z  is  negative  V  becomes    2w<r  (Va2  +  z2  +  z). 

3.  Show  that  equation  22,  Art.  24,  follows  immediately  from  Poisson's 
Equation. 

4.  Find  the  potential  at  any  point  of  a  field  of  force  throughout  which  the 
resultant  force  is  constant  in  direction. 

Take  a  line  parallel  to  this  direction  for  axis  of  z.  Since  the  lines  of  force 
are  perpendicular  to  the  equipotential  surfaces,  these  latter  are  parallel  planes. 
Hence  when  z  is  constant  V  is  constant,  that  is,  V  is  a  function  of  z.  Laplace's 
Equation  therefore  becomes 

&V 

— —  =  0,     whence     V  =  C\z  +  Cz. 
dzl 

5.  Find  the  potential  at  any  point  between  two  infinite  parallel  planes,  each 
of  which  is  at  a  constant  potential. 

Take  as  the  plane  of  xy  the  plane  whose  potential  is  A,  let  b  be  the  distance 
of  the  other,  and  B  its  potential ;  then  F"is  plainly  a  function  of  z  ;  and  therefore, 
by  Laplace's  equation,  we  get 


6.  Two  concentric  spherical  surfaces  are  each  at  a  constant  potential :  find 
the  potential  at  any  point  between  them. 

Let  a  denote  the  radius  of  the  inner  sphere,  and  b  that  of  the  outer,  the 
potentials  at  their  surfaces  being  A  and  £ ;  then,  if  the  centre  of  the  spheres 
be  taken  for  origin,  it  is  plain  that  the  potential  at  any  point  of  the  space 
between  their  surfaces  is  a  function  of  r ;  and  as  this  space  is  unoccupied,  we 
have,  by  Laplace's  equation, 

d 


Sb  -Aa      (A-  X)  ab  1 

whence  F=— r-    -  +  ~ ' . 

b -  a  b  —  a        r 

7.  In  the  last  example,  if  the  spherical  surfaces  be  the  boundaries  of  two 
charged  conductors  in  electric  equilibrium,  find  the  surface  density  and  charge 
on  each  conductor. 
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If  <r  be  the  surface  density  at  any  point  of  the  inner  surface,  and  v  and  v 
the  normals  to  it  drawn  outwards^and  inwards, 

dV     dV  dV 

-T-+T-.  +  47rff  =  °>      DUt    -rr  =  0, 
dv      dv  dv 

since  there  is  no  force  in  the  substance  of  the  conductor ;  therefore 

dV  _(A-  B)ab  1 

~  ~fo b-a        tf' 

which  determines  the  surface  density  ;  also,  if  E  be  the  total  charge,  we  have 

E  =  4ir<ra2  =  -r^-  ab. 
b  —  a 

If  E'  be  the  total  charge  on  the  outer  spherical  surface,  by  Art.  32 

E  =  -  E. 

dV 

This  also  appears  directly  from  the  value  of  —  at  the  outer  surface. 

ar 

A  combination  of  two  conductors,  one  of  which  entirely  surrounds  the  other, 
constitutes  what  is  termed  a  condenser.  When  the  condenser  is  formed  of  two 
concentric  spheres,  it  appears,  from  what  is  said  above,  that  the  charge  on  either 
surface  is  proportional  to  the  difference  of  their  potentials.  'That  this  is  true,  in 
general,  will  be  proved  subsequently.  By  means  of  an  electric  machine  we  can, 
in  general,  bring  a  conductor  in  communication  with  it  to  a  given  potential. 
The  use  of  a  condenser  such  as  has  been  described  is  to  enable  us  to  increase 
the  corresponding  charge. 

The  charge  on  an  insulated  sphere  at  potential  A  is  Aa ;  but  when  surrounded 
by  another  sphere,  as  described  above,  the  charge  on  the  inner  sphere  is 

b  b 

Aa when  the  outer  sphere  is  at  potential  zero,  and  the  multiplier 

b-a  b-a 

can  be  made  very  large. 

8.  In  the  case  of  a  uniplanar  distribution,  find  the  potential  of  a  homogeneous 
circular  plate  at  any  point  in  its  plane. 

Let  «  be  the  radius,  and  r  the  uniplanar  density  of  the  plate ;  then,  if  the 
centre  be  taken  for  origin,  V  is  plainly  a  function  of  r  solely,  and  therefore 


._     1  d  I   dV\ 
V2F=-  -  I  r -=-|:. 
r  ar  \    ar  J 


At  a  point  outside  the  plate,  v2  V  =  0  ;  whence,  by  integration,  — —  =  — ,  and 

ar       r 

taken  round  the  boundary  of  the  plate 
•dV  ,        ft* 


=  2ir  ft  ; 
o 

dV 


f  dv 

hut  -     —  ds-  2irJf, 

J  dr 

lf= 

no  constant  being  added. 


whence  Ci  =  -  M  =  -  Trra2,     and     F  =  wra2  log  -, 
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At  a  point  inside  the  mass    v*V  +  2»T  =  0,    from  which,  by  integration, 

dV  0 

—  =-  irrr  +  -, 
dr  r 

and,  as  there  is  no  resultant  force  at  the  centre,  where  r  is  zero,  C'must  be  zero  ; 
and,  therefore,  integrating  again,  we  have 


At  the  boundary  of  the  plate  the  external  and  internal  values  of  V  must  be 
equal;  whence 

--  —  +  Cz  =  *raz  log  -. 
Substituting  for  Cj  from  this  equation,  we  have,  at  an  internal  point, 


9.  Two  coaxal  circular  cylinders  of  infinite  length  are  each  at  a  constant 
potential  ;  find  the  potential  at  any  point  between  them. 

Let  a  denote  the  radius  of  the  inner  cylinder,  and  b  that  of  the  outer,  their 
potentials  being  A  and  li.  Then,  as  the  potential  at  any  point  between  them 
is  a  function  of  p,  its  distance  from  the  axis  ;  and  as  this  point  is  in  unoccupied 
space,  we  have,  by  Laplace's  equation, 


1    d_  I    dV\ 
p  dp  (Pdp~) 


integrating,  we  get     V  =  C\  log  p  +  Cz. 

When  p  =  a  the  potential  is  A,  and  when  p  -  b  the  potential  is  B  ;  whence 
we  obtain 


r= 


log  b  —  log  a        p         log  b  —  log  a 


10.  If  the  cylinders  in  the  last  example  be  the  surfaces  of  conductors  in 
equilibrium,  find  the  density  of  the  surface  distribution  on  each. 

If  the  surface  densities  be  denoted  by  a\  and  0-2,  we  have 

A-B  ,      b  A-St      b 

o-i  =  -  —  log  -,     <r2  =  -  —  —  log  -. 
4irct  a  *ir/>  a 

From  these  expressions  it  appears  that  the  charges  on  the  two  cylinders  per 
unit  of  length  are  equal  in  magnitude,  but  opposite  in  algebraical  sign. 

11.  Find  the  uniplanar  potential  of  a  circle  on  which  there  is  a  uniform 
linear  distribution  of  mass. 

If  M  denote  the  total  uniplanar  mass,  a  the  radius  of  the  circle,  and  r  the 
distance  of  any  point  from  its  centre,  the  potential  at  an  internal  point  is  given 

1 
by  the  equation  V  =  M  log  -, 

a 

and  at  an  external  by  the  equation 

F-Jflogi 
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12.  Show  directly  that  if  r  he  not  zero, 

d*       d*\m 


where  r2  =  (*  -  {)»  +  (y  -  r,)z  +  (z  -  £)2. 

13.  How  does  an  algehraical  process,  similar  to  the  proof  of  the  theorem 
ahove,  fail  when  r  is  zero  ? 

The  algehraical  expressions  which  were  ohtained  for 

d?  m      d2  m  d*  m 


are  then  illusory,  their  real  values  being  indeterminate  as  well  as  infinite. 

14.  If  throughout  any  continuous  region  of  unoccupied  space  the  resultant 
force  he  constant  in  magnitude,  show  that  it  is  constant  in  direction. 

In  this  case    X2  +  Y2  +  Z2  =  constant,     and  therefore 


=  0  ; 

but  £z.- 

dx* 
whence,  by  addition, 


dYy       (dY\*       tdZ\z       idZy      /dZ\* 

w)  +  (*)  +  l»)  +  U)  +  (&)  =0; 


now  V2Z  =  -  V2         =  -     -V2r=  0  ; 

dx          dx 


and  in  like  manner,  v2F  =  0,  v-Z=  0  ;  and  therefore  the  sum  of  the  nine 
squares  (  —  1  >  &c.  is  zero  :  whence  each  of  these  squares  is  zero  ;  and  there- 
fore X  =  constant,  Y  =  constant,  Z  =  constant. 

15.  If  the  force  due  to  an  element  of  mass  vary  inversely  as  the  nth  power 
of  the  distance,  prove  that  the  potential  of  a  system  of  mass  which  is  all  of  the 
same  sign  cannot  be  constant  throughout  a  finite  unoccupied  portion  of  space 
except  n  =  2. 

Throughout  any  portion  of  space  where  F  is  constant,  v2  V  must  he  zero  ; 

hut  if  the  force  due  to  an  element  of  mass  m  be  —  ,  we  have 


and  when  all  the  mass  is  of  the  same  sign,  this  cannot  he  zero  except  n  =  2. 
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53.  Potential*  and  Lines  of  Force  for  IJnlplanar 
Distribution.  —  In  the  case  of  an  uniplanar  distribution  of 
mass  acting  inversely  as  the  distance,  the  potential  V  in  the 
Unoccupied  part  of  the  plane  satisfies  the  equation 


da?       dy* 
The  general  solution  of  the  differential  equation 

^-«*^  =  0 
dP  dz* 

is  readily  obtained  by  assuming  two  new  independent  vari- 
ables £  and  r\  connected  with  z  and  t  by  the  equations 

£  =  z  +  at,        r\  =  z-aty 
from  which  we  have 

d          d          d          d       d       d 
dt         d£         dr\        dz      d%      dr] 
and  therefore 

*i-***-**-0. 

dz2      df 


Hence 

^  =/(£)  +/»(n)  =/(«  +  «0  +/•(«  -  «0» 

where  /i  and/2  denote  arbitrary  functions. 

If  we  now  suppose    a2  =  -  1    the  equation  whose  solution 
has  been  obtained  becomes  that  satisfied  by  V\  and  putting 

t  =  */-  1,     we  get 

V=fi(x  +  iy)  +/,(*  -  1».  (24) 

rf 


Again,  since 

me 

__  _ 

dx       dy'        dy         dx' 


flfe   rte 
we  may  assume 
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where  ^  is  a  function  of  x  and  y.     Hence,  if  x  and  y  be  the 
coordinates  of  a  point  on  the  curve  ^  =  constant,  we  get 

dV 

dy      dy 


dx 

and  therefore  the  tangent  to  the  curve  at  any  point  is  in  the 
direction  of  the  resultant  force  at  that  point;  accordingly 
^/  =  constant  is  the  equation  of  a  line  of  force. 

A  •  ^7^7 

Again,  aiL  =  -f-  dx  +  —  -  dy 

dx  dy    ' 


{/',  (x  +  iy}  +fz(x-  iy]  }  dy  ; 
whence  multiplying  by  ?',  and  integrating,  we  get 

ty  -  /i(#  +  iy}  -MX  -  iy}.  (25) 

Putting  2/!  =  .Fwe  have  from  (24)  and  (25),  by  addition, 

V  +  iiff  =  F(x  +  iy}.  (26) 

Functions  0  and  ^  satisfying  the  equation 

0  +  ty  =  F(x  +  iy}  (27) 

are  called  conjugate  functions  of  x  and  y.  It  is  plain  that 
if  (•  and  rj  be  any  two  conjugate  functions  of  x  and  y,  the 
functions  F"and  ^  are  conjugate  functions  of  £  and  »j,  and 
conversely  that,  if  two  functions  <j>  and  i//  are  conjugate 
functions  of  £  and  rj,  they  are  conjugate  functions  of 
x  and  y. 

Again,  if  0  and  ^  be  any  two  conjugate  functions  of 
x  and  y,  we  have,  from  (27),  by  differentiation, 

d<t>  .d4>  .  fddt  .  diL 
-f  +  *  -f  =  «  -7-  +  *  -£ 
dy  dy  \dx  dx 


Examples.  97 

whence 


and  therefore 


d<f>  _  d^j  ,     cty  _  _  (ty 

dx  ~  dy*  dy        dx* 


dx2      dxdy 


that  is,  v*#  =  0.     Also,  in  like  manner,  vV  =  0. 

A  more  complete  account  of  the  theory  of  conjugate 
functions,  and  of  its  application  to  the  investigation  of  the 
potential  and  lines  of  force  of  a  uniplanar  distribution  of 
mass,  is  reserved  for  a  future  chapter. 


EXAMPLES. 

1  .  Find  the  potential  of  a  uniplanar  distribution  of  mass  whose  lines  of  force 
are  straight  lines  passing  through  a  point  0. 

If  r  and  6  be  the  polar  coordinates  of  any  point  referred  to  0  as  origin,  we 
have  «lo8  r*«0  =  x  +  t'y.  Hence,  V  and  ty  are  conjugate  functions  of  log  r  and 
0  ;  but  the  equation  of  a  straight  line  through  0  is  0  =  constant,  and  therefore 

,j,  =  CO,       V=C  log  r, 

where  C  is  an  undetermined  constant. 

2.  If  the  lines  of  force  of  an  uniplanar  distribution  of  mass  be  confocal 
hyperbolas,  find  the  potential. 

If  we  assume 

x  =  c  cosh  TJ  cos  £,       y  =  c  sinh  i\  sin  {, 
we  have 

*         y2        - 


This  equation  represents  a  hyperbola  whose  primary  semi-axis  is  c  cos  {,  and  if  { 
vary  we  obtain  a  system    of    confocal  hyperbolas.     Hence  in  this  case  the 
equation,  £  =  constant,  represents  a  line  of  force. 
Again,  as 

cosh  7;  =  cos  irj,     i  sinh  77  =  sin  trj, 
we  have 

x  +  iy  =  e  cos  ({  -  »»j)  =  e  cos  f  —    —  J  . 
Hence,  r>  and  {  are  conjugate  functions  of  x  and  y,  and  we  have 


where  C,  C",and  C"  are  undetermined  constants. 

H 


98  The  Potential. 

54.  Potential  of  Magnetic  Particle. — Let  S  and  N 

be  the  south  and  north  poles,  and  C  the 
centre  of  a  magnetic  particle,  or  small  linear 
magnet,  then  the  potential  energy  due  to 
the  presence  of  a  unit  north  pole  at  a  point 
P  is  the  potential  V  of  the  particle  at  that 
point.  Hence,  if  r\  and  r2  denote  the  dis- 
tances of  P  from  S  and  N,  and  m  the 
strength  of  the  north  pole  of  the  particle,  N, 
we  have 

m      m     mh'i-rz)     ,  s 

V= =  — ;  but  rt  -  r2  =  as  cos  c, 

rz      t\ 


where  ds  is  the  length  of  the  magnetic  axis  8N  of  the 
particle,  and  £  the  angle  it  makes  with  CP,  also  the  magnetic 
moment  p  of  the  particle  is  defined  by  the  equation  ju  =  ma's, 
and  the  product  nr2  differs  by  an  infinitely  small  quantity, 
or,  in  the  case  of  a  small  magnet  by  a  negligible  quantity, 
from  r2,  where  r  is  the  distance  of  P  from  C ;  hence 

F-^'.  (28) 

If  distances  measured  on  lines  parallel  to  the  magnetic 
axis  SN  drawn  through  C  and  P  be  denoted  by  h'  and  h, 
and  the  distance  CP  be  now  denoted  by  r,  the  potential  V 
may  be  expressed  by  either  of  the  equations 

V=*-    »  =  -^    £.  (29) 

dh'     r         dh     r 

For  any  system  of  magnetic  forces,  the  equation  of  Laplace 
holds  good  in  unoccupied  space ;  but  in  the  case  of  a  finite 
body  continuously  magnetized,  as  volume  density  has  here 
no  definite  meaning,  it  is  not  obvious  by  what  equation  that 
of  Poisson  should  be  replaced. 

As  the  potential  due  to  magnetized  bodies  having  finite 
dimensions  requires  special  treatment,  this  subject  is  reserved 
for  a  future  chapter. 

55.  Magnetic  Shell. — A  collection  of  magnetic  particles 
so  disposed  that  their  centres  form  a  continuous  surface  S  to 
which  their  axes  are  normal  is  called  a  magnetic  shell.  The 
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sum  of  the  magnetic  moments  of  the  particles  whose  centres 
lie  on  the  surface  element  dS  divided  by  that  element  is 
called  the  strength  of  the  shell,  and  is  supposed  to  be  finite 
and  continuous.  If  J  denote  the  strength  of  the  shell  at  any 
point,  JdS  may  be  regarded  as  the  moment  of  a  magnetic 
particle  whose  axis  is  the  normal  to  dS. 

If  r  denote  the  distance  of  dS  from  an  external  point  0, 
at  which  V  is  the  potential  of  the  shell,  e  the  angle  which  r 
makes  with  the  normal  to  dS,  and  db)  the  element  of  solid 
angle  which  dS  subtends  at  0,  we  have 


r.fc^l.Jjr^.fjifc. 

If  the  shell  be  uniform,  J  is  constant,  and 

V=JQ,  (30) 

where  Q  is  the  solid  angle  which  the  shell,  or  its  bounding 
curve,  subtends  at  0. 

In  a  magnetic  shell  whose  surface  is  8,  that  side  of  8  at 
which  north  poles  of  the  magnetic  particles  are  situated  is 
regarded  as  the  positive  side. 

EXAMPLES. 

1 .  Prove  that  the  potential  at  a  point  P  of  a  uniform  magnetic  shell,  whose 
strength  is  /,  is  increased  by  4ir«7"  as  P  passes  from  the  negative  to  the  positive 
side  of  the  shell. 

The  potential  at  P  due  to  an  element  of  the  shell  is  —        — ,  but  this  is 

the  expression  for  the  normal  force  at  P  due  to  an  element  of  surface  dS  whose 
density  is  J.  As  P  passes  through  the  element  in  the  direction  of  the  force,  this 
.force  increases  by  4ir/,  Arts.  16,  29  ;  therefore  so  also  does  the  magnetic  potential 
due  to  the  same  surface  element  of  the  shell ;  the  rest  of  the  magnetic  potential 
varies  continuously  ;  hence,  on  the  whole,  the  magnetic  potential  of  the  shell 
is  increased  by  4ir/  as  P  passes  from  the  negative  to  the  positive  side  of  the 
shell. 

2.  Find  the  potential  energy  due  to  the  mutual  action  of  two  small  linear 
magnets.  (See  Art.  17.) 

Take  the  centre  of  the  first  magnet  for  origin,  and  let  h\  and  A2  be  lines 
parallel  to  the  two  magnetic  axes,  drawn  through  any  point  P,  dh\  and  dhj 
being  displacements  in  these  directions  ;  then,  if  £  be  a  coordinate  of  P  measured 

dt 
in  any  direction,  — -  is  the  cosine  of  the  angle  between  the  directions  of  {  and  hi ; 

dr  d/>l 

also    —  is  the  cosine  of  the  angle  between  r  and  hi.     Similar  results  hold  good 

for  Aj. 

H  2 
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Let  V  be  the  potential  of  the  first  magnet  at  the  centre  of  the  second,  /ij  the 
magnetic  moment  of  the  first,  ^2  that  of  the  second,  h  the  length  of  its  axis, 
and  mz  the  strength  of  its  north  pole  ;  then,  if  W  denote  the  energy  required, 
we  have 


dV  dV 


This  may  be  put  into  two  other  forms.     By  Art.  54  we  have 


V=  - 

dhi\r      ' 

whence 

W=  —  /il/ 


(  -  1  • 

\r  j 


Again,  if  ei  and  ez  be  the  angles  which  r  makes  with  h\  and  hz,  and  612,  the 
angle  between  the  two  latter, 

pi  cos  ei  _  p\r  cos  ei  _ 
7-2  ~~^        ' 

and  therefore 

3r  cos  ei      dr 


_  MiM2|cog  ^12_3COSei  coses}. 
ri 

In  each  of  the  following  examples,  two  small  linear  magnets  are  supposed  to 
act  on  each  other. 

3.  Find  the  moment  round  the  centre  of  the  second  magnet  of  the  forces 
due  to  the  action  on  it  of  the  first. 

Give  the  second  magnet  an  angular  displacement  dq>  round  a  perpendicular 
axis  through  its  centre  ;  if  M  be  the  component  tending  to  increase  <f>  of  the 
required  moment,  the  work  done  by  the  forces  producing  M  in  the  displacement 
dq>  is  MdQ,  and  this  must  be  equal  to  the  loss  of  potential  energy,  that  is,  to 


hence, 

dW        /UIZ  • 

M=---  =-  -   -{  -smew—  +  3  cos  ei  sin  « 


since  the  displacement  d<f>  does  not  alter  >•  or  ei. 

If  a  and  0  be  the  angles  which  the  plane  of  $  makes  with  the  plane  of 
h\  and  A?,  and  the  plane  of  r  and  fa,  respectively,  from  considering  the  arcs  on  a 
unit  sphere  described  round  the  centre  of  the  second  magnet  as  centre,  we  have 

ddi2  =  cos  a  d<t>,     dez  =  cos 
whence 


M  =  ?-~  sin  0i2  cos  a —  cos  ei  sin  ez  cos  ft. 

r3  «-3 
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This  expression  for  M  shows  that  it  is  the  sum  of  the  components  in  the  plane  of 
<f>  of  two  couples,  one  LH  in  the  plane  parallel  to  the  axes  of  the  magnets,  and 
one  LT  in  the  plane  of  r  and  the  axis  of  the  second  magnet,  the  magnitudes  of 
these  couples  being  given  by  the  equations 


.  / 

sin  0i2,      Lr  =  —  -   —  cos  «i  sin  ea 


The  first  couple  tends  to  increase  0\i,  and  the  second  to  diminish  ej.  The 
couple  G  whose  moment  is  required  is  the  resultant  of  these  two. 

4.  Find  the  resultant  of  the  forces  exerted  by  the  first  magnet  on  the 
second. 

Give  the  second  magnet  a  displacement  of  translation  parallel  to  a  direction 
As  ;  then  if  H*  be  the  component  of  the  required  force  tending  to  increase  AS,  the 
work  done  by  the  forces  exerted  by  the  first  magnet  on  the  second  in  the 
displacement  dhs  is  H?,dh$,  and  this  must  be  equal  to  the  loss  of  potential 

dW 

energy,  that  is  to  -  -—  dh3  ; 
MI 

dW  d  ICOS012      „  r  cos  ei  r  cos  62) 

hence,  H3  =  -—-  =  -  MlM2  -77-  T5  -  3  -  ^  -  • 

dhz  dhz\    r3  r°  ) 

The  angle  812  is  unaltered  by  a  translation  of  the  second  magnet,  and 
dr  d(r  cos  t\)  d(r  cos  $2) 

jj-  =  COS  63,        -~=  -  '  =  COS  013,  —77  -  '  =  COS  023, 

dh^  »'<3  »«3 

where  63,  0is,  023  are  the  angles  which  h3  makes  with  r,  hi,  and  hi,  respec- 
tively. Hence,  by  substitution,  we  have 

3  14  I  It*> 

Hz  =  {COS  012  COS  63  +  COS  023  COS  61  +  COS  031  COS  62  -  5COS  61  COS  62  COS  63  }  . 

This  expression  shows  that  H^  is  the  sum  of  the  components  along  AS  of  three 
forces  It,  HI,  and  Hy,  in  the  directions  of  r,  hi  and  A2,  respectively,  the 
magnitudes  of  these  forces  being  given  by  the  equations 

t)  it  1  il2 
JB  =  (COS  012  —  5  COS  61  COS  62), 


HI  =  —^  —  COS  62,          HZ  —  —  -T—  COS  61. 

The  required  force  F  is  the  resultant  of  these  three. 

If  we  suppose  the  couple  G  produced  by  two  equal  and  opposite  forces 
applied  at  the  poles  of  the  second  magnet,  one  of  these  forces  is  of  the  order 

f 
F  -,  and  is  therefore  very  great  compared  with  F. 

5.  Find  the  couple  and  the  force  acting  on  the  second  magnet  in  each  of  the 
following  cases:  — 

1°.  When  the  axes  of  the  magnets  are  in  the  line  of  centres. 
2°.  When  the  axes  of  the  magnets  are  parallel  to  each  other,  and  perpen- 
dicular to  the  line  of  centres. 
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3°.  When  the  axis  of  the  first  magnet  is  in  the  line  of  centres  and  that  of 

the  second  perpendicular  to  it. 
4°.  When  the  axis  of  the  first  magnet  is  perpendicular  to  the  line  of  centres 

and  the  axis  of  the  second  in  that  line. 


P  LJ  In  estimating  the  angles  h\  is  supposed  fixed,  and  ei,  €2,  and  #12  are  counted 
from  it  in  the  same  direction  ;  so  that,  if  the  three  angles  be  in  the  same  plane, 

012  =  «1  -t-  62- 

1°.  Here    ei  =  e2  =  012  =  0;     whence    ZA  =  O,  Lr  =  0  ;    also   ea  =  #13  =  #23, 
and  therefore 


Hz  = —  COS  63  J 

whence  F  is  an  attraction  along  the  line  of  centres  whose  magnitude  is 
2°.  Here  ei  =  - ,     ez  =  -  ~,    On  =  0 ; 

whence  Lh  =  0,  Lr  =  0  ;    also    HZ  =  — ^  cos  es ; 

r* 

and  therefore  .Fis  a  repulsion  along  the  line  of  centres  whose  magnitude  is 

3/il  JU2 

r*    ' 

3°.  Here  ei  =  0,     e2  =  ^12  =  ^, 

then,  as  is  and  Lr  are  in  the  same  plane, 


-  —  . 
r* 


Again,  E  =  0,     JJi  =  0,     H2  = 

Hence  the  resultant  couple  tends  to  turn  the  second  magnet  into  the  line  of 
centres,  and  the  resultant  force  tends  to  move  it  in  the  direction  of  its  own 
axis. 

4°.  Here  ei  =*  -,      e2  =  0,      612  =  -  ; 


whence     Lh  =    -,    ir  =  0;     also    S  =  0,    #1  =         -,     #2  =  0. 
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Hence  the  resultant  couple  tends  to  turn  the  axis  of  the  second  magnet  into 
a  direction  opposite  to  that  of  the  first,  and  the  resultant  force  tends  to  move  the 
second  magnet  in  a  direction  parallel  to  the  axis  of  the  first. 

It  ia  to  be  observed  that  the  couple  in  case  3°  is  double  of  the  couple  in  case 
4°.  In  case  3°  the  deflecting  magnet  is  said  to  be  end  on,  and  the  deflected 
magnet  broadside  on,  whereas  in  case  4°  the  deflecting  magnet  is  broadside  on, 
and  the  deflected  end  on. 

6.  Find  an  expression  for  the  energy  due  to  the  mutual  action  of  two  small 
magnets  when  the  force  emanating  from  a  magnetic  pole  varies  inversely  as  the 
nth  power  of  the  distance. 

In  this  case  the  potential  of  a  magnet,  whose  moment  is  /*,  at  a  point  at  a 

distance  r  from  its  centre  is  -  -  -,  where  c  is  the  angle  which  r  makes  with 

rn 

the  magnetic  axis.     Then  the  mutual  energy  W  of  two  small  linear  magnets 
whose  magnetic  moments  are  m  and  /«  is  given  by  the  equation 

Ml  M2 
W=  -  —  (COS  012-  (n  +  1)  COS  61  COS«2J  . 

7.  If  the  force  due  to  a  pole  vary  inversely  as  the  nth  power  of  the  distance, 
prove  that  when  one  small  magnet  is  acted  on  by  another,  the  deflecting  couple 
when  the  deflector  is  end  on  and  the   deflected  broadside  on,  is  n  times  the 
deflecting  couple  when  the  deflector  is  broadside  on  and  the  deflected  end  on. 

By  a  process  similar  to  that  employed  in  Ex.  o  the  deflecting  couple  in  the 

first  case  is  found  to  be  --  ^r,  and  in  the  second  case  ^-^. 

j-n+l   '  f«+l 

8.  Prove  that,  in  the  two  cases  considered  in  Ex.  7,  the  resultant  force  on  the 
deflected  magnet  has  the  same  magnitude  and  direction,  the  latter  being  perpen- 
dicular to  the  line  of  centres. 

When  the  deflected  magnet  is  broadside  on, 

7?-n      rr      n      ft 

Jt  =  U,      J±\  =  0,      X/ 

When  the  deflected  magnet  is  end  on, 

P       f\         JT 

R  =  0,     Si 


9.  Show  how  to  arrange  an  experiment  to  test  the  truth  of  the  results 
obtained  in  cases  3°  and  4°  in  Ex.  5. 


Place  two  small  magnets  SN  and  S'N',  whose  Centres  are  C  and  C",  in 
water  on  floats  with  rigid  arms  TQ  and  TQ'  projecting  from  the  floats,  TQ 
being  parallel  to  SN  and  perpendicular  to  CT,  and  C'TQ'  perpendicular  to 
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S'N'.  If  C'Q'  be  made  double  of  TQ,  C  placed  on  the  production  of  C'Q',  TQ 
made  parallel  to  <7'Q',  and  Q  and  Q'  fastened  together  by  a  string  equal  in 
length  to  CT,  the  whole  system  is  found  to  be  in  equilibrium. 

This  shows  that  the  mutual  action  between  the  magnets  when  placed  in  the 
manner  described  is  reducible  to  a  single  repulsive  force  perpendicular  to  the 
line  of  centres  at  the  point  of  trisection  of  this  line,  the  shorter  segment  being 
next  the  magnet  which  is  end  on. 

This  agrees  with  the  results  obtained  in  cases  3°  and  4°,  Ex.  5. 

"We  see  also  from  the  reduction  of  the  mutual  action  to  a  single  force  that 
the  result  in  case  4°,  Ex.  5,  follows  from  that  in  case  3°,  and  that  the  couple 
acting  on  the  magnet  which  is  broadside  on  is  double  of  the  couple  acting  on  the 
magnet  which  is  end  on. 

The  arrows  in  the  figure  indicate  the  directions  of  the  tension  of  the  string 
resisting  at  Q  and  Q'  the  forces  due  to  the  mutual  action  of  the  magnets. 

10.  If  the  law  of  the  force  due  to  a  magnet  pole  be  unknown,  show  how  it 
may  be  determined. 

The  result  of  the  experiment  described  in  the  last  example  combined  with 
the  theorem  proved  in  Ex.  7  shows  that  the  law  of  force  must  be  that  of  the 
inverse  square.  For,  by  Ex.  7,  if  the  force  vary  inversely  as  the  nth  power  of 
the  distance  in  the  experiment  of  Ex.  9,  in  order  to  have  equilibrium,  C'($ 
should  be  made  n  times  TQ. 

11.  Prove  that,  when  a  small  magnet  My,  whose  centre  is  fixed,  is  in  stable 
equilibrium  under  the  action  of  another  fixed  small  magnet  M\,  the  force  pro- 
duced by  MZ  on  a  magnet  pole  at  the  centre  of  M\  in  the  direction  of  its  axis  is 
the  greatest  possible. 

The  mutual  energy  W  of  the  magnets  is  given  by  the  equation 


^ 
dh\  dhz  \    r    /  * 

The  centres  of  the  magnets  and  the  direction  of  hi  being  fixed  when  MZ  is 
in  stable  equilibrium,  hz  takes  the  direction  which  makes  W  a  minimum.  If 
we  now  suppose  h\  and  hz  to  be  drawn  through  C\,  the  centre  of  MI,  instead  of 

through  Cz,  the  centre  of  Mz,  the  operators  —  —  and  -7-  both  change  sign,  and 

dh\          dhz 
the  expression  for  W  remains  unaltered  ;  therefore  the  direction  of  hz  is  such  as 

to  make  -rr-   —  (-  )  a  maximum;  but  if  Vz  be  the  potential  of  Mz  at  C\,  we 
dh\  ahz  \r/ 


have 


. 
dhz 


Hence  the  axis  of  MZ  is  in  such  a  direction  as  to  make  the  force  in  the 
direction  of  h\  exerted  by  Mz  on  a  magnet  pole  at  C\  the  greatest  possible. 

The  theorem  of  this  example  enables  us  to  place  a  magnet  with  its  centre  at 
a  given  point  so  as  to  produce  the  greatest  possible  force  in  a  given  direction  on 
a  magnet  pole  placed  at  another  given  point. 

12.  When  a  small  linear  magnet  Mz,  whose  centre  Cz  is  fixed,  is  in  stable 
equilibrium  under  the  action  of  another  fixed  magnet  M\,  show  that  the  axis  of 
Mz  is  in  the  direction  of  the  force  exerted  by  MI  on  a  magnet  pole  at  Cz,  and 
that  the  axes  of  the  two  magnets  lie  in  the  same  plane. 
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Let  2fi  and  Si  be  the  poles  of  MI,  and  Nz  and  &  those  of  My,  the  length  of 
its  axis  being  h.    The  forces  acting  on  HZ  at  Nz  and  Sz  are  equal  and  opposite, 

neglecting  quantities  of  the  order  -  as  compared  with  these  forces.     Hence,  in 

order  that  the  moment  round  Cz  should  vanish,  £2  Nz  must  be  in  the  direction 
of  the  force  on  a  north  pole  at  Cz.  The  force  exerted  by  the  magnet  M\  on  a 
pole  at  Cz  is  the  resultant  of  forces  whose  lines  of  direction  are  N\  Cz  and  Si  Cz, 
and  must  therefore  lie  in  the  plane 


13.  The  small  linear  magnet  MZ,  whose  centre  is  fixed,  is  in  equilibrium 
under  the  action  of  the  fixed  magnet  M\  ;  find  the  resultant  force  on  MZ. 

By  the  last  example  the  axes  of  M>  and  M\  are  in  the  same  plane,  and 
therefore  9\z  =  «i  +  tz  ;  also  in  the  equations  of  Ex.  3,  G  =  0  ;  whence 
ain  (ei  +  «2)  -  3  cos  «i  sin  ej  =  0  ;  and  therefore 

sin  «i  2  cos  ei 

tan  «i  =  2  tan  t,,    8ine2=-        —  —  -,     cose2  =  ; 


V(l  +  3cos2«i)'  V(l  +  3cos2«i)' 

then,  from  Ex.  4,  we  have 

3/xi  pz     1+7  cos2  «i 


£  =  - 
Si 


V(l  +  3  cos2  ei)' 

cos  ei  3/ii  ^2  cos  ei 


4  3cos2ei)' 


In  this  case,  as  the  forces  are  all  in  one  plane,  we  may  resolve  Hz  in  the 
directions  of  R  and  .Hi,  and  if  K  and  H'\  denote  the  total  forces  acting  on  MZ 
in  the  directions  of  r  and  hi,  we  have 


,  __  3/X1JU2         1+4  COS2  €1  _  ZfJllftz  COS  tl 

~~  '  ~~  cos2ei)' 


14.  In  Ex.  13  show  that  the  resultant  force  on  MZ  tends  to  move  it  in  the 
direction  in  which  the  force  exerted  by  Mi  on  a  magnet  pole  at  Cz,  the  centre 
of  MZ,  increases  most  rapidly. 

Let  Fi  be  the  potential  of  MI  at  Cz  ;  then  by  Ex.  2, 


since  hz  is  in  the  direction  of  the  resultant  force  on  a  magnet  pole  at  C»  by 
Ex.  12.  The  force  on  Mz  tends  to  move  it  in  the  direction  in  which  7F  dimi- 
nishes most  rapidly  ;  and  from  the  expression  for  W  given  above,  this  must  be 
the  direction  in  which  the  force  due  to  M  i  on  a  magnet  pole  at  Cz  increases  moat 
rapidly  in  absolute  magnitude. 
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SECTION  II.  —  General  Theorems. 

56.  Gauss'  Theorem.  —  If  V  denote  the  potential  at 
any  point  due  to  masses  acting  inversely  as  the  square  of  the 
distance,  and  S  the  surface  of  a  sphere  whose  radius  is  R, 
then 

J  VdS  =  47r£2  Un  +  4irRM,  (1) 


where  the  integral  is  taken  over  the  entire  surface  of  the 
sphere,  and  where  U~0  denotes  the  value  at  its  centre  of  the 
•potential  of  those  masses  which  are  outside  it,  and  M  the 
sum  of  those  masses  which  are  internal. 

To  prove  this,  let  U  denote  the  potential  at  any  point 
due  to  the  masses  outside  the  sphere,  and  v  that  due  to  the 
masses  which  are  internal,  then  V  =  V  +  v. 

Now  taking  as  origin  the  centre  0  of  the  sphere,  by  (2), 
Art.  26,  we  have 

0  -  [~dS  =  IP  {^d*  =  R^\  Ud».         (2) 
J  dr  J  dr  dr} 

Hence  /  Udu  taken  over  the  surface  of  any  sphere 
having  0  for  centre  is  independent  of  the  radius,  provided 
the  sphere  does  not  enclose  any  of  the  mass  producing  U: 
therefore,  by  supposing  the  radius  infinitely  small,  we  obtain 


=  [d^- 
}dr 


dr 

r  ^  f        ^*'' 

whence  v  dot  =       _,  . 

flM       I  Lf*  ' 

ut  j  .n. 

and  integrating  on  the  hypothesis  that  the  sphere  is  of 
variable  radius,  but  continues  to  include  the  whole  of  the 
mass  M,  we  have 

M+r 
~R  +  C' 
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If  we  suppose  the  radius  R  to  become  infinite,  v  is  zero  at 
each  point  of  the  surface  of  the  sphere.  Hence  C  =  0,  and 
we  get 

f     7  M 

\  v  d<v  =  4?r  -=r  • 

J  « 

Adding  this  equation  to  that  previously  obtained  for  U, 
we  have 

((          M]  ox 

V  du)  =  4?r  ]  T7o  +  — } ,  (3) 

R} 

from  which  (1)  follows  at  once. 

57.  Uniplanar  Distribution.— In  the  case  of  a  uni- 
planar   distribution   of  mass  acting  with   a  force   varying 
inversely  as  the  distance,  Gauss'  Theorem  becomes 

(4) 

where  s  is  the  arc,  and  R  the  radius  of  a  circle,  M  the  uni- 
planar  mass  inside  it,  and  U0  the  potential  at  its  centre  of  the 
external  mass. 

For  in  this  case,  at  a  point  on  the  circle  whose  radius 

R  is  infinite,  the  value  of  v  is  M  log  -=     Hence  the  value 

of  j  v  d&  taken  round  this   circle   is     2ir M  log  -^,  and  the 

theorem  can  be  proved  in  a  manner  similar  to  that  employed 
above  for  a  three-dimensional  distribution  of  mass. 

58.  Green's  Theorem. — If  U  and  V  be  two  functions 
of  the  coordinates  which,  as  well  as  their  differential  coef- 
ficients,  are  acyclic,   finite,  and   continuous  throughout  a 
region  <&  of  space  bounded  by  a  surface  S,  then 


d-^ds  +  fff 

dv  JJJ 


dJDdV     dUdV     dUdV\  ,~ 

dx  dx       dy   dy       dz    dz ) 

where  the  volume  integrals  are  taken  through  the  whole  of 
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the  region  @,  and  the  surface  integrals  over  the  whole  of  the 
boundary  8,  and  v  denotes  a  normal  to  8  drawn  into  the 
field  of  the  triple  integration. 

To  prove  this,  we  integrate  by  parts  the  expression 


dV  ,    .    . 

—7-   —:—  dx  dy  dz, 
......  ax    dx 

and  we  get 


c  r      s7  ty 

~  ^r  dxdydz  =      U—r-  dy  dz  - 
dx  dx  JJ       dx 

whence,  by  the  addition  of  two  similar  equations,  if  Q  denote 

'fdUdV     dUdV     dU dV\  , 
—7 — r-  +  -7-  -r-  +  -7 — p-  ]  a®, 
\  aa?  aa;       ay  ay       dz    dz  ) 

we  have 


=  ff 

»/  */ 


dx  dy  dz 

«/ 


By  a  process  similar  to  that  employed  in  Art.  45,  we  find 
that 


IA^F"        (/F        o'F"      \     rr  dv 
U(  —  dy  dz  +  — —  dz  dx  +  —  dx  dy  ]  =  -  \\U  —  dS ; 

whence,  by  substitution,  we  obtain 

U  —  dS  +        CV2  Fa7®  =  -  Q.  (6) 

JJ      ^v  JJJ 

By  an  interchange  of  U  and  V  we  have,  also, 

Bdll          fff 
7- —  dS  +  \\\  Fv  Z7i?@  =  -  Q,  (7) 

rfv  JJJ 

and  thus  we  get  (5). 

If  the  field  @  consist  of  the  space  comprised  between  two 
closed  surfaces  of  which  one  is  inside  the  other,  equation  (5) 


Special  Case  of  Green's  Theorem.  109 

can  be  proved  in  the  same  manner  as  above,  and  this  mode 
of  proof  is  still  valid  when  (3  is  the  space  outside  any  number 
of  separate  closed  surfaces,  and  inside  another  enclosing  them 
all,  the  surface  integral  in  each  of  these  cases  being  the  sum 
of  the  surface  integrals  taken  over  each  boundary.  If  a  sphere 
whose  radius  is  infinite  be  the  outside  surface,  @  will  consist 
of  the  whole  of  space  outside  a  system  of  closed  surfaces. 

Again,  if  @  consist  of  a  number  of  separate  detached 
regions,  Green's  equation  is  obtained  by  the  addition  of  the 
equations  holding  good  for  eacli  of  these  regions  respec- 
tively. 

Lastly,  if  @  include  the  regions  on  both  sides  of  a  surface 
S,  whether  closed  or  open,  Green's  equation  can  still  be 
proved  in  the  same  manner  as  before,  the  surface  integral  in 
this  case  being  taken  over  both  sides  of  the  surface  S. 

When  the  region  @  is  bounded  by  a  number  of  surfaces 
in  any  of  the  ways  described  above,  Green's  equation  may 
be  written  in  the  form 


ff  U^dS  +  (ff  UvzVd<&  =  2  ff  V^dS 
JJ      *          JJJ  JJ       *> 

MdUdV     dUdV     dUdV\j 
-7-  -T-  +  ~r  -T-  +  -r-  -j-  U@  ;         (8) 
dx    dx       dy   dy       dz    dz  J 


but  the  simpler  form  (5)  is  equally  valid,  provided  it  be 
understood  that  the  surface  integral  is  to  be  taken  over  the 
whole  of  all  the  boundaries. 

When  the   functions    U  and    V  are  identical,  Green's 
equation  becomes 


ff 

\ 
U 


X2      fdV\*      frlV\i 

Jd-r\+* 


. 


(9) 

59.  Special    Case    of   Green's   Theorem.  —  If    the 

function  U,  or  some  of  its  differential  coefficients,  be  infinite 
at  a  point  P  inside  the  field,  the  integrations  implied  by 
Green's  equation  may  become  illusory,  and  the  equation  itself 
may  require  modification. 


110  The  Potential 


a 

If  U  =  U'  +  -,  where  e  is  constant,  r  the  distance  of  any 

point  from  the  point  P,  and  U'  a  function  which  is  finite 
throughout  the  field,  an  important  theorem  can  be  obtained 
which  is  expressed  by  the  equation 


Jdv      fff  rr   du  fff 

CT_ld£  +    K7v2Fd@  =     F-rd8-4neVp+      Fv 
dv          JJJ  JJ      dv  JJJ 

mfdUdV     dU  dV     dU  dV\  , 

•  ~  II       ~r    ~T-   +   3~    T~  +   -3 ^@>          (10) 

JJJ  V  dk    d*       ^    ^        dz    dz  J 

where  Vp  is  the  value  of  V  at  the  point  P. 

To  prove  this,  describe,  round  the  point  P  as  centre,  a 
sphere  S'  of  radius  a  so  small  that  $'  does  not  meet  any  of 
the  boundaries,  and  apply  equation  (5)  to  the  field  @'  con- 
sisting of  that  part  of  @  which  is  outside  8' ;  then  we  have 

(dV          [     dV    c,,     f 
dv  dv 


f  Fv2  U'd&  +  [  Fv2    - 
J  J          V 

fdUdV     dUdV     dUd 

=  - 


{fdU 

\(-r 

J  \  rfa? 


If  we  take  P  for  origin,  and  if  Q  denote  the  volume  of 
the  sphere  S',  we  have 

dQ,  =  rz  dr  dw,     and     dS'  =  a?  dot, 

where  da)  is  the  element  of  a  solid  angle  having  its  vertex  at 
P  ;  also  the  value  of 

—  ( -  |  at  the  surface  S'  is  — -  • 
dv  \r  ]  a? 
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We  have  then, 


*,          JTr^V   ,  (dV 

-  aS  =  «2  \U  -j-  d(t)  +  ae    —  c 
dv  j        av  J  dv 

dv  dv  dv  V  T 

fir.WD.fjr'.WD+irW*          "       >(12> 

J  B] 

(dUdV.       [dU'dV  .         [dV 

-j-  -3-  dQ,  =  \  — — —  dQ  -  e   —  cos  a  dr  aw, 
J  dx  dx           J   dx    dx  J  dx 

where  a  is  the  angle  which  r  makes  with  the  axis  of  x ;  also 

(t\ 
-  j  =  0  at  every  point  of  the  field  ©'. 

If  we  now  suppose  a  to  become  infinitely  small,  we  see 
from  equations  (12)  that 

)dV                 f     dUf 
U —  dS'  =  0,       F dS'  =  0, 
dv                          dv 
V 

and,  since  @  =  @r  +  Q,  we  see  also  that 


f^2ffr 

J  rfa;    dx 


thus  (11)  becomes  the  same  as  (10). 

60.   I  iiipianar     Form     of    Oreen's    Theorems.  — 

When  U  and  V  are  functions  of  the  coordinates  of  a  point 
which  is  limited  to  the  plane  of  xy,  equation  (5)  assumes  the 
form 

f  U-^ds  +  (T  U^Vdxdy  =  (  V^ds  +  ff  V^Udxdy 


-lit 


dUdV     dUdV\.    ,  /1QX 

— -  +  -j-  —  dxdy.  (13) 

rfa;       dy  dy  ] 


112  The  Potential. 

If  U  =  U'  +  e  log  -,  where  r  is  the  distance  of  any  point 

from  a  point  P  inside  the  field,  since  r  log  r  =  0  when  r  =  0, 
we  obtain  as  the  uniplanar  equation  corresponding  to  (10) 


C  S?  17*  f*  /*  P  ^7  77"  /*/* 

1  &-j-ds  +      CV2 Vdxdy  =  \  V—ds- 2ire VP  +     Fv2 U'dxdy 

[{fdUdV     dUdV\J 
=  ~     Hr  -r-  +  -  \dxdy,           (14) 

}}\dx  dx       dy   dy) 

where  VP  is  the  value  of  V  at  the  point  P. 

61.  Constant  Potential. — If  a  closed  equipotential 
surface  have  no  mass  inside  it,  the  potential  is  constant  for 
the  whole  of  the  internal  space. 

For,  since  V  is  constant  over  the  equipotential  surface  S, 
and  there  is  no  mass  inside  it,  lay  Art.  26  we  have 

(dV 
dv 

also  V2F"=  0  at  every  point  inside  S',  hence,  by  (9), 


dv\*  /wry  fdv\ 

~dx )  \~djj )  +\dz) 
and  since  every  term  here  is  positive,  we  must  have 

dV_  dV _  dV_0 
dx       dy       dz 

throughout  the  whole  space  inside  8,  whence  V  must  have 
the  same  value  throughout  this  space  as  at  the  boundary. 

A  similar  theorem  holds  good  for  an  uniplanar  distribution 
of  mass  acting  inversely  as  the  distance. 

Again,  if  the  potential  have  a  constant  value  C  for  any 
finite  portion  A  of  unoccupied  space,  it  must  have  the  same 
value  for  the  whole  of  space  which  can  be  reached  from  A 
without  passing  through  mass. 

For  if  in  any  portion  B  of  space  adjacent  to  A  the  poten- 
tial be  everywhere  greater  than  (7,  we  can  describe  a  sphere, 
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of  radius  R,  having  its  centre  and  part  of  its  surface  8  in  A 
and  the  rest  of  its  surface  in  B  ;  then  J  VdS  taken  over  the 
surface  S  is  greater  than  /  CdS,  that  is,  than  4irIPC ;  but  by 
(1),  Art.  56,  we  have  J  VdS  =  ^irl&C.  Hence  there  cannot 
be  a  region  B  adjacent  to  A  throughout  which  V>  C.  In  like 
manner  we  can  show  that  there  cannot  be  an  adjacent  region 
throughout  which  V  <  C ;  but  since  V  is  continuous,  if  it  be 
not  equal  to  C  everywhere  in  the  space  adjacent  to  A,  there 
must  be  some  finite  portion  of  this  space  throughout  which 
either  V  >  C,  or  else  F  <  (7,  either  of  which  alternatives  is 
impossible. 

Thus  A  can  be  continually  increased  by  the  addition  of 
adjacent  portions  of  space  so  long  as  no  mass  is  encoun- 
tered. 

In  the  case  of  a  uniplanar  distribution  of  mass  acting  in- 
versely as  the  distance,  we  can,  by  means  of  Art.  57,  show  in 
like  manner  that,  if  the  potential  be  constant  throughout  a 
finite  unoccupied  area  A,  it  has  the  same  constant  value  for 
the  whole  of  the  plane  which  can  be  reached  from  A  without 
passing  through  mass. 

When  a  mass  distribution  is  symmetrical  round  a  straight 
line,  if  the  potential  V  have  a  constant  value  C  for  a  finite 

Eortion  /  of  this  line  situated  in  unoccupied  space,  it  must 
ave  the  same  constant  value  for  the  whole  of  space  which 
can  be  reached  from  I  without  passing  through  mass. 

To  prove  this,  draw  a  plane  through  the  axis  of  symmetry, 
and  if  F"be  not  equal  to  C  in  the  part  of  the  plane  adjacent 
to  I  there  must  be  a  finite  portion  B  of  this  plane,  having 
/  for  a  boundary,  throughout  which  V  is  everywhere  greater 
or  everywhere  less  than  C\  and  if  the  plane  be  made  to 
revolve  round  the  axis,  this  must  be  true  for  the  region 
generated  by  the  revolution  of  the  area  B.  If  now  a 
sphere  be  described  in  this  region,  having  its  centre  in  /, 
we  see,  as  before,  that  the  supposed  inequality  of  V  is  im- 
possible. 

62.  Potential  Zero. — If  the  potential  be  zero  at  each 
point  of  a  closed  surface,  outside  which  there  is  no  mass,  it  is 
zero  for  the  whole  of  external  space,  and  the  total  mass  is 
also  zero.  Conversely,  if  the  total  mass  be  zero,  and  the 
potential  have  a  constant  value  C  for  a  closed  surface  S 
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surrounding  the  entire  mass,  C  is  zero,  and  the  potential  is 
zero  for  the  whole  of  space  external  to  8. 

These  two  theorems  are  an  immediate  consequence  of 
equation  (9).  The  boundaries  of  the  region  @  are  in  this 
case  the  closed  surface  S,  and  a  sphere  S'  at  infinity.  If 
H  be  the  radius  of  this  sphere,  and  M  the  total  mass,  we  have 

Jd  V  f  M  M 

V~  dS'=\       —  :  Ez  du  =  0,  since  It  is  infinite. 
av  J  JK  K 

Hence,  as  V2  F"  =  0  throughout  @,  we  get 


dV\    (dV 
-sr]+[-r 

dx)     \dy  )     \dzj)          }      dv 

when  Fis  zero  on  8  ;  whence,  as  in  Art.  61,  Fhas  the  same 
value  throughout  @  as  on  the  surface  S,  and  is  therefore  zero. 
Hence  again  at  each  point  of  any  closed  surface  surrounding 

8  we  have  —  =  0,  and  therefore,  by  Art.  26,  the  total  mass 

is  zero. 

Again,  if  V  be  constant  over  S,  and  the  total  mass  zero, 


and  therefore,  as  before,  V  is  constant  throughout  @,  and  is 
therefore  zero  since  it  is  zero  at  infinity. 

Another  theorem,  which  is  more  general  than  those  given 
above,  and  which  may  be  proved  in  a  similar  manner,  may 
be  enunciated  thus  :  —  If  the  potential  be  zero  at  every  point 
of  the  boundaries  of  a  region  in  which  there  is  no  mass,  the 
potential  is  zero  throughout  the  region. 

63.  Zero  Potential  for  IJniplanar  Distribution.  — 
If  at  a  point  P  the  potential  of  a  uniplanar  distribution  of 
mass  acting  inversely  as  the  distance  be  zero  independently 
of  the  absolute  magnitude  of  the  unit  of  length,  the  total 
mass  must  be  zero. 
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For  the  expression  for  the  uniplanar  potential  V  at  a 
point  P  is  2m  log  — ,  where  L  is  the  unit  of  length,  and  r  the 

distance  of  the  mass  m  from  P,  the  lengths  r  and  L  being 
expressed  in  terms  of  the  same  unit.  If  we  choose  another 
absolute  length  L'  instead  of  L  as  the  unit,  the  expression 

for  V  becomes  ic2w  log  — ,  where  K  is  a  constant  depending 
r 

Tt 

on  L  and  L'.  If  this  be  zero,  Sm  log  —  =  0  ;  and  if  the  first 
expression  for  V  be  also  zero  we  have,  by  subtraction, 

Tt 

(2m)  log  -£-=0, 

and  therefore  Sw  =  0. 

It  is  now  easy  to  see  that,  if  the  uniplanar  potential  be 
zero,  independently  of  the  absolute  magnitude  of  the  unit  of 
length,  at  every  point  of  a  closed  curve  s,  outside  which  there 
is  no  mass,  the  potential  is  zero  for  the  whole  of  the  plane 
outside  s,  and  the  total  mass  is  also  zero ;  and  conversely, 
that  if  the  total  mass  be  zero,  and  the  potential  have  a  con- 
stant value  C  for  a  closed  curve  s  surrounding  the  entire 
mass,  C  is  zero,  and  the  potential  is  zero  for  the  whole  of  the 
plane  outside  s. 

In  fact,  from  what  has  been  said,  it  appears  that  in  each 
of  the  supposed  cases  the  total  mass  is  zero,  and  therefore,  by 

dV 
Art.  44,  the  potential  at  infinity  is  zero,  and  as  —  cfeata 

CIV 

point  on  a  circle  at  infinity  is  (Sw)  dO,  if  we  integrate  round 

(dV 
V    r  ds  is  zero.     The  theorems  above 
dv 

are  proved  then  in  the  same  manner  as  the  corresponding 
theorems  for  a  three-dimensional  distribution  of  mass. 

64.  Equivalent  Distributions. — If  two  distributions, 
A  and  B,  of  mass  have  the  same  potential  at  every  point  of 
the  boundary  of  a  region  to  which  both  distributions  are 
external,  they  have  the  same  potential  at  every  point  through- 
out the  region. 

i  2 
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To  prove  this,  suppose  one  distribution  A  to  be  reversed, 
that  is,  suppose  the  algebraical  sign  of  each  element  of  mass 
reversed,  and  suppose  the  distribution  thus  obtained  to  coexist 
with  the  other.  The  potential  V  due  to  this  conjoint  dis- 
tribution is  then  zero  over  the  boundary  of  the  field  which 
is  unoccupied,  and  therefore,  by  Art.  62,  V  is  zero  throughout 
the  field. 

Hence,  at  every  point  the  potential  due  to  A  must  be 
equal  to  that  due  to  B. 

It  is  to  be  observed  that  the  boundary  of  the  region  here 
considered  may  consist  of  any  number  of  separate  surfaces. 

As  a  particular  case  of  the  theorem  above,  we  have  the 
important  result,  that — 

If  two  distributions  of  mass  have  the  same  potential  at 
every  point  of  a  closed  surface  enclosing  both,  they  have  the 
same  potential  throughout  the  whole  of  external  space. 

Again,  it  readily  appears  from  Art.  61,  that — 

If  two  distributions  of  mass  give  potentials  which  have 
a  constant  difference  G  at  every  point  of  a  closed  surface  S 
to  which  both  distributions  are  external,  the  potentials  due  to 
these  two  distributions  differ  by  C  at  every  point  of  the 
region  enclosed  by  S. 

Another  theorem  which  is  easily  deduced  from  Green's 
equation,  Art.  58,  is,  that — 

If  two  distributions  of  mass  produce  the  same  normal 
force  at  every  point  of  the  boundary  of  a  region  to  which 
they  are  both  external,  their  potentials  throughout  this  region 
can  differ  only  by  a  constant. 

For,  as  before,  suppose  one  distribution  when  reversed  to 
co-exist  with  the  other,  and  let  V  be  the  potential  due  to  the 

dV 

conjoint  distribution,  then  —  is  zero  at  every  point  of  the 

dv 

boundary,  and  as  v2  V  =  0  throughout  the  field,  by  equa- 
tion (9)  we  have  V  constant  throughout  the  field,  that  is,  the 
difference  of  the  potentials  due  to  the  two  distributions  is 
constant. 
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EXAMPLES. 

1.  Prove  that  the  mean  value  of  the  potential,  due  to  any  system^of  mass 
acting  inversely  as  the  square  of  the  distance,  throughout  a  sphere  having  none 
of  this  mass  inside  it,  is  equal  to  the  potential  at  the  centre  of  the  sphere. 

Suppose  the  sphere  divided  into  an  infinite  number  of  shells  concentric  with 
it,  then  the  result  given  above  follows  from  Art.  56. 

2.  Prove  that  the  mean  value  of  the  potential  due  to  any  system  of  uniplanar 
mass,  acting  inversely  as  the  distance,  throughout  a  circle  having  none  of  this 
mass  inside  it  is  equal  to  the  value  of  the  potential  at  the  centre  of  the  circle. 

3.  If  two  distributions,  A  and  B,  of  mass  have  the  same  closed  surface  -S 
enclosing  both  as  an  equipotential,  every  surface  outside  S  which  is  an  equi- 
potential for  A  is  also  an  equipotential  for  B. 

Let  V\  be  the  potential  due  to  A,  and  7r2  that  due  to  B,  then 

V\  =  C\    and     Fj  =  C-t    on  the  surface  S. 

Now  imagine  a  distribution  A'  whose  elements  of  mass  occupy  the  same 
positions  as  those  of  A,  but  such  that  any  mass  m'  belonging  to  this  distribution 

Ci 
is  given  by  the  equation  m'  =  —  m,  where  m  is  the  corresponding  mass  belong- 

C\ 
ing  to  A.  Then,  if  V\  be  the  potential  due  to  A',  we  have  V'\  =  Vz  at  the 

surface  S,  and  therefore,  V'\  =  Fz,  and  V\  =  -^-  V*  for  all  space  external  to  S. 

Ci 

Hence  the  equipotential  surfaces  are  the  same  for  the  two  distributions 
A  and  S,  and  the  resultant  forces  due  to  them  are  codirectional,  and  in  a  con- 
stant ratio  to  each  other. 

4.  If  two  distributions,  A  and  J7,  of  mass,  which  are  both  external  to  a 
region  @,  produce  normal  forces  at  each  point  of  the  boundary  of  ©  which 
have  everywhere  the  same  ratio  to  each  other,  then  throughout  the  region  @  the 
resultant  force  due  to  A  is  codirectional  with  that  due  to  B,  and  has  to  it  a 
constant  ratio. 

5.  If  two  distributions,  A  and  B,  of  mass  produce  throughout  a  region  <S, 
to  which  they  are  both  external,  codirectional  resultant  forces,  the  ratio  of  the 
magnitudes  of  these  forces  is  constant. 

Throughout  ©  the  equipotential  surfaces  and  tubes  of  force  due  to  A  coincide 
with  those  due  to  B.  Let  2i  and  22  be  two  orthogonal  sections  of  an  infinitely 
thin  tube  of  force  T,  and  PI  and  PZ  the  corresponding  resultant  forces  due  to  At 
then  Pi2i  =  P222. 

Again,  if  Qi  and  Qt  be  the  resultant  forces  due  to  B  at  the  same  points, 

Ci2i  =  QzSa,  and  therefore  — -  =  — ^.      Hence  along  the  tube  T  the  resultant 

Qi      Qz 

forces  due  respectively  to  the  two  distributions  are  in  a  constant  ratio.  If  now 
we  consider  a  circuit  composed  of  infinitely  short  elements,  ds  and  d»'t  of  two 
lines  of  force  comprised  between  two  consecutive  equipotential  surfaces,  and  of 
the  lines  on  these  surfaces  joining  the  extremities  of  ds  and  ds',  we  have,  by  the 
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principle  of  the  Conservation  of  Energy,  Pds  =  Pds',  and  also,  Qds  =  Q'ds', 

P      P1 

whence,  in  going  from  one  line  of  force  to  another,  —  =  —  .     Hence,  throughout 

Ipf,          v£ 

p 
@,  the  ratio  -  is  constant. 

** 

6.  If  two  distributions,  A  and  B,  of  mass  have  throughout  a  region  @  to 
which  they  are  hoth  external  the  same  equipotential  surfaces,  the  resultant 
forces  due  to  these  distributions  are  throughout  the  region  @  codirectional  and 
in  a  constant  ratio. 

Throughout  @,  if  U  and  F  he  the  potentials  due  to  A  and  £,  we  have 
#"=/(F)  and  also  V2f  =  0,  V2F  =  0.  Hence  U=  «F  +  c  where  K  and  c  are 
constants. 

7.  If  two  distributions,  A  and  B,  of  uniplanar  mass,  acting  with  a  force 
varying  inversely  as  the  distance,  have  the  same  closed  curve  s  surrounding  both 
as  an  equipotential,  every  curve  outside  s  which  is  an  equipotential  for  A  is  also 
an  equipotential  for  B. 

Let  M\  be  the  total  mass,  and  Fi  the  potential  corresponding  to  A,  and  MZ 
and  Fz  those  corresponding  to  B,  and  let  the  values  of  Fi  and  Fz  at  s  be  G\  and 

Mz 

Cz;  then,  putting  —  •—  =  K,  we  have  *M\  +  J/z  =  0. 
Mi 

Now  imagine  a  distribution  A'  whose  elements  occupy  the  same  positions  as 
those  of  A,  but  such  that  any  mass  m'  belonging  to  it  is  given  by  the  equation 
m'  =  Km,  when  m  is  the  corresponding  mass  belonging  to  A. 

Let  the  distribution  A'  coexist  with  B,  and  let  F  be  the  corresponding 
potential  ;  then  at  *  we  have  F  =  /eCi  +  Cz  ',  and  since  F  is  constant  and  the  total 
mass  zero,  by  Art  36,  we  get 


when  the  integral  is  taken  round  the  curve  s.     But  by  Art  44,  the  integral 


taken  round  a  circle  at  infinity  is  zero;  therefore,  by  (13),  Art.  60,  Fis  con- 
stant throughout  the  whole  plane  outside  s,  and  being  zero  at  infinity  is  therefore 
zero.  Hence  since  K  Fi  +  Vz  =  F  =  0,  the  distributions  A  and  B  have  the 
same  equipotential  surfaces  everywhere  in  the  plane  outside  s. 

65.  Potential  a  Maximum  or  a  minimum.  —  If  the 

potential  V  of  any  system  of  mass  be  a  maximum  at  a  point 
P,  there  is  positive  mass  at  P,  and  if  the  potential  be  a 
minimum,  there  is  negative  mass. 

To  prove  this,  describe  a  small  sphere  8  round  P  as 
centre,  and  take  P  for  origin  ;  then  if  V  be  a  maximum  at 

dV  . 
P,  at  each  point  of  the  surface  of  this  sphere  —  is  negative, 
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JdV 
-  dS  taken  over  the  surface  ;  but 
<tr 


f 


dV 

r  dS  =  -  4irM,  where  M  is  the  mass  inside  the  sphere ; 
dr 

hence  M  is  positive  ;  and  as  the  sphere  may  be  diminished 
without  limit,  there  must  be  positive  mass  at  P.  If  F  be  a 
minimum,  it  can  be  shown  in  a  similar  manner  that  there  is 
negative  mass  at  P. 

It  follows  from  what  has  been  proved  above  that  V 
cannot  be  a  maximum  or  a  minimum  in  unoccupied  space.  The 
same  theorem  can  be  proved  in  a  similar  manner  for  a  uni- 
plunar  distribution  of  mass  acting  inversely  as  the  distance. 

66.  Variation  of  the  Potential  in  Space  un- 
occupied by  Ulass. — The  potential  of  masses  which  are 
outside  a  closed  surface  8  has  at  all  points  inside  this  surface 
a  value  which  lies  between  the  extreme  values  on  the  surface. 

For,  let  A  be  the  greatest  and  B  the  least  value  of  the 
potential  on  the  surface  S ;  then  if  anywhere  inside  the  sur- 
face V  be  greater  than  A,  or  less  than  B,  there  must  be  a 
point  where  it  is  a  maximum  or  a  minimum,  which  is  impos- 
sible. 

It  follows,  as  a  corollary,  that  if  F"  be  constant  over  S,  it 
is  constant  throughout  its  interior. 

Similar  results  hold  good  for  uniplanar  mass. 

If  the  potential  V  of  masses  inside  a  closed  surface  S  has 
at  all  points  of  8  the  same  algebraical  sign,  it  has  the  same 
sign  at  all  points  outside  S,  and  its  greatest  magnitude  irre- 
spective of  sign  in  external  space  is  less  than  its  greatest 
magnitude  on  S. 

For,  if  V  were  positive  at  every  point  of  S,  and  negative 
at  any  point  outside  S,  since  V  is  zero  at  infinity,  there  must 
be  a  point  outside  S  at  which  F"  is  a  minimum,  but  this  is 
impossible.  In  like  manner  it  can  be  shown  that  if  V  be 
negative  at  every  point  of  S  it  cannot  be  positive  at  any 
point  in  external  space.  Again,  if  F  have  at  auy  point 
outside  S  a  value  of  the  same  sign,  but  greater  in  magnitude 
than  any  of  its  values  on  S,  it  must  be  a  maximum  or  a 
minimum  at  some  point  in  external  space  which  is  impossible. 
Lastly,  if  A  be  the  greatest  value  of  F  irrespective  of  sign 


120  The  Potential 

at  the  surface  8,  the  value  of  V  at  an  external  point  P  cannot 
be  equal  to  A  except  A  be  zero.  For,  if  V  were  equal  to 
A  at  P,  describe  a  sphere  round  P  as  centre  not  meeting  or 
enclosing  8  ;  then  by  Art.  56,  since  V  has  the  same  algebraical 
sign  at  all  points  of  the  surface  of  this  sphere,  and  nowhere 
exceeds  A  in  magnitude,  it  must  be  equal  to  A  at  all  points 
of  this  surface,  and  therefore  for  all  the  included  region,  and 
therefore  for  all  space  external  to  S.  Hence  A  must  be  zero. 

By  describing  a  sphere  enclosing  the  surface  8,  it  is  now 
easy  to  see,  by  Art.  56,  that— 

If  the  potential  of  masses  inside  a  closed  surface  8  have 
at  every  point  of  this  surface  the  same  algebraical  sign,  the 
sum  of  the  masses  has  the  same  sign  as  the  potential  at  S. 

As  an  immediate  consequence  from  the  above  it  follows 
that— 

The  potential  of  any  system  of  masses  whose  sum  is  zero 
cannot  have  the  same  algebraical  sign  at  every  point  of  a 
closed  surface  enclosing  these  masses. 

67.  Points  and  JLines  of  Equilibrium.  —  A  point  of 
equilibrium  is  one  at  which  the  resultant  force  is  zero.  At 
such  a  point,  if  V  be  the  potential  of  the  acting  mass, 


.,       -,  . 

dx  dy  dz 

A  point  of  equilibrium  is  therefore  a  double  point  on  the 
equipotential  surface  V  -  K  =  0. 

T,  .   .     ,      r        ,          ,        dV  dV       ,  dV 

If  at  every  point  of  a  line  of  any  form  -—  ,  —-  ,  and  - 

dee     dy  dz 

be  zero,  the  line  is  a  line  of  equilibrium,  and  must  be  a  double 

line  on  an  equipotential  surface,  which  accordingly  must  have 

at  least  two  sheets  intersecting  in  this  line. 

If  an  equipotential  surface  have  two  sheets  cutting  one 

another  in  unoccupied  space,  they  must  intersect  at  right 

angles. 

To  prove  this,  take  a  point  0  on  the  line  of  intersection  as 

origin  ;  then,  at  any  near  point  #,  y,  z,  we  have,  by  Taylor's 

Theorem, 

Tr    ^     fdV\        (dV\         (dV\         1  ({fflV\    z      -    ) 
V=  F0+      -   «+  -r  }  y+   -T-   *  +  o  !  TT    ^+  &c- 

\dyjt        \dzJ0        2(\dx*J0 

+  &c., 
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and  the  equation  of  the  equipotential  surface   V  -  K  =  0, 
becomes  in  the  neighbourhood  of  the  origin 


but,  since  the  equipotential  surface  consists  of  two  sheets  in- 
tersecting in  a  line  passing  through  0,  the  terms  of  the 
second  degree  in  the  equation  above  must  be  of  the  form 

(Ax  +  By  +  Cz}  (A'x  +  ffy  +  (7s), 
where       Ax  +  By  +  Cz  =  0     and    A'x  +  B'y  +  C"s  =  0 

are  the  equations  of  the  tangent  planes  to  the  two  sheets. 
Hence  we  have 

AA' 


J          -T 

?  J0      \dy  V,,      V 

since  0  is  a  point  in  space  unoccupied  by  mass,  and  therefore 
the  two  sheets   of  the  equipotential  surface  cut   at  right 


68.  Rankine's  Theorem. — If  n  sheets  of  an  equi- 
potential surface  in  space  unoccupied  by  mass  intersect  in 
the  same  line,  the  angle  between  each  pair  of  adjacent  sheets 


.     TT 
is    -. 

n 


To  prove  this,  take  a  point  0  on  the  multiple  line  for 
origin,  and  a  tangent  to  this  line  as  axis  of  z  ;  then  if  0  be 
a  multiple  point  of  the  order  m  on  the  equipotential  surface, 
the  tangent  cone  to  this  surface  at  0  is  of  the  form  Hm  =  0, 
where  Hm  is  a  homogeneous  function  of  the  mth  degree  in 
#,  y,  s.  Also,  as  the  tangent  planes  to  the  n  sheets  of  the  equi- 
potential surface  pass  through  the  axis  of  s,  their  equation  is 
of  the  form  un  =  0,  where  un  is  a  homogeneous  function  of 
the  nth  degree  in  x  and  y ;  and,  since  they  intersect  in  a  line, 
on  the  cone  Hm  =  0,  and  are  tangent  planes  to  this  cone,  Hm 
is  of  the  form  un  zm-n  +  wn+,  zm~n~l  +  &o.  +  ttm,  where  wn+1,  &c., 
are  homogeneous  functions  of  x  and  y  of  the  degree  n  +  1 , 
&c.  Now  in  the  vicinity  of  the  origin  V  =  K  +  Hm  +  Hmn 
+  &o.,  where  -5Tm+i,  &c.  are  homogeneous  functions  of  x,  y,  2 
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of  the  degree  m  +  1,  &o.  ;  and,  as  V2  V=  0  for  all  values  of  the 
coordinates,  V2-£?m  =  0,  and  therefore  equating  to  zero  the 
coefficient  of  the  highest  power  of  z  in  V2-2m>  we  get 


-71  +  -r-2    «»  =  0. 
dx       dy*J 

If  p  be  the  perpendicular  from  any  point  on  the  axis  of  z,  we 
have  un  =pnf(<j>)  ;  and  by  equation  (18),  Art.  48,  we  get 


whence  we  obtain 
and  therefore 


-      . 

~  p2\\PdpJ  +  d' 


=  A  sin(w0  +  a). 


The  value  of  0  for  a  tangent  plane  to  the  equipotential 
surface  is  given  by  the  equation  /(0)  =  0,  and  therefore 
n<j>  +  a  =  STT  when  s  is  an  integer. 

~rx  "  ""        a     P  j  ""     J.T- 

Mence     0i  =  —  ,     A2  =  -  --  ,  &c.,  and  02  —  0i  =  —  ,  that 


n 


is,  two  adjacent  sheets  of  the  equipotential  surface  intersect 


at  the  angle  -. 
n 

In  the  case  of  uniplanar  mass  acting  inversely  as  the 
distance,  it  can  be  shown  in  a  similar  manner  that  if  an  equi- 
potential curve  in  a  part  of  the  plane  unoccupied  by  mass 
have  a  multiple  point  of  the  order  n,  the  angle  between  two 

adjacent  tangents  at  the  point  is  -. 

1% 

69.  Diagrams  of  Equipotential   Surfaces.  —  If  the 

value  of  the  potential  at  a  point  P  be  known  for  each  of 
the  portions  of  mass  of  which  a  system  is  composed,  we  can 
find  the  potential  of  the  whole  system  by  addition.  This 
principle  enables  us  to  construct  the  equipotential  curves  due 
to  a  set  of  centres  of  force  of  given  intensity.  If  the  centres 
of  force  be  situated  on  the  same  straight  line  L  the  equi- 
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potential  surfaces  are  surfaces  of  revolution  round  L  as  axis. 
If  there  be  two  centres  of  force,  A  and  £,  for  which  the 
corresponding  potentials  are  u  and  «?,  take  any  plane  passing 
through  Ly  and  draw  in  it  the  circles  round  A  as  centre  for 
which  u  =  1,  M  =  2,  &c.  Draw  the  equipotential  circles  also 
for  B\  then,  if  the  circles  for  which  u  =  m  and  v  =  n  intersect, 
the  value  of  the  total  potential  V  at  their  point  of  intersec- 
tion is  m  +  n.  Now  by  altering  the  values  of  m  and  n,  their 
sum  remaining  constant,  we  obtain  a  number  of  points  on 
the  equipotential  curve  for  which  V  =  m  +  n,  and  thus  the 
curve  can  be  graphically  constructed.  Having  drawn  the 
equipotential  curves  due  to  A  and  B  conjointly,  we  may 
suppose  a  third  centre  of  force  at  a  point  C  on  the  line  join- 
ing A  and  B,  and  having  drawn  the  equipotential  circles 
corresponding  to  it  we  may  proceed  as  before,  and  so  on  for 
any  number  of  centres  of  force.  The  method  of  drawing  the 
lines  of  force  in  the  case  supposed  has  been  already  described, 
Art.  34.  By  drawing  also  the  equipotential  curves  in  the 
manner  given  above,  the  diagram  of  the  field  of  force  is  com- 
pleted. 

70.  Thomson's  and  IMrichlets*  Theorem.  —  An 
acyclic  function  <f>  of  the  coordinates  always  exists,  which 
satisfies  the  equation  v?$  =  0  throughout  a  given  region  @,  and 
is  equal  to  a  given  function  at  each  of  the  boundaries  of  this 
region. 

There  is  only  one  such  function. 

To  prove  this,  let  u  be  a  function  of  the  coordinates 
satisfying  the  equation  u  =  fi  (xyz)  at  the  first  boundary, 
w  =/2  (#ys)  at  the  second  boundary,  and  so  on,  and  let 

duV 

r 
dyj 

taken  throughout  the  region  @  ;  then  if  v  be  another  function 
of  the  coordinates,  and  a  a  constant,  we  have 

n    fff/WM  dv      du  dv      du  dv 

Q«w  =  Qu  +  a'Q,  +  2a        —  —  +  ___  +  _- 

JJJ  \dx  dx      dy  dy      dz  dz 


-  2a  !  f  It?  ^ 

UJ  dv 


dS 
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If  v  be  selected  in  such  a  manner  as  to  be  zero  at  each  of 

fff 
the  boundaries,  and  so  as  to  make        v  \?2ud<&  positive,  and 


if  a  be  positive  and  so  small  that  its  square  is  negligible 
compared  with  its  first  power,  we  have  Qu+av  <  Qu-  Hence, 
if  w'  =  u  +  av,  the  function  u'  satisfies  the  same  boundary  con- 
ditions as  M,  but  Qu'  <  Qu>  From  this  it  follows  that  if  a  func- 
tion u  satisfy  the  boundary  conditions,  we  can  always  find 
another  function  u'  satisfying  the  same  conditions,  and  such 
that  Qu1  <  Qu,  unless  V2^  =  0  throughout  the  field  of  integra- 
tion. Now  Qu  is  essentially  positive  and  cannot  therefore  be 
diminished  without  limit.  Hence  a  function  <£  exists  which 
satisfies  the  boundary  conditions,  and  is  such  that  Q$  cannot 
be  made  less,  but  if  this  be  so  we  must  have  V2$  =  0  throughout 
the  field  @. 

Again  there  is  only  one  such  function.  For  if  there  were 
two,  <j>  and  0',  and  if  we  put  0  -  0"  =  ^,  we  should  have  •%  =  0 
on  the  boundary,  and  V2X  =  0  throughout  the  field,  and  there- 
fore have  x  zero.  Hence  0  =  <j>'. 

A.  similar  theorem  holds  good  for  a  plane. 

It  is  to  be  observed  that  the  validity  of  the  proof  given 
above  for  the  first  part  of  Thomson's  theorem  is  not  admitted 
by  Weierstrass  and  other  eminent  mathematicians. 

71.  Surface  Ilistri button. — It  is  always  possible  to 
distribute  mass  over  a  closed  surface  8  so  as  to  produce  the 
same  potential  in  external  space  as  a  given  distribution  of 
mass  M  which  is  inside  the  surface,  or  the  same  potential 
in  internal  space  as  a  given  distribution  M  which  is  out- 
side. 

To  prove  this,  let  @i  be  the  region  outside  8,  and  @2  the 
region  inside,  vi  the  normal  to  8  drawn  into  (Si,  and  v2  the 
normal  drawn  into  @3 ;  then,  if  V  be  the  potential  due  to  M, 
by  Art.  70,  there  is  a  function  <j>  such  that  0  =  V  at  8,  and  is 

M 

of  the  order  —  at  a  point  P  at  infinity,  where  R  is  the  dis- 
Jx 

tance  of  P  from  the  origin,  and  that  V20  =  0  throughout  @i, 
and  a  function  $  such  that  i//  =  V  at  8,  and  V2^  -  0  through- 
out @2. 
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Again,  if  P  be  a  point  in  the  region  (5i,  and  r  denote  the 
distance  of  any  point  from  P,  by  Art.  59,  we  have 

flrfy  f       d     l 

-~rdS=\<i>- 

J  r  rfv,  J  r  rf 

Also,  by  Art.  58,  we  have 


[!* 

J  r  cfoa 


Adding  this  equation  to  the  former,  and  remembering 
that    at  the    surface    S    we   have   i/<  =  ^  =   F",    and   that 

rf  d 

—  =  -  j-  ,  we  get 


(I   -r—   +   1  dS  =  —  4:TT(bp.  (1^) 

T  \dv\      dvzj 


Hence  at  any  point  in  (Si  the  function  ^  expresses  the 
potential  of  a  surface  distribution  whose  density  is 


_ 
4?r  \dv\      ( 

In  like  manner  ^/  is  the  potential  in  @2  of  the  same  surface 
distribution.  Also,  if  M  be  situated  in  @2  we  have  ^  =  V 
throughout  @i,  and  if  M  be  situated  in  @,  we  have  ^  =V 
throughout  @2.  Hence  the  surface  distribution  is  determined 
which  produces  the  same  potential  on  one  side  of  S  as  a 
given  mass  distribution  existing  on  the  other  side. 

When  the  mass  M  is  inside  S  it  is  equal  to  the  total  mass 
of  the  surface  distribution. 

It  is  obvious  that  we  can  show  in  a  similar  manner,  that 
if  space  be  divided  by  a  boundary  or  set  of  boundaries  into 
two  regions,  it  is  always  possible  to  distribute  mass  over  the 
boundary  so  as  to  produce  iu  one  region  the  same  potential 
as  that  produced  by  a  given  distribution  of  mass  existing  in 
the  other  region.  The  density  of  the  required  surface  dis- 
tribution is  determined  in  the  same  manner  as  before. 

Another  theorem,  in  some  respects  more  general  than 
those  given  above,  is  the  following  :  — 

It  is  always  possible  to  distribute  mass  over  a  surface  /S 
closed  or  open  so  as  to  produce  a  potential  which  is  equal  at 
each  point  of  S  to  a  given  function  of  the  coordinates. 
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In  this  case,  if  S  be  an  open  surface,  we  have  to  determine 
a  function  ^  of  the  coordinates  which  at  a  point  P  at  infinity 

is  of  the  order  —  ,  where  M  is  a  finite  constant,  and  R  the 
ft 

distance  of  P  from  the  origin,  which  equals  at  8  a  given 
function  of  the  coordinates,  and  which  satisfies  the  equation 
V20  =  0  throughout  the  whole  of  space  on  both  sides  of  S; 
the  density  a  of  the  surface  distribution  is  then  determined 
by  the  equation 

fdd)      d6 
47TO-  =  -    --  +     - 


72.  Curve  Distribution  of  Uniplanar  Mass.  —  If  V 

be  the  potential  of  a  uniplanar  distribution  of  mass  M  acting 
inversely  as  the  distance,  and  s  a  closed  curve  surrounding 
J/,  a  function  0  of  the  coordinates  x  and  y  exists  which  is 

equal  to  V  at  the  boundary  s,  and  is  equal  to  M  log  —    at  a 

Mm 

point  P  at  infinity  whose  distance  from  the  origin  is  R,  and 
which  also  satisfies  the  equation  v2</>  =  0  throughout  the  part  of 
the  plane  outside  s.  Proceeding  then  as  in  Art.  71,  we  find 
that  the  density  v  of  a  distribution  on  the  curve  s  producing 
outside  s  the  same  potential  as  that  due  to  M,  is  given  by  the 
equation 


Again,  if  M  be  outside  s,  we  find  in  like  manner  a  distri- 
bution on  the  curve  s  giving  the  same  potential  as  M  inside  s. 

The  theorems  for  uniplanar  mass  corresponding  to  the 
remaining  theorems  of  Art.  71  are  investigated  in  like 
manner. 

73.  Distribution  on  Elquipotential  Surfaces. — If 
the  equipotential  surfaces  corresponding  to  a  distribution  of 
mass  J/be  closed  surfaces  surrounding  M,  and  if  mass  be  dis- 
tributed on  the  equipotential  surface  S  so  as  to  produce  in 
external  space  the  same  potential  as  that  produced  by  M,  the 
density  of  this  distribution  at  any  point  of  S  is  inversely  pro- 
portional to  the  normal  distance  at  this  point  between  8  and 
the  consecutive  equipotential  surface. 
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For  in   this  case  i//  in  equation  (15)  is  constant,  and 
since  ^  =  F",  where  V  is  the  potential  of  the  mass  M,  we  have 


and  a,  the  density  of  the  surface  distribution  producing  V  in 
external  space,  is  given  by  the  equation 


_  -. 

4n-   dv  ' 

But  if  F=  (7  for  the  equipotential  surface  8,  at  a  con- 
Be  cutive  equipotential  V  =  C  +  dC,  and 


whence  «r  =  -  7    -r-  . 

4?r  ay 

It  is  easy  to  obtain  (16)  directly  from  (10),  Art.  59, 
since  at  the  surface  S  the  potential  F"is  constant,  and  r  being 
the  distance  from  an  external  point, 


Similar  results  hold  good  for  uniplanar  mass  acting  in- 
versely as  the  distance. 

74.  Determination  of  Equipotentials. — If  S  be  a 

closed  surface  on  which  there  is  a  distribution  of  mass  whose 
density  at  any  point  is  <r,  and  whose  potential  is  constant  on 
S,  and  if  dv  be  the  normal  distance  between  S  and  a  con- 
secutive equipotential  surface  S';  then,  since 

1    dC 

dv  =  ~  T    ~» 

47T      tf 

if  a  be  known,  the  surface  S'  can  be  determined. 

75.  Distribution  of  Electricity  on  a  Conductor.— 

We  have  seen,  Art.  30,  that  when  a  charged  conductor  is  in 
electric  equilibrium,  the  electric  mass  is  distributed  on  the 
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surface  so  as  to  produce  at  each  point  a  resultant  force  normal 
to  the  surface,  which  is  therefore  an  equipotential  surface  for 
this  distribution,  and  the  electric  mass  constitutes  what  is 
termed  a  couche  de  niveau. 

If  the  total  amount  M  of  mass  be  given,  there  is  only  one 
possible  distribution  consistent  with  electric  equilibrium. 

For,  if  there  be  two  possible  distributions,  let  their 
potentials  in  external  space  be  U  and  V\  then  at  the  surface 
S  of  the  conductor  we  have  U  =  d,  V =  C2',  and  if  v  be 
the  normal  to  8  drawn  outwards, 


Hence 

r 
U- 


A      IT  (dU  J*  (WjQ 

4irM  =  -   —  dS  =  -     —  dS, 
J  dv  J  dv 


also  if.  \=  U  -  V,  by  equation  (9),  Art.  58,  ^  is  constant 
throughout  the  whole  of  space  outside  S,  and  therefore 

~  is  zero  at  every  point  of  S ;  whence  the  density  of  the  dis- 
dv 

tribution  producing  U  is  everywhere  the  same  as  that  of  the 
distribution  producing  V. 

It  can  be  shown,  as  in  Art.  70,  that  there  is  only  one 
possible  distribution  of  mass  over  a  closed  surface  8  producing 
a  given  potential  at  every  point  of  this  surface. 

Hence,  if  an  insulated  conductor  be  charged  to  given  poten- 
tial, the  quantify  and  distribution  of  electricity  on  its  surface  is 
determined. 

EXAMPLES. 

1.  The  potential  V  is  <p  (x,  y,  z)  throughout  the  region  inside  a  closed 
surface  S,  and  is  zero  throughout  external  space ;  find  the  corresponding  dis- 
tribution of  mass. 

In  order  that  it  should  he  possible  to  fulfil  the  required  conditions  </>  (x,  y,  z) 
must  be  zero  at  the  surface  S ;  then  inside  S,  the  density  p  is  given  by  the 
equation  4?rp  +  V24>  =  0,  and  the  surface  density  ff  on  S  by  the  equation 

4ir<r  H =0,  where  v  is  the  normal  to  S  drawn  inwards.     Since  S  is  an  equi- 

dv 

potential  surface  corresponding  to  V,  we  have 

. 
* 
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2.  Find  the  equipotontial  surfaces  of  a  homogeneous  homoooid  in  external 
•pace. 

A  homoaoid  is  a  couche  de  niveau,  and  therefore  the  method  of  Art.  74  is 
applicable.  By  Ex.  4,  Art,  24,  the  surface  density  <r  varies  as  p  the  central 
perpendicular  on  the  tangent  plane.  Now  if  a  +  da,  b  +  db,  c  +  dc,  be  the 
axes  of  an  ellipsoid  confocal  with  the  inner  surface  of  the  homceoid,  and  p  +  dp 
the  central  perpendicular  on  its  tangent  plane,  since 

p*  =  o*  cos2  a  +  *2  COS2  |8  +  c2  cos2  7, 

we  have 

pdp  =  ada  cos2  a  +  bdb  cos2  /3  +  cdc  cos2  y  ; 

and,  as  a2  -  42  and  a2  -  e2  are  constant,  we  get  ada  =  bdb  =  cdc,  and  therefore 

pdp  =  ada,  and  p  varies  as    —  .     Hence  <r  varies  as  —  ,  but,  by  Art.  74,  a  varies 
dp  dp 

as  —  .  that  is,   the  consecutive  equipotential   surface  of  the  homoeoid  is  an 

dv 

ellipsoid  confocal  with  its  inner  surface.  A  surface  distribution  on  this,  giving 
the  same  potential  as  that  of  the  homoeoid,  is  a  couch  de  niveau,  and  (Art.  75)  is 
therefore,  another  homceoid,  whose  equipotential  is  another  ellipsoid  confocal 
with  the  inner  surface  of  the  original  homceoid.  Proceeding  in  this  manner  we 
see  that  the  equipotential  surfaces  of  a  homceoid  are  confocal  ellipsoids,  and  also, 
that  confocal  homceoids  of  equal  mass  (Art.  37)  have  the  same  potential  in 
external  space. 

A  fuller  account  of  the  properties  of  confocal  homceoids  will  be  found  in 
Chapter  V. 

3.  Find  the  potential  V  of  a  homceoid  H  at  any  point  P  in  external  space. 

Since  the  equipotential  surfaces  of  H  are  confocal  ellipsoids,  V  varies  only 
along  with  the  axis  major  2a'  of  the  confocal  ellipsoid  E  passing  through  P,  and 
therefore  V  =  /(«')•  ^e*  2  (a'  +  5o')  be  the  axis  major  of  the  outer  surface  of 
a  homceoid  H'  whose  inner  surface  is  £',  then  if  M  '  be  its  mass,  and  p  its 
volume  density,  we  have 

4 
M  '  =  -  itp  5  (a'b'c'}  =  4irp'  b'c'Sa', 

but  if  H'  and  H  have  the  same  potential  in  space  external  to  both,  M  '  =  M,  and 

therefore      ivp'Sa'  =     77-,.     Now  if  a  be  the  surface  density  of  the  distribu- 

o'c 

tion  on  the  ellipsoid  E'  which  produces  V,  at  the  point  which  is  at  the  extre- 
mity of  the  axis  major  of  E'  we  have  (/  =  p'Sa  ,  and  also,  by  Arts.  46  and  61, 
we  get 

,      dV 

-  4*-(T    =  —  • 

da 
Hence, 

dV  M  M 


_ 
da'  ~       Ve'  '        \/(a'2  -  A»)(a'2  -  A3) 

K 
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Integrating,  and  remembering  that  V  =  0  when  a'  =  oo  ,  we  get 


where  h  and  A;  are  the  constants  of  the  confocal  system.     If  we  transform  the 
integral  by  assuming  «'  sin  6  =  k,  we  get 


where  F  is  an  elliptic  integral  of  the  first  kind  whose  modulus  is  -,  and  whose 

/c 

amplitude  is  6. 

4.  Show  that  the  potentials  of  two  confocal  homceoids  at  any  point  outside 
both  are  proportional  to  their  masses. 

5.  Prove  that  the  potentials  of  eonfocal  homogeneous  ellipsoids,  in  space 
outside  both,  are  proportional  to  their  masses. 

Let  E  and  E'  be  the  ellipsoids,  the  semi-axes  of  E  being  a,  b,  c,  and  those  of 
E'  being  a',  b',  c',  then  if  \a,  \b,  \c  be  the  semiaxes  of  an  ellipsoid  similar  to 
_Z7,  and  \a',  \b',  \e'  those  of  an  ellipsoid  similar  to  E',  since,  a2  —  b*  =  a"*  -  b'2,  and 
&-ci  =  a'z -  c'2,  we  have  A2  (a2  -  b2}  =  A2  (a'2  -  b'2),  A.2  (a2  -  c2)  =A3  (a'2  -  c'2),  and 
if  \  go  from  0  to  1,  the  ellipsoids  E  and  2?' are  each  divided  into  an  infinite  number 
of  homceoids,  the  bounding  surfaces  of  the  homoeoids  composing  E  being  confocal 
•with  those  of  the  corresponding  homoeoids  of  E'.  Also  the  mass  II  of  any 
homoeoid  in  E  is  4.irp\2abcd\,  and  the  mass  H'  of  the  corresponding  homceoid  in 

E'  is  4irp'\2a'b'c'd\,  and  therefore  —  =  — „  where  M  and  M'  are  the  masses  of 

the  ellipsoids.  Hence  as  the  potential  of  E  is  the  sum  of  the  potentials  of  the 
homoeoids  of  which  it  is  composed,  and  a  similar  statement  holds  good  for  E', 
and  as  the  potentials  of  each  pair  of  corresponding  homceoids  in  external  space 
are  proportional  to  M  and  M ',  this  is  also  true  of  the  potentials  of  the  ellip- 
soids. 

The  theorem  above  is  usually  ascribed  to  Mac  Claurin. 

6.  Find  the  equipotential  curves  due  to  an  elliptic  homceoidal  band  of  uni- 
planar  mass  acting  inversely  as  the  distance. 

By  an  investigation  similar  to  that  of  Ex.  2,  it  can  be  shown  that  the  equi- 
potential curves  required  are  confocal  ellipses. 

7.  Find  the  potential  of  an  elliptic  homceoidal  band  of  uniplanar  mass  in 
external  space. 

If  M  be  the  uniplanar  mass,  and  V  the  potential  at  the  point  P,  of  the 
homoeoidal  band-ZZ,  a'  the  semiaxis  major  of  the  ellipse  passing  throughPconfoeal 
with  IT,  and  2c  the  distance  between  its  foci,  as  in  Ex.  3,  we  have 

dV  M 


da'  -J(a'2  -  c2) 

Assuming  a'  =  c  cosh  rj,  and  integrating,  we  get   V=G  — 
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When  a'  is  infinite, 

F  =  -  M log  <t  =  -  M  {n  +  log  Jo}  ; 
and  therefore,  in  general, 

F=Jf  {Iog2-logc-rj}. 

8.  A  distribution  of  mass  M  has  for  an   equipotential  surface  an  ellipsoid 
E  enclosing  M ;  find  the  potential  of  M  at  any  point  P  outside  E. 
If  V  be  the  potential  required, 


where  2a'  is  the  axis  major  of  an  ellipsoid  passing  through  P  confocal  with  E, 
and  h  and  k  are  the  constants  of  the  confocal  system. 

9.  An  insulated  ellipsoidal  conductor  is  charged  with  a  quantity  E  of  elec- 
tricity ;  find  its  potential  at  any  point  P  in  external  space. 
If  F  be  the  potential, 


>*£ 


da' 


a'» -Aa)(tf"» -A*) 
where  «',  &c.,  have  the  same  meaning  as  in  Ex.  8. 

10.  If  two  distributions  of  mass,  M  and  M',  in  portions  of  space  ©  and  ©' 
separated  from  each  other  by  a  continuous  surface  S,  produce  tangential  forces 
equal  and  in  the  same  direction  at  every  point  of  S,  a  surface  distribution  on  S 
can  be  effected  which  produces  the  same  resultant  force  throughout  ©  as  that 
produced  by  M ',  and  the  same  throughout  ©'  as  that  produced  by  M.     (Thom- 
son and  Tait.) 

If  V  and  V  be  the  potentials  due  to  M  and  M ',  and  if  there  be  a  surface 
distribution  whose  potential  is  U,  and  such  that  U  =  F  on  S ;  then  by  Art.  64 
U=  F  throughout  ©'.  But  at  S  we  have  F-  F'=  C;  hence  U=  V  +  (7  at  <S, 
and  therefore  U=  V  +  £  throughout  @  by  Art.  64. 

1 1 .  A  hollow  conductor,  comprised  between  two  closed  surfaces,  has  electric 
mass  in  its  interior :  show  that  the  whole  potential  in  external  space  is  that 
due  to  the  charge  on  the  external  surface  S, 

Let  v  be  the  potential  due  to  the  charge  on  the  outer  surface,  and  let  F  be 
the  total  potential ;  then  if  r  be  the  distance  from  any  point  P  in  the  region  © 
outside  S,  by  Art.  69  we  have, 


whence,  as  v2  F=  0  throughout  @,  and  Fis  constant  on  S,  we  get 

(dVdS 

'-JifrT- 

K2 


132  The  Potential 

Again  if  a  be  the  density  of  the  surface  distribution  on  S,  by  Art.  46  we  have 

dV     dV 

47TO-  +    —  +  —  =  0, 

dv       dv 
and  since  there  is  no  force  in  the  substance  of  the  conductor 


CffdS 

also  v   =    —  . 

J    r 

Hence,  substituting  for  a,  we  obtain  Vp  =  Vp. 

12.  In  Ex.  11,  show  that  the  total  electric  mass  on  the  interior  surface  of 
the  conductor  is  equal  in  magnitude  and  opposite  in  algebraical  sign  to  the  total 
mass  in  the  interior  hollow,  and  that  the  potential  of  the  two  distributions  con- 
jointly is  zero  in  the  substance  of  the  conductor. 

If  M  be  the  potential  due  to  the  mass  in  the  interior  hollow  in  conjunction 
with  that  on  the  inner  surface,  and  V  and  v  have  the  same  meaning  as  in  Ex.  1  1, 
then  F  =  v  +  M,  but  in  external  space  V  =  v,  and  therefore  u  =  0,  and  being 
due  to  muss  none  of  which  is  outside  the  inner  surface,  u  must  be  zero  up  to  this 
surface,  Art  61  ;  hence  by  Art.  26  the  total  mass  producing  u  is  zero. 

13.  A  hollow  conductor,  whose  external  surface  is  an  ellipsoid,  has  electric 
mass  E'  in  its  interior,  and  receives  a  charge  E;  find  the  potential  in  external 
space. 

If  the  conductor  were  uncharged,  there  would  be  in  consequence  of  the  mass 
in  its  interior  a  charge  —  E'  on  its  inner  surface,  and  a  charge  +  E'  on  its  outer 
surface  forming  a  couche  de  niveau.  If  now  a  charge  E  be  communicated,  the 
total  charge  on  the  outer  surface  becomes  E  +  E'  ;  and  as  it  forms  a  couche  de  niveau, 
the  potential  is  obtained  by  putting  E  +  E'  for  E  in  the  answer  to  Ex.  9. 

14.  A  material  particle,  under  the  action  of  forces  due  to  mass  attracting  or 
repelling  inversely  as  the  square  of  the  distance,  and  situated  in  space  unoccupied 
by  this  mass,  cannot  be  in  stable  equilibrium. 

15.  If  a  particle  be  placed  at  a  point  of  equilibrium  0  in  unoccupied  space, 
and  receive  a  small  displacement  £  of  given  magnitude,  show  that  the  force 
which  acts  on  the  particle  in  the  direction  of  H  varies  inversely  as  the  square  of 
the  codirectional  radius  vector  of  a  hyperboloid  having  0  as  centre. 

If  the  coordinates  of  0  be  x,  y,  z,  the  potential  F"  at  a  point  in  the  vicinity 
of  0,  whose  relative  coordinates  are  |,  77,  £,  is  given  by  the  equation 

+  &c. 

the  equipotential  surfaces  in  the  vicinity  of  0  are  therefore  hyperboloids  ;  and 
if  we  take  their  principal  axes  as  axes  of  coordinates,  we  have 


then  the   components   of  the  force  acting  on  the  particle  are  —  AR  cos  a, 
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—  BR  cos  /3,  —  CR  cos  -y,  where  a,  B,  y  are  the  direction  angles  of  R  ;  whence 

ir 

the  force  along  R  is  —  (^4  cos*  a  +  B  cos2  /3  +  C  cos2  7)  5,  or  -—  R,  where  r  is 
the  radius  vector  of  the  hyperholoid  whose  equation  is  A£*  4-  Bi?  +  C{*  =  K. 

16.  In  the  last  Example,  if  p  be  the  central  perpendicular  on  the  tangent 
plane  to  the  hyperboloid  at  the  point  where  it  is  met  hy  r,  show  that  the  total 
force  acting  on  the  particle  is  in  the  direction  of  p,  and  is  inversely  proportional 
to^r. 

It  is  to  he  observed  that  in  this  and  the  preceding  Example,  when  the 
direction  of  R  is  such  that  A  cos2  a  +  B  cos2  $  +  C  cos2  y  is  negative,  we  must 
use  the  hyperholoid  A?  +  Bjf1  +  C£*  =  -  K. 

17.  Prove  that  at  0,  a  point  of  equilibrium,  sets  of  three  mutually  perpen- 
dicular lines  can  be  found  such  that  a  particle  at  0  displaced  along  one  of  them 
is  not  acted  on  by  any  force  in  the  direction  of  this  displacement. 

If  we  suppose  the  axis  of  £  to  lie  on  the  cone  r  whose  equation  referred  to 
its  principal  axes  is  Ax*  +  By*  +  <7z2  =  0,  since  then  the  coefficient  of  f2  must 
vanish,  and  since  the  invariant  A  +  B  +  C  =  0,  the  equation  of  r  assumes  the 
form 

=  0. 


But  as  the  factors,  X  and  F,  of  a({2  —  rj2)  +  2A{rj  are  necessarily  real,  and  re- 
present when  equated  to  zero  perpendicular  planes,  the  equation  of  r  becomes 
XT  +  L(  (MX  +  NY]  =  0.  Hence  the  lines  of  intersection  of  the  planes  X,  Y; 
X,  {;  and  Y,  (,  are  mutually  perpendicular,  and  are  all  edges  of  the  cone 
r.  A  particle,  therefore,  displaced  from  0  along  one  of  these  lines  remains 
on  the  equipotential  surface  passing  through  0,  and  is  therefore  unacted  on 
by  any  force  tangential  to  this  surface. 

18.  If  a  distribution  of  mass  M  consist  of  two  parts,  M\  and  My,  round  each 
of  which  a  closed  surface  can  be  drawn,  the  intervening  space  being  unoccupied, 
and  if  for  the  whole  of  space  outside  these  surfaces,  S\  and  #2,  the  distribution 
M  be  centrobaric,  prove  that  the  baric  centre  must  be  inside  either  <Si  or  82,  and 
that  if  it  lie  inside  Si,  the  potential  of  the  mass  inside  S-z  must  be  zero  for  the 
whole  of  space  outside  &. 

If  0,  the  baric  centre,  be  outside  both  S\  and  Si,  describe  a  surface  S  in  the 
space  external  to  Si  and  Sz  enclosing  O  ;  then,  if  N  be  the  normal  force  at  any 
point  of  this  surface  S,  since  M  is  outside  S,  we  have  JJVrfS  =  0  ;  and  therefore, 
throughout  all  space  outside  Si  and  $2  the  potential  is  that  due  to  a  zero  mass 
placed  at  6,  and  is  therefore  zero.  Hence  G  must  Ho  inside  either  Si  or  5-j. 
If  O  be  inside  Si,  imagine  a  surface  distribution  on  Sz  giving  the  same  potential 
as  J/a  through  space  outside  &>,  and  let.  Fbe  the  potential  due  to  this  distribu- 
tion coexisting  with  the  distribution  Mi  and  the  mass  —  M  placed  at  G,  then  V 
is  zero  throughout  all  space  external  to  Si  and  83,  and  being  zero  on  the 

surface  St  is  zero  throughout  the  enclosed  region.      Hence  —  is  zero  at  both 

sides  of  £k,  and  the  surface  density  at  each  point  of  £2  is  zero,  and  the  potential 
in  external  space  of  the  supposed  distribution  on  St  is  zero,  and  therefore  also 
the  potential  due  t<>  .l/:. 

19.  If  a  system  of  mass  M  be  centrobaric  throughout  a  finite  portion  @  of 
space  outside  M,  it  is  centrobaric  for  the  whole  of  space  outside  itself. 
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Throughout  @  the  potential  of  M  is  the  same  as  that  of  a  mass  M  concen- 
trated at  a  point  G.  Hence  by  Art.  61  the  potentials  of  these  two  distributions 
are  the  same  throughout  the  whole  of  space  outside  M. 

20.  If  the  system  of  forces  exerted  by  an  invariable  mass  system  A  on 
another  invariable  mass  system  B  be  always  reducible  to  a  single  force  passing 
through  the  same  point  O  in  A  whatever 'be  the  position  of  B,  then  A  is  cen- 
trobaric  for  all  space  outside  itself. 

Take  a  point  P  so  distant  from  A  that  a  sphere  can  be  described,  with  Pas  centre, 
not  meeting  A,  and  capable  of  containing  B  between 
its  centre  and  its  surface  ;  place  B  in  this  position, 
and  draw  any  line  PK  meeting  B.  Concentric 
spheres  having  P  as  centre  will  pass  through  succes- 
sive layers  of  B,  and  each  layer  will  constitute  a 
figure  on  the  sphere  on  which  it  is  situated.  If  B 
be  made  to  rotate  round  PK,  the  set  of  particles 
lying  on  the  sphere  whose  radius  is  PK  generate 
by  their  successive  positions  a  spherical  figure  bounded 
by  a  circle  of  which  K  is  pole.  The  successive 
copolar  circles  of  which  this  area  is  composed  have 
been  passed  over  by  sets  of  particles  which  are 
different  for  each  circle,  but  each  point  on  the  same 
circle  has  been  passed  over  by  the  same  number  of 
particles.  Hence  if  we  suppose  the  successive  positions  of  B  to  coexist,  the 

density  of  B  being  changed  from  p  to  -,  where  n  is  infinite,  we  obtain  a  solid  of 

n 

revolution  B'  formed  by  a  series  of  layers  on  successive  concentric  spheres,  each 
layer  being  bounded  by  a  circle,  and  such  that  the  density  at  any  point  in  the 
layer  depends  solely  on  its  distance  from  the  pole  of  the  bounding  circle. 

If  we  now  suppose  the  line  PK  with  the  solid  B'  rigidly  attached  to  take 
every  possible  position  round  the  point  P,  and  all  these  positions  to  coexist,  the 
density  being  again  divided  by  an  infinite  constant,  we  obtain  on  the  sphere 
having  PK  as  radius  a  homogeneous  shell,  since  the  conditions  determining  the 
density  are  perfectly  symmetrical  for  all  points  on  this  sphere,  and  on  the  whole 
•we  obtain  a  set  of  concentric  spherical  shells,  each  of  which  is  homogeneous. 
Hence  the  resultant  attraction  of  A  on  a  set  of  concentric  homogeneous  spherical 
shells  having  P  as  centre  passes  through  O  ;  and,  therefore,  the  attraction  of  A 
on  a  mass  concentrated  at  P  passes  through  G. 

It  can  be  shown  in  like  manner  that  this  holds  for  every  position  of  P 
throughout  a  finite  volume.  Hence  A  is  centrobaric  for  the  whole  of  spac§ 
outside  itself. 

Another  method  of  proving  the  above  theorem  will  be  found  in  Art.  81,  Ex.  8. 

21.  The  surface  density  on  a  conductor  under  the  influence  of  other  con- 
ductors  is  positive  in  some  places,  and  negative  in  others ;  show  that  the 
equipotential  surface  for  which  the  potential  is  that  of  the  conductor  has  more 
than  one  sheet. 

22.  Find  the  equipotential  surfaces  belonging  to  a  homogeneous  thin  bar 
AB  whose  density  is  A. 

Let  P  be  any  point  outside  the  bar,  by  Art.  10  the  resultant  force  at  Pis 
in  the  direction  of  the  bisector  of  the  angle  APJ5,  that  is,  it  is  along  the  normal 
to  an  ellipse  passing  through  P  and  having  A  and  B  as  foci.  Hence  the  equi- 
potential surfaces  required  are  confocal  ellipsoids  of  revolution. 
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23.  Find  the  distribution  of  mass  on  one  of  the  cquipotential  surfaces  which 
produces  the  same  potential  as  that  produced 
by  the  bar  in  external  space. 

Let  AB  =  2c,  APE  =  <p,  AP  =  n, 
BP  =  r2,  n  +  r2  =  2a,  let  C  be  the  middle 
point  of  AB,  and  let  the  perpendiculars  from  A, 
C,  and  JB,  on  the  external  bisector  of  the  angle 
APB  be  denoted  by  p\,  p,  py,  and  the  perpendi- 
cular from  Pon  AB  by  q.  Then,  if  m  be  the 
mass  of  the  bar,  and  R  the  resultant  force  at 
P,  by  Art.  10,  we  have 

2X  sin  %<p  _  1\c  sin  £<f>  _  2m  sin  %<f>  _         m 

q  cq  r\r-i  sin  <f>     .  rjrj  cos  Jcf> 

ma  ma 


but,  by  a  well-known  property  of  the  ellipse,  we  have 

aW 
W»--p-5 

whence,  by  substitution,  we  get 


ab2  ~  a(a2  -  c2)  ' 
and  if  a  be  the  density  of  the  required  surface  distribution,  we  have, 

mp 
~  ^~-  #)> 

where  p  is  the  central  perpendicular  on  the  tangent,  and  a  the  semiaxis  major, 
of  the  ellipse  passing  through  P  and  having  A  and  B  as  foci. 

This  result  can  otherwise  be  deduced  from  Ex.  22,  by  means  of  Ex.  2  and 
Ex.3. 

76.  Green's  Function.  —  If  there  be  a  closed  surface 
S,  and  two  points  P  and  Q,  on  the  same  side  of  this  surface, 
Green's  function  is  the  potential  at  Q  of  a  surface  distribu- 
tion on  8  which,  in  conjunction  with  a  unit  of  mass  at  P, 
produces  a  zero  potential  at  all  points  of  S. 

Let  p  denote  the  density  of  this  distribution  ;  then,  if 
Green's  function  be  denoted  by  GPg,  we  have 


where  A  is  any  point  on  the  surface  S. 
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We  can  now  show  that  if  U  denote  the  potential  of  any 
distribution  on  S,  the  potential  U  P  of  this  distribution  at  P, 
is  given  by  the  equation 

Up=-frUdS.  (17) 

To  prove  this,  let  a  be  the  density  of  the  distribution  pro- 
ducing U  ;  then 

1 


f    ,COW        r  [adS        {  TT     ,_„ 

=-J  adS^  Zj-p  =     j  p'dff\  ;jj,--J  UA.p'dS, 


where  A'  is  any  point  on  S  different  from  A.     Substituting 
we  have 

UP 

which  is  the  same  as  the  right-hand  member  of  (17). 

It  follows  readily  from  (17)  that  no  alteration  is  pro- 
duced in  Green's  function  by  interchanging  P  and  Q.  For, 
let  UQ  =  GPQ  ,  then,  if  q  be  the  density  of  a  surface  distribu- 
tion corresponding  to  a  unit  mass  at  Q,  we  have 


\G    «d&       [[ 

=  -      (xpAynb  =  - 


..,  - 

77.  Energy  in   Terms  of  Resultant  Force.  —  The 

potential  energy  due  to  the  mutual  action  of  mass  which  is 
continuously  distributed  through  a  volume  or  over  a  surface 
may  be  expressed  in  terms  of  the  resultant  force. 

If  V  denote  the  potential  due  to  the  mass,  8  the  surface 
or  surfaces  on  which  there  is  a  distribution,  @  space  on  both 
sides  of  these  surfaces,  m  the  mass  concentrated  at  any  point, 
R  the  resultant  force,  and  W  the  energy  required  to  produce 
the  distribution  ;  by  (21),  Art.  50,  we  have  W  =  \  SmF;  but 
if  <r  be  the  density  on  a  surface  where  there  is  a  distribu- 
tion, by  Art.  46,  we  have 

1  (dV     dV\, 

m  =  adS  =  -  -      —  +  —f  }d8', 
%  4?r  \  dv       dv  J 
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also  throughout  the  field  on  both  sides  of  this  surface 


Hence,  by  (9),  Art.  58,  we  obtain 

Sir  IF  -  -  f  F(^  +  —  ^  dS  -  J  Fv'Frf®  -jJPrf®,  (18) 

where  the  volume  integrals  are  taken  through  the  whole  of 
space. 

EXAMPLES. 

1  .  Prove  that  if  the  potential  be  given  at  every  point  on  a  set  of  surfaces,  the 
potential  energy  due  to  the  mutual  action  of  the  mass  producing  this  potential 
is  least  when  all  the  mass  is  on  these  surfaces. 

Let  S  denote  the  set  of  surfaces,  ©  the  whole  of  space  on  both  sides  of  these 
surfaces,  V  the  potential  of  a  mass  distribution  on  them  such  that  V  has  the 
assigned  value  everywhere  on  S,  and  F  +  f  the  potential  of  any  other  distribu- 
tion fulfilling  this  condition.  Then,  if  Qe  have  the  same  meaning  as  in  Art.  70, 
by  Art.  77  we  have 

f  IdV  dv      dVdv      dV  dv\  ,. 

<>  +  2\  I—  -r-  +  •=-  -j-  +  -j-  -r-  U@ 
J  \  dx    dx      dy  dy       dz  dz  / 


but  v  must  be  zero  everywhere  on  S,  and  v2  F  =  0  throughout  @,  since  corre- 
sponding to  F  there  is  no  volume  distribution ;  therefore,  WyJr,=  Wy+  JF», 
and  therefore  the  energy  corresponding  to  the  distribution  producing  F  is 
least. 

2.  Show  that  of  all  surface  distributions  of  given  charges  on  a  given  system 
of  conductors  that  which  is  consistent  with  equilibrium  has  the  least  potential 
energy. 

This  follows  immediately  from  the  general  dynamical  theorem  that  in  a 
moveable  system  the  potential  energy  is  least  when  the  system  is  in  stable 
equilibrium. 

It  may  be  proved  directly  as  follows : — 

Let  Si,  82,  &c.,  be  the  surfaces  of  the  conductors,  Fthe  potential  due  to  a 
surface  distribution  producing  a  constant  potential  on  each  conductor,  and  such 
that  each  conductor  has  the  assigned  charge,  F  +  v  that  due  to  any  other  surface 
distribution  fulfilling  the  latter  condition.  Then,  if  E\  be  the  charge  on  8\,  we 
have 


and  also 
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whence 


dv 

y 

dvi 


dv 

T-' 

dv\ 

and  a  similar  equation  holds  good  for  each  of  the  other  conductors.     Again 

gJ  +  ^5\Jf 

dy  dy       dz  dz  ) 


-  f 


=  Qr+  Q,, 


since,  hy  what  is  said  above,  the  surface  integrals  at  Si,  82,  &c.  vanish,  V  being 
constant  at  each  of  these  surfaces,  and,  as  there  is  no  volume  distribution,  A2p  is 
zero  throughout  @.  Hence  Wy+v  =  Wy  +  Wv,  and  the  energy  corresponding 
to  F  is  the  least  possible. 

3.  Prove  that  a  charged  body  cannot  be  in  stable  equilibrium  under  the 
action  of  electric  forces. 

Let  e  be  the  charge  in  any  small  portion  of  the  charged  body  A,  and  V  the 
potential  of  the  electric  forces  ;  then  W,  the  potential  energy  due  to  the  presence 
of  A  in  the  electric  field,  would  be  2  Ve  if  all  the  electric  mass  were  rigidly 
fixed  in  the  bodies  in  which  it  is  distributed.  Let  |,  ij,  £  be  the  coordinates 
of  a  point  P  in  the  body  A,  and  a,  b,  c  the  coordinates  of  any  point  Q  in  A 
relative  to  P;  the  absolute  coordinates  x,  y,  z  of  Q  are  given  then  by  the  equa- 
tions x  =  £  +  a,  y  =  7j  +  b,  z  —  £  +  c.  For  a  motion  of  translation  of  A,  the 
coordinates  a,  b,  c  are  constant,  and  for  variations  due  to  such  a  motion 
d  d 
—  =  —  ,  &c.  Take  a  point  0  in  the  vicinity  of  P  as  origin,  and  describe  a 

(t.C         «£ 

sphere  S  round  0  as  centre,  so  small  that,  when  P  moves  about  in  this  sphere, 
no  part  of  A  can  enter  the  region  occupied  by  the  electric  masses  producing  F. 
Let  r  be  the  distance  of  Pfrom  0,  let  M  =  2  Vet  and  suppose  Pto  move  about 
in  the  region  @  inside  S,  the  corresponding  motion  of  A  being  one  of  translation, 
and  all  the  electric  mass  being  supposed  to  be  rigidly  attached  to  the  bodies  to 
which  it  belongs.  Then 

J£«-J  (£+£+£)  «H—  »• 

dJf 

Hence  —  cannot  have  the  same  sign  at  all  points  of  S.     If  we  now  suppose 
dv 

0  to  approach  infinitely  near  P,  and  the  sphere  to  become  infinitely  small,  we 

see  that  there  must  be  a  displacement  8s  of  P  for  which  —  is  negative.    In  the 

ds 

actual  state  of  things  the  electric  mass  is  free  to  move  on  the  conductors  to 
whichit  belongs  ;  and  whenPreceives  a  displacement  5s,  the  change  of  the  potential 

energy  Wis  given  by  the  equation   $W  =  ——  Ss  -  ZBs,  where  K  is  essentially 

ds 

positive.     Hence,  when  —  -  is  negative,   8  W  is  negative  ;  and  therefore  it  is 

possible  to  give  a  displacement  by  which  the  potential  energy  is  diminished,  and 
therefore  A  cannot  be  in  stable  equilibrium. 
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SECTION  III. — Expansion  in  Series. 

78.  Potential  at  Distant  Point. — If  the  origin  0  be 
taken  in  the  interior  of  a  system  of  attracting  or  repelling 
mass,  the  potential  at  a  point  P,  which  is  more  distant  than 
any  point  in  this  mass  from  0,  may  be  expressed  in  a  con- 
vergent series  of  descending  powers  of  r,  the  distance  of  P 
from  0. 

Let  x,  y,  z  be  the  coordinates  of  P,  #',  y',  %'  those  of  any 
point  in  the  acting  mass,  /  its  distance  from  0,  dm  the  element 
of  mass  there  concentrated,  V  the  potential  at  P,  and  M  the 
total  mass ;  then 


V  =  \dm  {r2  +  r'2  -  2(xx  +  yy'  +  *«')}  -1 

_  Cdm  (       2(xx  +  yy'  +  zz')      /_2j'J 
J  r   \  i*  r2} 

-J 


dmL     xx'  +  yy'  +  zz'     131 
~/  ~~r*~      ~+2'2'2 


4(xx'  +  yy'  +  ss')2      1  r'2     ,    \ 

--  1  --  H  ~T  +  <*c>  \ 
r1  2  r2  \ 

If  we  now  suppose  0  to  be  the  centre  of  inertia  of  M,  and 
the  axes  of  coordinates  to  be  the  principal  axes  of  M  at  0, 
we  have 

J  ofdm  =  J  i/dm  =  J  z'dm  =  0, 

/  of  i/dm  =  Ij/z'dm  =  jz'x'dm  =  0, 
whence 

*  +  zV2  dm  ~ 


/A3 
If  P  be  so  distant  that  f  -  I  is  negligible,  it  is  unnecessary  to 

consider  any  terms  in  the  series  for  V  except  those  given 
above.  Let  A,  J9,  C  denote  the  principal  moments  of  inertia 
of  M  at  0,  and  /  its  moment  of  inertia  round  OP,  and  let 
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the  direction  angles  of  this  line  be  denoted  by  a,  /3,  7,  then 
we  have 

*7*  7/  2 

-  =  cos  a,  -  =  cos  B»    -  =  cos  7, 
r  r  r 

also  \x'zdm  =  JWw  -  -4,  with   two   similar  equations;  and 


neglecting  terms  of  an  order  higher  than  f  -  j ,  we  get 

M      1  f  e 

V  = h  TT-T    { 3  (x z  cos  o  +  y 2  cos2  p  +  z 2  cosz  7)  -  r 2}  am 

r      2r3J 

M      1 

=  —  +  —  {  2  f r'*dm  -  3(A  cos2  a  +  B  cos2  j3  +  C cos2  7) } 

**  y*»3    *          J  * 

_£  +  _L.M  +  1?  +  <7-a7).  pj) 

It  follows  from  equation  (1)  that,  at  a  point  P  so  distant 

/y\2 

from  M  that  f  -  j  is  negligible,  the  potential  of  M  is  the  same 

as  if  the  entire  mass  were  concentrated  at  its  centre  of  inertia. 

The  term  moment  of  inertia  when  applied  to  electric  mass 
signifies  merely  an  integral  depending  on  the  positions  and 
intensities  of  the  force-centres  of  which  the  electric  mass  is 
composed.  A  remark  of  a  similar  character  applies  to  the 
term  centre  of  inertia. 

79.  Moment  exerted  by  Distant  Body. — If  Jfbea 
rigid  body,  and  a  mass  L  be  concentrated  at  a  distant  point 
P,  remembering  that  in  the  case  of  mutually  attracting 
bodies  the  potential  is  a  force  function,  we  see  that  the 
moments  round  the  axes  of  the  force  which  M  exerts  on  L  are 

dV          dV\ 

-, y  -r .    ,  &c.  ; 

dy  dx  J 

but  since  these  are  equal  and  opposite  to  the  moments 
exerted  by  L  on  Jf,  if  these  latter  be  denoted  by  Ni,  N^  N3, 
we  have 

„       T(    dV          dV\    . 

N3  =  L{y— --%--},  &c. 
V     dx  dy  J 
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Substituting  for   V  from  (1),  neglecting  terms  which  are 
omitted  in  (2),  and  remembering  that 

(    d  d\ 

[y  —  -  x  —    r  =  0, 
V  dx          dy) 

we  get, 


t* 

We  have  then  for  the  three  moments  required 


r* 
3L 


(3) 


80.  Ellipsoid  of  Small  Ellipticity.— In  the  case  of 
a  homogeneous  ellipsoid  of  small  ellipticity,  equations  (2) 
and  (3)  are  approximately  true,  no  matter  how  near  the  point 
P  is  to  the  surface  of  the  ellipsoid. 

To  prove  this,  let  a,  by  c  be  the  semi-axes  of  the  ellipsoid 
whose  mass  is  Jf,  and  a',  £>',  c  those  of  a  confocal  ellipsoid 
inside  M  whose  mass  is  M',  and  moments  of  inertia  A',  B\  C' ; 
then  if  V  be  the  potential  of  the  latter  ellipsoid  at  P,  by 

Ex.  5,  Art.  75,  we  have  V  =  ~  V. 

The  largest  value  of  r  for  the  mass  M '  is  a',  and  if  P  be 
outside  M  the  smallest  possible  value  of  r  is  c.  Hence, 

taking  M'  as  the  acting  mass,  we  have  —  <  — .     Now,  if  the 

/          c 

a  —  c 
ellipticity        -  of  the  ellipsoid  M  be  denoted  by  c,  on  the 

C 

hypothesis  thatt2  is  negligible  a2-  c2=2tc2,  whence  a'1 =c'I+2eci, 

a'2     c'1 

and  —  =  -j  -f  2e ;  but  c'  may  be  made  as  small  as  we  please, 
c       c 

r'z  /V'\3 

and    therefore     -  <  2e,    and  is    negligible,   so  that 

v*  \r  / 
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equation  (2)  holds  good  for  V.     Again, 

A'  +  &  +  C'  -  32'  =  A'  (cos2  ft  +  cos2  7  -  2  cos2  a)  +  &c. 

=  cos2  a  (K  -  A  +  O'  -  A')  +  &c. ; 
and  as 

M'  M' 

B'-A'=^(a'*-V*}^  (B-A),&o.t 

we  have 

M' 

A'  +  £'  +  a  -  31'  =  ~  (A  +  B+C-  31). 

Hence  equation  (2)  holds  good  for  V,  provided  e  be  so  small 
that  its  powers  higher  than  the  first  may  be  neglected. 

Equations  (3)  being  deduced  from  (2)  also  hold  good  for 
an  ellipsoid  of  small  ellipticity  no  matter  how  near  be  the 
point  P  to  its  surface. 

It  is  plain  that  the  above  results  can  be  extended  to  a 
mass  composed  of  homogeneous  shells  bounded  by  coaxal 
ellipsoids  of  small  ellipticity,  since  the  potential,  mass,  and 
moments  of  inertia  of  a  shell  are  the  differences  of  the 
corresponding  quantities  for  the  ellipsoids  between  which  the 
shell  is  comprised.  The  results  which  have  been  obtained 
may  therefore  be  regarded  as  valid  in  the  case  of  the  Earth. 

The  Theorems  of  this  Article  are  due  to  Laplace,  but  the 
mode  of  proof  here  adopted  is  that  of  Mac  Cullagh. 

81.  Oairaut's  Theorem. — If  the  Earth  be  supposed 
to  be  formed  of  homogeneous  strata  bounded  by  concentric 
ellipsoids  of  revolution  of  small  ellipticity  having  a  common 
axis,  a  relation  of  much  importance  exists  between  y  the  ratio 
of  the  excess  of  polar  over  equatorial  gravity  to  the  latter  of 
these  quantities,  e  the  ellipticity  of  the  external  surface  of 
the  Earth,  and  q  the  ratio  of  the  centrifugal  force  at  the 
equator  to  gravity. 

This'  relation  which  was  discovered  by  Clairaut  is  ex- 
pressed by  the  equation 

y  +  *=2?-  (4) 

The  following  proof  of  this  proposition  is  that  of 
Mac  Cullagh,  but  is  here  presented  in  an  improved  form  due 
to  Dr.  Williamson. 
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If  C  denote  the  moment  of  inertia  of  the  Earth  round  its 
polar  axis,  and  0  the  angle  which  the  radius  vector  r  makes 
with  this  axis,  since  in  the  present  case  A  =  S,  we  have 

A  +  B+C-3I=(C-  A}(3  sin2  0  -  2)  ; 
whence 

F=^+  5-^(3  sin2  0-2).  (5) 

If  2a  and  2c  be  the  equatorial  and  polar  axes  of  the  Earth, 
the  equation  of  a  meridian  is 

,  /sin2  0     cos2  0\  a  -  c 

*(-^+—)  =  l>    End      £  =  — 

whence,  if  t2  be  neglected,  r  =  c  (1  +  e  sin2  0). 

The  greater  part  of  the  surface  of  the  Earth  is  covered 
with  liquid  in  equilibrium,  and  therefore  at  the  surface ;  if 
w  denote  the  Earth's  angular  velocity,  we  have 

a>Vsin20 
F  + ~ =  constant ; 

accordingly,  after  expressing  r  in  terms  of  0,  we  may  equate 
to  zero  the  coefficient  of  sin2  0  on  the  left-hand  side  of  this 
equation  ;  thus,  neglecting  small  quantities  of  the  second 
order,  we  get 

Ttf  O    /  /^t  ji\  1    2 

m         o  ( C '  —  A. )       w  C 
£+         0,^ —    +  ~~o~         » 

whence,  as  q  =  —  =  -==-.  approximately,  we  have 
ge       M 

»^_._|.  (6) 

2    M<?  2 

The  angle  which  the  vertical  line  or  normal  at  any  point 
of  the  Earth's  surface  makes  with  r  is  of  the  order  c,  and  its 
cosine  differs  from  unity  by  a  quantity  of  the  order  t2 ;  also 
the  component  of  the  Earth's  attraction  perpendicular  to  r 
is  of  the  order  e,  and  this  resolved  along  the  normal  is 
of  the  order  c2 ;  hence,  t2  being  neglected,  the  component 

dV 
of  the  Earth's  attraction  along  the  normal  is  —  • 


144  The  Potential. 

Again,  the  component  along  r  of  the  centrifugal  force  is 
4D2r  sin2  9,  and  this  may  be  taken  as  the  component  of  the 
same  force  along  the  normal.  Hence,  if  g  denote  the  accele- 
ration of  gravity  at  any  point,  we  have 

dV 

g  =  — ; wV  sm2  9. 

dr 

If  we  substitute  for  Ffrom  (5)  the  term  involving  (C  -  A)  is 

M 

of  the  order  e,  and  in  it  we  may  put  r  =  c.     In  the  term  — ,  we 

have  r  =  c  (1  +  £sin20). 

Making  these  substitutions  we  get 

g  .*(!-&  sin2  9}  +  3(oT^  (3  sin2  9  - 2)  - ^c sin2 9. 
c  2c* 

Substituting  in  this  equation  the  value  obtained  in  (6) 
.  O-A 

for~'       ave 

(7) 

If  gp  and  ge  denote  polar  and  equatorial  gravity,  respec- 
tively, we  get 

5          \M 


and  in  terms  of  the  order  e  we  may  put  gp  =  ge  =  —  ;    hence 

we  obtain 

r_9p-9*_6q     c> 

which  is  the  same  as  (4). 

/K  \     7I//* 

From  (7)  we  have  g  -ge  =  (^g[  -  « )  T  cos2  0 ;  whence,  if 

V          J  c 
g  —  qe 
we  put  70  = ,  we  get 

7fl  sec2  0+ *  =  ?<?•  (8) 

/  v  o    z  \     / 
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EXAMPLES. 

1.  If  two  distributions  of  mass  have  the  same  potential  throughout  space 
external  to  hoth,  their  centres  of  inertia  and  principal  axes  are  coincident,  and 
their  principal  moments  of  inertia  are  equal,  respectively. 

If  each  potential  be  expanded  as  in  Art.  78,  the  two  series  must  be  equal 
for  all  values  of  r  greater  than  a  certain  limit,  and  for  all  directions.     Equating 

then  the  coefficients  of  —  in  the  two  series  and  also  those  of  -:,   we  obtain  the 
r3  r3 

results  required. 

2.  If  a  body  be  centrobaric,  its  baric  centre  coincides  with  its  centre  of 
inertia,  and  its  moments  of  inertia  round  all  axes  through  this  point  are  equal. 

3.  Find  the  components  of  the  Earth's  attraction,  at  a  point  on  its  surface, 
parallel  and  perpendicular  to  the  line  joining  this  point  to  the  centre. 

dV 
If  the  components  required  be  denoted  by  .R  and  P,  wehave  S=-—  ;  whence, 

by  Art.  81,  we  get, 

X  =  ~  (1  -  2€  sin*  6)  +  3(C2~ 


Again,  P.. 

Hence,  neglecting  small  quantities  of  the  second  order,  by  (5)  we  have 

3(C-A)    .  3(C-A)    .  MS(C-A)   . 

P=  —  —  ;  -  '  sin  6  cos  0  =  —  —  -  —  -  sin  9  cos  6  =  --  •  —  r  —  :  sin  6  cos  6 
r*  c*  c-       M<? 

M  I         q\  M 


where  A  is  the  latitude  of  the  place. 

The  direction  of  P  is  towards  the  equator. 

4.  A  rigid  body  having  its  centre  of  inertia  fixed  is  attracted  by  a  distant 
homogeneous  sphere  ;  find  the  equation  of  the  potential  ellipsoid  which  determines 
the  small  oscillations  of  the  body  about  its  position  of  stable  equilibrium.  (&te 
"  Dynamics,"  Art.  320,  Ex.  6.) 

Let  m  be  the  mass  of  the  sphere  ;  r  the  distance,  and  x,  y,  z,  the  coordinates 
of  its  centre  P,  referred  to  the  centre  of  inertia  and  principal  axes  of  the  body  ; 
then  N\t  Nz,  Na  are  given  by  equations  (3),  m  being  put  for  L  in  those  equa- 
tions. If  now  the  body  receive  small  rotations  6,  <f>,  ty  round  its  principal  axes, 
the  coordinates  of  Pare  altered  in  the  same  way  as  if  it  received  equal  and 
opposite  rotations,  and  the  body  remained  fixed.  Hence 

Sx  =  y<|/  -  z<f>,     5y  =  z0  -  xty,     Sz  =  x$  -  yO, 
L 
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also,  since  8r  is  zero,  N\  becomes  N\  +  L,  where 

L  =^  (C-  B)  {y  (x<t>  -  ye)  +  z  (z0  -  *<J 
° 


and  as  the  original  position  is  one  of  equilibrium,  N\  =  0.  Similar  results  hold 
good  for  Nz  and  Na.  Again,  if  a  be  the  magnitude  of  the  rotation  which  brings 
the  body  into  its  actual  position,  a,  0,  7  the  direction  cosines  of  its  axis,  and 
W  the  work  done  by  the  attraction  of  the  sphere  in  the  displacement, 

W  =  \     (La  +  M$  +  Ny)  dff. 
Jo 

Substituting  their  values  for  Z,  M ,  N,  and  remembering  that  0  =  <ra,  <f>  =  crjS, 
\f/=  ffy,  we  get  by  integration  27F=  LO  +  M<f>  +  Nfy.  Since  JVj,  Ny,  Na  are 
each  zero,  so  also  are  the  products  xy,  yz,  zx ;  hence  the  point  P  lies  on  one  of 
the  principal  axes  of  the  body,  and 


2JF=         {(B  -  CT)(y*  -  z2)  &  +  (C-A}(z>  -x*)<j>*  +  (A  -  B)(z*  -  y*)  $ 

In  a  position  of  stable  equilibrium  JFmust  be  negative  for  all  values  of  B, 
Let  A>B>C;  then  if  x  =  0  and  y  =  0, 


2JF  =  -        z*  {(B-  C)ez  +  (A-  C)  </>*}. 

This  is  always  negative,  and  the  equation  of  the  potential  ellipsoid  is 
(B  -  C)  x*  +  (A  —  C)  y'1  =  constant,  which  represents  a  cylinder.  For  stable 
equilibrium,  the  centre  of  the  sphere  must  be  situated  on  the  production  of  the 
axis  of  least  inertia  of  the  body. 

If  the  body  be  a  homogeneous  ellipsoid  of  small  ellipticity  ,  the  preceding 
investigation  applies  even  though  the  sphere  be  not  distant. 

5.  A  rigid  body  Shaving  its  centre  of  inertia  fixed  is  attracted  by  a  distant 
immoveable  homogeneous  sphere;  the  initial  position  of  Z"  being  given,  deter- 
mine the  impulsive  couple  which  must  act  on  it  in  order  that  its  axis  of  rotation 
should  be  invariable. 

If  K  be  free,  find  the  position  and  motion  which  must  be  given  to  it  initially 
in  order  that  it  should  continue  to  revolve  round  the  same  axis. 

If  «i,  W2,  »3  be  the  angular  velocities  of  the  body  round  its  principal  axes, 
its  equations  of  motion  ("  Dynamics,"  Art.  267)  are 

A  d^-  -  (B  -  (7)  «2  0.3  •-  Ni  =  ^  (C-  B)  yz,  &c.  ; 

tivt  ' 

dui  3m 

and  —  =  0,  provided  «2  us  —  —  g-  yz. 

clt  f 
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Let  the  direction  angles  of  the  initial  axis  of  rotation  be  a,  /3,  7  ;  then 
wj  a>3  =  w*  cos  0  cos  7,  BO  that  if 


3m 


cos 


y  x  *  rfwi      do>2      rf«3 

-,  cos  7  =    ,   cos  a  =  -,     we  have-—,     —  , 

r  at        at        at 


initially  zero.  Also  x,  y,  and  z  are  initially  zero.  Hence,  the  successive  diffe- 
rential coefficients  of  «i,  o>2,  013,  with  respect  to  the  time,  are  all  zero  initially,  and 
therefore  on,  «2,  ws  are  constant. 

If  H  be  the  moment  of  the  impulsive  couple  required,  its  components  round 
the  axes  are,  therefore, 


3m  /3m  /3m 


and  the  invariable  axis  of  rotation  is  the  line  joining  the  centre  of  inertia  of  K 
to  the  centre  of  the  sphere. 

If  K  be  free,  let  &  denote  its  centre  of  inertia,  and  0  the  centre  of  the  sphere  ; 
then,  if  GO  be  made  to  coincide  with  a  principal  axis  of  JT,  and  if  Z"  be  pro- 


jected with  a  velocity      -  along  another  principal  axis,  and  be  given  an  angular 


velocity   .J     round  the  third,  one  principal  axis  of  K  will  always  be  directed 

towards  0,  and  K  will  continue  to  rotate  uniformly  round  an  axis  perpendicular 
to  its  plane  of  motion,  whilst  0  describes  in  this  plane  a  circle  round  0  as  centre 
with  a  constant  velocity. 

6.  Find  the  potential  of  the  mass  distributed  over  a  plane  area  at  a  distant 
point  P  in  its  plane,  the  force  due  to  an  element  of  mass  varying  inversely  as 
the  distance. 

Let  C  be  the  moment  of  inertia  of  M  round  the  principal  axis  perpendicular 
to  its  plane  at  G  its  centre  of  inertia,  r  the  distance  of  Pfrom  G,  and  /the 
moment  of  inertia  of  M  round  GP;  then  F,  the  potential  at  P,  is  given  by  the 
equation 

1      C-2I 


7.  If  the  potential  energy  due  to  the  mutual  action  of  two  invariable  mass 
systems,  A  and  B,  be  zero  for  all  positions  of  B  outside  A,  and  if  the  total  mass 
of  B  be  not  zero,  show  that  at  all  points  outside  the  system  A  its  potential  is 
zero. 

If  F  denote  the  potential  of  A  at  a  point  Pin  B  whose  coordinates  are  a:,  y,  z, 
at  any  other  point  Q,  whose  coordinates  relative  to  P  are  £,  TJ,  f,  the  potential 
of  A  is 


and  if  p  denote  the  density  of  B  at  Q,  and  W  the  energy  due  to  the  mutual 
action  of  the  systems  A  and  B,  we  have 


L2 
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Hence 

_        ^        dV       .  dV          dV       d*V     , 
W=mV+a—   +  b  —  +   c  —  +  e  —  -  +  &c., 
ax  ay  dz         ax' 

where  m  denotes  the  mass  of  S,  and  a,  b,  &c.,  are  quantities  depending  on  the 
position  of  P  in  the  system  £,  but  independent  of  its  position  in  space.  For  all 
positions  of  P  more  remote  from  the  origin  than  the  most  distant  point  of  A 
the  potential  V  can,  by  Art.  78,  be  expanded  in  a  series  of  descending  powers 
of  r,  so  that 


where  M  denotes  the  mass  of  A,  and  Tn  is  a  function  of  the  angular  coordinates 
of  the  point  P. 

If  this  expression  for  Fbe  substituted  in  W,  it  becomes  a  series  in  descending 
powers  of  r  ;  and  since  7F"is  zero  for  all  positions  of  B  outside  A,  the  coefficients, 
in  this  series,  of  the  different  powers  of  r  must  be  each  zero.  The  process  of 

operating  with    —  ,   —  ,  or    —  oti   V,    or  any  of  its  differential  coefficients, 

dx     dy  dz 

diminishes  by  unity  the  exponent  of  each  power  of  r  in  the  expansion  of  the 

function.   .Hence,  --  is  the  term  in  W  containing  the  lowest  power  of  r-1, 
r 

•y 

and  therefore  M=  0.     The  first  term  in  Fnow  becomes  —  and,  consequently, 

I* 

—  -1  is  the  term  in  W  containing  the  lowest  power  of  r~l  ;  whence  Fi  =  0. 

Proceeding  in  a  similar  manner  with  respect  to  Yz,  &c.,  we  find  that  each  term 
of  V  is  zero. 

The  theorem  above  is  due  to  Mr.  F.  Purser. 

8.  Prove  Thomson's  Theorem,  Ex.  20,  Art.  75,  by  the  method  of  the  last 
Example. 

If  we  take  as  origin  the  point  in  A  through  which  the  resultant  force  passes, 
if  V  denote  the  potential  of  A  at  any  point  x,  y,  z,  and  m  the  mass  of  B,  and 
if  we  put 

dV          dV 
x-  --  y  —  =U; 
dy  ax 

we  have  $Udm  =  0  for  all  positions  of  B.  Then,  as  U  can  be  expanded  in 
descending  powers  of  r,  by  a  process  similar  to  that  employed  in  the  last 
Example  we  find  that  U  =  0,  and  as  the  axis  of  z  may  have  any  direction,  we 
conclude  that  A  is  centrobaric. 

This  proof  of  Thomson's  Theorem  is  due  to  Mr.  F.  Purser. 
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CHAPTER  V. 
SURFACES  AND  CURVES  OF  THE   SECOND   DEGREE. 

82.  Introductory. — The   attraction  of  a  homogeneous 
ellipsoid  at  a  point  on  its  surface  was  investigated  in  Arts. 
21,  22  ;  and  in  Art.  75,  Ex.  5,  it  was  shown  that  on  the 
result  of  this  investigation  could  be  based  a  method  of  finding 
the  attraction  of  an  ellipsoid  in  external  space. 

This  problem  is  one  of  great  celebrity  in  the  history  of 
Mathematics,  and  has  been  solved  by  various  methods,  of 
which  the  most  celebrated  are  those  of  Mac  Claurin,  Chasles, 
Ivory,  and  Thomson. 

A  number  of  expressions  for  the  potential  of  an  ellipsoid 
have  been  given  by  mathematicians  of  eminence;  and  in 
consequence  of  its  connexion  with  the  theory  of  columnar 
vortices  in  a  perfect  liquid,  the  determination  of  the  uni- 
planar  potential  of  a  homogeneous  elliptic  plate  is  a  question 
of  much  interest. 

The  distribution  of  electricity  on  conductors  whose  sur- 
faces are  hyperboloids  or  paraboloids  has  been  treated  by 
Maxwell,  following  Lame*,  by  means  of  elliptic  coordinates. 

It  is  proposed  in  the  present  chapter  to  give  some  account 
of  the  results  enumerated  above. 

83.  Surface     Distribution     Equivalent    to    Solid 
Ellipsoid. — If  we  assume  a  distribution  of  mass  such  that 
the  potential  V  is  zero  at  every  point  outside  the  surface  of 
the  ellipsoid  whose  equation  is 


and  that 

=  ~'-      a'      fi"      c' 
at  every  point  inside  this  surface,  where  K  is  a  constant ;  then 
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V  is  continuous  and  satisfies  the  differential  equation  v*  V=  0 
in  external  space,  and  the  equation 


throughout  the  interior  of  the  ellipsoid.     Also  at  the  sur- 

,       dV  dV       ,  dV    . 

race  -r—  ,  —  —  ,  and  —    change  discontmuously.      Hence  the 

potential  V  is  due  to  a  homogeneous  volume  distribution 
throughout  the  ellipsoid  conjoined  with  a  surface  distribution 
whose  effect  in  external  space  is  equal  and  opposite  to  that 
of  the  former. 

To  determine  the  density  <r  of  the  latter  distribution, 
let  -  I,  -  m,  -  n  be  the  direction  cosines  of  the  normal  v  drawn 
inwards  at  any  point  of  the  ellipsoid,  and  p  the  central  per- 

l      x 

pendicular  on  the  tangent  plane  ;  then,  since  -  =  —  ,  &c.,    we 

p     a? 

have 


dV       f,dV        dV 
-  47r<r  =  —  -  =  -    /  —  —  h  m  —  -  +  n 
dv         \    dx          ay 


(1) 
p 

Hence,  by  Ex.  2,  Art.  75,  the  density  a  at  any  point  is  pro- 
portional to  the  thickness  at  that  point  of  a  shell  comprised 
between  the  given  ellipsoid  and  an  infinitely  near  confocal 
ellipsoid.  Such  a  shell  is  called  a.  focaloid. 

If  the  surface  distribution  whose  density  is  a  be  reversed, 
we  get  a  distribution  which  is  equivalent  to  the  solid  ellipsoid 
in  external  space.  (See  Art.  64.) 

We  have  therefore  Thomson's  Theorem,  viz.  :  — 

The  potential  of  a  homogeneous  ellipsoid  in  external  space 
is  the  same  as  that  of  a  focaloid  of  equal  mass  coinciding 
with  its  surface. 

84.  Thomson's  Proof  of  HacClaurin's  Theorem.  — 
If  we  suppose  the  mass  of  a  focaloid  to  be  uniformly  distri- 
buted throughout  the  space  bounded  by  its  internal  surface 
the  potential  in  external  space  is  thereby  unaltered.  Hence, 
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if  a  homogeneous  ellipsoid  be  diminished  in  size,  but  increased 
in  density,  by  removing  a  fooaloidal  stratum  of  mass  from 
its  exterior,  and  distributing  this  mass  uniformly  through  the 
remainder  of  the  space  occupied  by  the  ellipsoid,  the  potential 
in  external  space  is  unchanged.  This  process  may  be  repeated 
ad  infinitum,  and  therefore  we  conclude  that : 

Confocal  ellipsoids  of  equal  mass  have  the  same  potential 
in  space  external  to  both. 

85.  Attraction  of  Ellipsoid  at  External  Point. — 
If  -  x,  -  y,  -  z  be  the  coordinates  of  the  point  P  outside  the 
homogeneous  ellipsoid  whose  axes  are  20,  2b,  2c,  and  whose 
mass  is  M,  and  if  2a',  &c.  be  the  axes,  and  M '  the  mass  of  the 
confocal  ellipsoid  passing  through  P,  the  components  X ', 
Y'y  Z'  of  the  attraction  of  M '  at  P  are  given  by  equations 
(15)  Art.  21. 

By  Art,  84  the  components  X,  F,  Z  of  the  attraction  of 
.3f  at  P  are  connected  with  X',  Y',  Z'  by  the  equations 


V  -  M 

~ 


Hence 


'3    J0 


If  we  change  the  variable  under  the  integral  sign  by 


v     u 

assuming  -  =  -„  we  get 
c     c 


A'«tt'-A«e»      A"*/2-A*«      ™*m™> 

A  i    M    —  AI    v  ,       A  2    »*    —  A2   0,       — 77 ~~T~i 

C  J  C3 

and  the  limits  of  the  integral  become  -,  and  0 ;  whence 

c 


X  = 


Y  and  Z  are  obtained  in  a  similar  manner. 

The    components    of  the  attraction   of  a   homogeneous 
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ellipsoid  at  an  external  point,  whose  coordinates  are  -  #,  -y,  -  z, 
are  given  therefore  by  the  equations* 


.X"  = 


SJfftf? 

W2^ 

<?     Jo(l- 

6 

3  My  f? 

hX!2w2)*  (l  +  X22w2)la 

W2«?M 

'3    J,(l- 
3  Jfs  p 

W2C?M 

^    J0(l- 

hX!2M2)4    (1  +  X22W2)4  j 

(2) 


Z  = 


These  expressions  differ  from  those  of  (15),  Art.  21,  only 
in  the  upper  limit  of  the  integral  which  occurs  in  each. 

Since  M,  h,  and  k  are  the  same  for  two  confocal  ellipsoids 
of  equal  mass,  if  i//'  be  substituted  for  i//i  in  equations  (27), 

k 
Art.  24,  where  tan  T//  =  -,  we  obtain 


-  E 


sin 


cos 


7c  (/c2  -  A2)  A 


F^)^'*W-*Wi 


•     (3) 


It  is  to  be  observed  that  c'  is  a  function  of  #,  y,  2,  and 
therefore  that  the  components  of  the  attraction  of  an 
ellipsoid  at  an  external  point  are  complicated  functions  of 
the  coordinates,  but  at  an  internal  point  are  linear  functions, 
as  we  have  seen  in  Art.  21. 

86.  Potential  of  Ellipsoid.— If  V  be  the  potential 
of  a  homogeneous  ellipsoid  at  an  internal  point  whose  co- 
ordinates are  x,  y>  z,  by  (15),  Art.  21,  we  have 


^T 
dy 


dV 

—  =  -  Cz. 
dz 
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Integrating  we  get 

F  =  Fo  -  i  (Ax*  +  By*  +  Caa),  (4) 

where  F0  is  the  value  of  V  at  the  centre  of  the  ellipsoid.     To 
find  the  value  of  Fo  we  have 


r  rsir 

Jt    ^si, 
=  2j0J0    a262  cos2  B  +  <?  sin2  6  (a2  si 


sn    >  +      cos 


Treating  the  integral  in  a  manner  similar  to  that  employed 
in  Art.  21,  we  get 

31Tf>  du 

'  0  ~"     f> 


If,  as  in  Art.  24,  we  put  \iu  =  tan  ^/,  we  obtain 


where  K  =  7,  and  tan  ^  =  Xi. 

K 

Substituting  their  values  for   F0,  A,  B,  C  in  (4),  we 
find 


2c3o 


(7) 


If  the  integrals  in  (7)  be  expressed  by  elliptic  functions, 
we  have 


where  A,  B,  and  C,  are  the  coefficients  of  x,  y,  and  z  in  equa- 
tions (27),  Art.  24. 

To  find  the  potential  of  a  homogeneous  ellipsoid  at  an 
external  point  #,  y,  z,  we  suppose  a  confocal  ellipsoid  whose 


154  Surfaces  and  Curves  of  the  Second  Degree. 

smallest  axis  is  2c',  to  pass  through  the  point  and  proceed  as 
in  Art.  85.     In  this  manner  we  obtain 


F-?^ 

2c3 


(9) 


If  we  desire  to  express  the  potential  at  an  external  point 
by  means  of  elliptic  functions,  we  may  use  equation  (8),  sub- 
stituting in  that  equation  i//'  for  i//1}  where  c'  tan  i//'  =  k. 

87.  Symmetrical  Expressions  for  Potential  and 
Components  of  Attraction. — By  the  transformations 
given  in  Art.  22,  we  find  that  at  an  internal  point  x,  y,  z,  the 
potential  V  of  a  homogeneous  ellipsoid  is  given  by  the 
equation 


az+v)(bz+v)(cz  +  v) 
(10) 

At  an  external  point  if  20',  2b',  2c'  be  the  axes  of  the 
confocal  ellipsoid  passing  through  it,  we  have 


If  we  put  a'2  +  v  =  a?  +  u,  we  have  b'z  +  v  =  b*  +  u, 
e'*  +  v  =  c*  +  u,  and  dv  =  du  ;  also  u  =  GO  when  v  =  co,  but 
u  =  a'2  -  az  when  v  =  0.  Hence,  if  q  be  the  greatest  root  of 
the  equation 

•  z 

-  L> 


a2  +  q      bz  +  q      cz  +  q 
we  obtain 


du 
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In  like  manner,  if  X,  F,  Z  denote  the  components  of  the 
attraction  of  the  ellipsoid  at  the  point  whose  coordinates  are 
-  x,  -  y,  -  *,  we  have 


^ 

X  = 
F  = 
Z  = 


,  +  M)i  (c»+  w)J 
du 


.     (12) 


EXAMPLES. 

1.  Prove  that,  at  an  internal  point,  x,  y,  z,  the  potential  F  of  a  homogeneous 
ellipsoid  is  given  by  the  equation 


where 

f00  du 

nm 

This  follows  from  equation  (10). 

2.  Show  that  the  potential  of  an  ellipsoid  at  an  external  point  may  be  put 
into  the  form 


where  M  is  the  mass  of  the  ellipsoid,  a',  b',  c  the  semi-axes  of  the  confocal  ellip- 
soid passing  through  the  point  x,  y,  z,  and 

_  ,  du 


3.  If  I  have  the  same  meaning  as  in  Ex.  1,  show  that 


where  r  is  the  radius  vector  from  the  centre  to  any  element  of  the  surface  of  the 
ellipsoid,  and  du>  is  the  solid  angle  subtended  at  the  centre  by  the  element. 
If  FO  be  the  potential  of  the  ellipsoid  at  its  centre,  we  have 


4.  Prove  that 

dl             dl  dl 

a   JTTi  +  *    j7T5\  +  e  JT^;  =  ~  a  •* • 

d(a*)           d(b*)  die') 
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From  the  equation  of  the  ellipsoid  we  have 

1  _  cos2  0      sin2  9  cos-  <p      sin2  0  sin2  0 
r-         ^~  tf  i« ' 

f  f  ,         f  "•  r2jr 

and  \  r*  dw  =  r2  sin  9  dO  d<j>. 

J  J  Jo  Jo 

Hence  —  f  f  r2  du 

abc  J  J 

is  a  homogeneous  function  of  a2,  b2,  and  c»  of  the  degree  -  £. 

5.  Prove  that 

.  ,  ,      ,,.        &I  dl         dl 

2  (a2  —  J2) =  - — . . 

'•"-<"-"*<»      d(a?)      d(b*) 


6.  If  the  components  of  the  attraction  of  a  homogeneous  ellipsoid  at  an 
internal  point  x,  y,  z,  be  denoted  by  -  Ax,  -  By,  -  Cz,  show  that 


is  a  perfect  differential. 


.da  db  do 

A  —  +  £  —  +  G  - 

abc 


Here          A  =  —  iirpabc  -^-^,,  &c. 

Hence,  if  we  put  f,  rj,  ffor  az,  i2,  c2,  we  have  to  show  that 

dl 


is  a  perfect  differential ;  but  this  follows  immediately  from  Ex.  5,  by  which 

«?£  dif      d£      di} 

7.  Find  the  potential  of  a  homogeneous  focaloid  at  an  internal  point. 

If  V  be  the  potential  of  a  homogeneous  ellipsoid,  and  U  that  of  a  focaloid  of 
equal  mass^having  the  surface  of  the  ellipsoid  as  its  boundary,  by  Art.  83,  at  an 
internal  point  x,  y,  z,  we  have 

(xz      ,,z      2z> 
l'-3--£-3 
a*       b*       cil 

where 


_    _  _  3 

~  ~  2 


the  mass  of  the  focaloid  being  M. 


where  the  values  of  Fo,  A,  B,  and  C  are  given  by  (5),  Art.  86,  and  (15),  Art. 
2  !•• 
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8.  Find  the  components  of  the  force  produced  at  any  point  inside  an  ellipsoid 
by  a  distribution  of  mass  on  its  surface  whose  density  a  at  any  point  x,  y,  z  is 
given  by  the  equation  <t  =  p  (Lx  +  My  +  Nz),  where  p  is  the  central  perpendi- 
cular on  the  tangent  plane  ajt  the  point,  and  L,  M,  N&TQ  constants. 
1 1  Imagine  a  homogeneous  solid  ellipsoid  E  bounded  by  the  given  surface  to 
receive  a  small  translational  displacement  whose  components  parallel  to  the  axes 
of  its  initial  position  are  «i,  «j,  «s.  The  perpendicular  distance  of  the  origin, 
or  initial  position  of  the  centre,  from  the  tangent  plane  at  the  point  whose  initial 
coordinates  are  x,  </,  z,  becomes  then 

px          py          pz 
*+«'^+e'F+e3^' 

where  p  is  the  value  of  this  perpendicular  before  the  displacement.  Hence  the 
normal  thickness  Up  of  the  shell  comprised  between  the  two  positions  of  the 
surface  of  the  ellipsoid  is  given  by  the  equation 


The  density  a  of  a  surface  distribution  equivalent  to  the  shell  is  p$p  ;  and  by 
making  p,  the  volume  density  of  E,  sufficiently  great  and  assigning  proper 
values  to  cj,  ej,  63,  we  can  satisfy  the  equations 

pei  _  pc,  pf3  _  „ 

-  -  i,  -  -  M,          --N. 

The  components  X,  T,  Z,  of  the  force  exercised  at  the  point  P  by  the  sur- 
face distribution  of  attractive  mass  of  density  a  are  now  seen  to  be  the  changes 
in  the  components  of  the  attraction  of  E  at  P,  when  P  receives  displacements 
—  «b  -  «z»  and  —  «3.  Hence  i  =  Aei,  Y=  Bet,  Z=  Of  3,  where  A,  S,  C  are 
given  by  (15)  Art.  21. 

9.  The  density  a  of  a  distribution  of  attractive  mass  is  given  at  any  point 
x,  y,  t  of  the  surface  of  an  ellipsoid  by  the  equation  a-  =  p/(xyz),  where/  denotes 
a  homogeneous  quadratic  function,  and  p  the  perpendicular  from  the  centre  on 
the  tangent  plane  at  the  point  x,  y,  z  :  find  the  components  of  the  attraction  of 
this  mass  at  any  point  inside  the  ellipsoid. 

Suppose  the  solid  ellipsoid  E  bounded  by  the  given  surface  to  receive  small 
angular  displacements  50,  8<p,  Si//,  round  its  axes,  and  let  E  be  its  new  position. 

If  a,  j8,  7  denote  the  direction  cosines  of  the  perpendicular  on  the  tangent 
plane  to  E  at  the  point  x,  y,  z,  we  have  j»2  =  «2o2  +  62/32  +  e272.  If  p'  denote 
the  perpendicular  on  the  parallel  tangent  plane  to  E',  the  direction  cosines  of  p' 
referred  to  the  axes  of  E'  are  o  +  Sa,  &c.,  where  80  =  )38<J>  -  78^,  &c.  ('  Dyna- 
mics '  (7),  Art.  255),  thenj»'  =  p  +  Sp,  where 


The  thickness  of  the  shell  comprised  between 
E  and  E'  is  Sp  ; 

PX 

also,  we  have  a  =  —  ,  &c.,  and  therefore 
a* 


2  -  i2  2  _   *  c*  -  «2 

-T  ****' 
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Again,  suppose  each  semi-axis  of  the  ellipsoid  E  to  receive  a  small  increment, 
then  the  thickness  Sp  of  the  shell  comprised  between  the  ellipsoid  thus  generated 
and  E  is  given  by  the  equation 

p$p  =  c?a$a  +  &*bSb  +  y2ctSc  ; 
whence 

£-$••  +£»+£». 

p       a3  OA  c3 

If  we  now  superpose  the  two  shells,  for  the  total  thickness  Sp  we  get 

a2  -  £2 


hence  p$p  can  be  identified  with  the  given  form  for  a. 

The  components  of  the  force  due  to  E  at  an  internal  point  x,  y,  z  are 
—  Ax,  —  £y,  —  Cz,  and  those  due  to  E'  are  —  A  (x  +  5«)  +  Eyty  —  Cz$<f>,  &c., 
where  8»  =  ySfy  —  z$<p.  Hence  the  component  X,  parallel  to  the  primary  axis 
of  E,  due  to  the  attraction  of  the  superposed  shells,  is  given  by  the  equation 


(A-  C)  *S4>  -  Sa  +         Sb  +         Sc     x, 

and  similar  equations  hold  good  for  T  and  Z.  The  quantities  p5a,  p56,  &c. 
being  already  known  in  terms  of  the  coefficients  of  /(#,  y,  z),  the  forces  X,  Y,Z 
are  determined  as  linear  functions  of  the  coordinates. 

10.  If  a  concentric  ellipsoidal  cavity  be  cut  out  of  a  homogeneous  sphere, 
find  the  equipotential  surfaces  in  the  interior  of  the  cavity. 

The  force  at  any  point  inside  the  cavity  is  the  resultant  of  that  due  to  an 
attracting  sphere  and  that  due  to  a  repelling  ellipsoid  of  equal  density.  Hence 
if  X,  Y,  Z  be  the  components  of  this  force, 

X  =  —  f  icpx  +  Ax 
and  therefore  by  (22),  Art.  24, 


x=  {A-KA+B+  c)}x=(2A-s-o) 

3 

Y=(1B-C-A)y-,      Z=('2C-A-£)Z-; 

and  the  equipotential  surfaces  are  given  by  the  equation 

(1A  -  B  -  C)  x*  +  &c.  =  constant. 

11.  If  a  homogeneous  ellipsoid  E  be  divided  into  two  parts  by  any  plane  P, 
show  that  the  mutual  action  between  the  parts  is  reducible  to  a  single  force,  and 
find  its  amount. 

If  Ei  and  EZ  denote  the  portions  into  which  E  is  divided  by  P,  the  force  and 
couple  produced  by  the  attraction  of  EI  on  E\t  are  the  same  as  those  produced 
by  the  attraction  of  E  on  E\,  since  the  resultant  force  and  couple  due  to  the 
attraction  of  E\  on  itself  are  each  zero.  Let  X,  Y,  Z  be  the  components  of  the 
resultant  force,  and  L,  M,  N  those  of  the  resultant  couple,  then 


X  =  -A$xdm,  Y= 

L  =  (£-0)  J  yzdm,        M  =  J  (C-  A)  $  zxdm,        N  =  (A  -  £)  J  xydm, 
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i 

where  the  integrals  are  taken  throughout  the  entire  volume  of  E\.    Hence 
putting  /  =  -  (LX  +  MY  +  NZ), 

we  have 

J-  =  A  (B  -  C)  J  xd&  /  yzd®  +  B  (C  -  A]  Jyrf®  Jarrf®  +  C(A  - 
r 

where  rf»  denotes  an  element  of  the  volume  of  E\.    Assume 


then,  when  the  point  x,  y,  z  is  on  the  ellipsoid  E,  the  point  £,  17,  £  is  on  the 
sphere  S  whose  radius  is  £  ;  and  when  the  point  ar,  y,  z  is  on  the  plane  P  whose 
equation  is  Fx  +  Gy  +  Hz  +  K  =  0,  the  point  {,  ij,  (  is  on  the  plane  Q  whose 
equation  is 


and  we  have 


where  rffl  is  an  element  of  the  volume  of  the  portion  of  8  cut  off  by  Q.  Trans- 
form the  axes  of  {,  TJ,  £  to  &  perpendicular  £'  to  the  plane  Q  and  two  other 
perpendicular  axes  parallel  to  Q,  then 


and  as        J{'5n  =  JV*i  =  0,        and  also 
we  have 


+  5  (C  -  A)  ft,  J  (71«J{'2  + 

+  C(A  -  ^)73l(aij3i{'2  +  az/327,'2 

The  coefficient  of  J  £'2dn  in  the  expression  inside  the  bracket  is  obviously 
zero,  and  we  find  for  the  remaining  terms 


AB  {71  (03/81  -  /33ai)  J{'2da  +  72  (a3)32  -  03a2)  JV2rfn}  +  &C., 
but         030i  -  /Ssai  =  72,     and      a302  -  /3302=  -71,      also 


hence  the  coefficient  of  AB  is  zero.  In  like  manner  the  coefficients  of  BC  and 
CA  are  each  zero  ;  hence  J  =  0,  which  is  the  well  known  condition  that  the 
force  and  couple  should  be  reducible  to  a  single  force.  The  components  of  this 
force  are  —  mAxi,  —  mBy\,  and  —  mCzi,  where  x\,  yi,  z\  are  the  coordinates 
of  the  centre  of  inertia  of  Hi,  and  m  is  its  mass. 

12.  A  homogeneous  ellipsoid  is  divided  into  two  parts  by  a  plane  perpendicular 
to  an  axis  :  find  the  mutual  attraction  between  the  parts. 

Let  the  plane  be  perpendicular  to  the  axis  of  z  at  a  distance  q  from  the 
centre,  then  if  Z  be  the  required  force,  we  have 

Z=PCjz  dxdydz  =.  ^  {  J«»  dxdy  -  j*  2}  , 
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where  2  is  the  area  of  the  ellipse  in  which  the  plane  meets  the  ellipsoid.     We 
may  assume 


then 


x  y  z 

-  =  sin  0  cos  <p,          -  =  sin  0  sin  d>,  -  =  cos  0, 

a  o  c 


Z  =  ?-  laic2  I  l  {  *  cos30  sin  0  d9  d(f>  -  irqzaibi\, 
2    (         Jo    J  o  ) 

q  ab(c*  -  q2) 

cos  61  =  -,     and    a\b\  =  —  S  —  --=-? 
c  c* 


4  e2  4  icabc 

13.  Prove  that  the  attraction  of  a  homogeneous  ellipsoid  E  on  a  cuhical  or 
spherical  portion  Ei  of  its  own  mass  is  the  same  as  if  the  mass  of  Ei  were  con- 
centrated at  its  own  centre  of  inertia. 

If  £  >  ~n>  C  denote  the  coordinates  of  any  point  relative  to  the  centre  of  inertia 
Pi  of  -Ei,  and  x\t  y\t  z\  those  of  PI  relative  to  the  centre  of  the  ellipsoid,  and 
if  L,  M,  N  denote  the  moments  of  the  attractive  forces  round  the  axes  meeting 
at  Pi,  we  have 


In  like  manner  M  -  0,  N=  0  ;  hence  the  proposition  is  ohvious. 

88.  Uiiiplauar  Potential  of  Ellipse.  —  By  a  method 
similar  to  that  employed  in  Art.  83,  a  distribution  of  uni- 
planar  mass  can  be  determined  whose  potential  is  zero  at  all 
points  in  the  plane  of  distribution  which  are  external  to  an 

Cxz     1/Z\ 
1  -  -r-a  -  j-z  j  at  all  internal  points,  the 

x*     yz 
equation  of  the  ellipse  being  —  2  +  ^  =  1.     Since  the  potential 

is  zero  at  infinity,  the  total  mass  is  zero  (Art.  44),  and,  as  in 
'Art.  83,  we  find  that  :  — 

The  uniplanar  potential  of  a  homogeneous  ellipse  at  any 
external  point  is  equal  to  that  of  a  focaloidal  band  of  equal 
uniplanar  mass  whose  boundary  coincides  with  that  of  the 
ellipse. 

It  is  then  easy  to  prove,  as  in  Art.  84,  that  — 

Confocal  ellipses  of  equal  uniplanar  mass  have  the  same 
potential  at  all  points  in  their  plane  which  are  external  to  both. 

From  this  it  follows  that  the  attractions  of  confocal 
ellipses  of  equal  mass  are  equal  at  all  external  points. 
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If  X  and  F  be  the  components  at  the  point  P,  whose 
coordinates  are  x  and  y,  of  the  force  due  to  the  ellipse  JE, 
whose  uniplanar  mass  is  M,  and  whose  semi-axes  are  a  and  6, 
by  Art.  19,  we  have,  therefore, 

(13) 

" 


where  a'  and  b'  are  the  semi-axes  of   the  confocal  ellipse 
passing  through  P. 

To  find  the  potential  V  at  an  external  point,  we  have 
V  =  C  -  J  (Xdx  +  Tdy}.     Since   a'2  -  V  =  a*  -  b*  =  c2  we  may 

xz      y2 
assume  «'  =  c  cosh  ij,  V  =  c  sinh  jj,  and  since  -^  +  p-2  =  1,  we 

$  0 

may  assume  #  =  a'  cos  £,  y  =  bf  sin  !;  ;  hence  we  have 
x  =  c  cosh  »j  cos  £,    y  =  c  sinh  ij  sin  £  ; 

and  differentiating  we  obtain 

dx  =  -  c  cosh  ij  sin  £  c?£  +  c  sinh  »j  cos 
cfy  =     c  sinh  ij  cos  %d%  +  c  cosh  ij  sin 

also,  we  have 

•C  *U 

a'  +  bf  =  ce*1,        —,  =  cos  £,          -,  =  sin  ^  ; 

whence,  \$?  substitution,  we  get 

Xdx  +  Tdy  =  M  {  -  e~  zr>  (sin  2£d£  +  cos  2%dr\]  +  dn} 

=  M  [$d  (e-n  cos  2^)  +  cfrj}, 
and  therefore 

F=  C-  J/"{t,  +  ie-2»co82£}. 
At  a  point  at  an  infinite  distance  from  the  centre  of  the 

£ 

confocal  system  >)  is  infinite  and  e~*>  =  0,  also  «'  =  •« 

M 

F  =  ^flog  -,  =  Jif  (log  2  -  log  c  -  n)  J 

0 

hence  we  get  C  =  M  (log  2  -  log  c). 

M 
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The  potential  V  at  an  external  point  is  given  therefore 
by  the  equation 

V  =  M  {log  2  -  log  c  -  n  -  i  e-zr>  cos  2£}  .      (14) 

At  an  internal  point  the  potential  V  is  given  by  the 
equation 


. 
a  +  o  \a       b 

Hence  at  the  boundary 

V=  F0-^{l  +  e-2/3cos2£}, 

16 

where  c  cosh  /3  =  «.    Comparing  this  with  the  value  of  V  at 
the  boundary  given  by  (14),  we  get 

Fo  =  M  (i  +  log  2  -  log  c  -  /3),  (15) 

and  for  the  potential  F  at  an  internal  point  we  obtain  the 
equation 

F=  M  j|  +  log  2  -  log  c  -  cosh-1  -  -  2 

2 


c      «(«  +  £)      b  (a  +  b)  \ 

(16) 

EXAMPLES. 

Find  the  uniplanar  potential  of  a  homogeneous  f  ocaloidal  band  at  an  internal 
point. 

If  IT  denote  the  required  potential,  M  the  uniplanar  mass  of  the  hand,  and 
2a,  2  b,  and  2c,  its  axes,  and  focal  interval,  U  is  given  by  the  equation 


89.  Confocal  Homceoids  —  The  whole  theory  of  the 
attraction  of  ellipsoids  has  been  derived  by  Chasles  from  the 
properties  of  conf  ocal  homceoids,  which  depend  chiefly  on  the 
relations  between  corresponding  points. 

If  there  be  two  coaxal  quadrics  whose  semi-axes  are  a,  J,  c, 
and  a',  b',  c',  two  points  are  said  to  correspond  when  their 
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coordinates  a-,  y,  s,  and  a/,  y',  s',  referred  to  the  axes  of  the 
quadrios,  satisfy  the  equations 

x      of 


y__y 
b~  b" 


s     s' 


Two  coaxal  ellipsoidal  shells  @  and  @'  are  made  up  of  corre- 
sponding points  if  the  codirectional  axes  of  the  boundaries  of 
<5  are  proportional  to  those  of  <3'. 

To  prove  this,  let  a,  5,  c,  be  the  semi-axes  of  one  boundary 
of  <S,  and  Xa,  fj.b,  vc,  those  of  the  other,  then  the  semi-axes 
of  the  boundaries  of  @'  are  a',  b',  c\  and  A«',  fib',  vc',  and  if 
we  assume 


- 
a~  a" 


y 


when  the  point  x,  y,  z  is  on  a  boundary  of  (S,  the  point  a/,  y',  zr 
is  on  the  corresponding  boundary  of  <3'. 

If  any  two  points,  PI  and  P2,  be  taken  on  the  ellipsoid 
whose  semi- axes  are  «,  b,  c,  and  the 
corresponding  points  P\  and  P'2, 
^2'  on  the  conf  ocal  ellipsoid  whose  semi- 
axes  are  a',  b',  c',  the  distances  PI  P'2 
and  P/i  P2  are  equal. 

For  let  a-j,  y,,  s,,  be  the  coordi- 
nates of  PI,  with  a  similar  notation 
for  the  other  points,  then, 

T>    jy  2_  ^.24.^/2,         2    ,        '2  /2  '2 


=  a2  -  a/a  + 
and  in  like  manner 


+  y'^  +  s',2 


y, 


M2 
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also 


a    ,  a  , 

2  =  —  ,  X  1  —  #2  =    X  j#2, 


a       a 
and  similarly 

y\y\  =  y\y*>  *\*f*  =  s'is2  ;    . 

hence  by  addition  we  see  that     PiP'2  =  P'lPz- 

It  is  easy  to  see  that,  in  the  theorem  above,  we  may  for 

ellipsoids  substitute  hyperboloids  of  the  same  family. 

If  there  be  two  thick  or  thin  homoeoids,  If  and  H',   such 

that  each  boundary  of  H  is  confocal  with  the  corresponding 

boundary  of  H',  the  homceoids  may  be  called  doubly  confocal^ 

and  the  codirectional  axes  of  the  boundaries  of  H  are  pro- 

portional to  those  of  H'. 

For  the  semi-axes  of  the  boundaries  of  H  are  a,  b,  c  ; 

Aa,  AZ>,  Ac  ;  and  those  of  the  boundaries  of  H'  are  a',  b',  c'  ; 

/ma',  fj.b',  fie'  ;  then,  as 

a?-bz  =  a'*-b'z,    and    A2(a2-^)  =  ^2  (a'z~  &")» 

we  must  have  A  =  j«. 

We  can  now  show  that  if  P  and  P'  be  corresponding  points 
on  the  surfaces  of  doubly  confocal  thin  homceoids,  .Zf  and  H', 
whose  masses  are  M  and  Jf,  and  if  VP>  be  the  potential  of  H 
at  P',  and  V'P  that  of  H'  at  P,  then,  Vf,  :  V'P  :  :  M  :  M'. 

For,  by  the  preceding  part  of  this  Article,  the  volumes  -H"  and 
JT'of  the  homceoids  are  composed  of  corresponding  points,  and 
as  dH  the  element  of  the  volume  of  H  at  the  point  x,  y,  s, 

is    dxdydz,  we  have    -=-  =  -777-?  ;  whence,  if  p  and  p  be  the 
abc     a  o  c 

volume  densities  of  the  homoeoids,  -Trs,  -  constant  =  -^  • 

Again  Q  being  any  point  in  H,  and  Q'  the  corresponding 
point  in  H',  we  have 


but  Q  and  Q'  are  infinitely  near  corresponding  points  on  the 
confocal  ellipsoids  passing  through  P  and  P',  and  therefore 
PQ'  and  P'Q  can  differ  only  by  an  infinitely  small  quantity ; 
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henoe  F*. :  V'f  ::M:  M'.  It  is  plain  that  this  result  holds 
good  whatever  be  the  law  of  force,  provided  the  force  due  to 
an  element  of  mass  varies  as  the  product  of  this  mass,  and 
some  function  of  its  distance. 

If  the  thickness  of  one  homceoid  H'  be  altered,  its  potential 
V  and  its  mass  M'  are  altered  in  the  same  ratio.  Hence  the 
theorem  proved  above  is  true  for  any  two  confocal  homceoids. 

It  follows  from  this  theorem  that  the  equi-potential  surfaces 
in  external  space  of  a  homogeneous  homceoid  are  confocal 
ellipsoids  ;  and  also,  that  at  a  point  external  to  both,  the 
potentials  of  confocal  homceoids  are  as  their  masses. 

In  fact,  if  we  suppose  Hf  outside  H,  since  a  homceoid  has 
the  same  potential  at  all  internal  points,  V'f  is  constant,  and 
so  therefore  is  F^,  whatever  be  the  position  of  P'  on  the 
surface  of  H'. 

Again,  if  we  have  two  confocal  homceoids  H"  and  7T, 
through  any  point  P"  outside  both  we  can  suppose  another 
confocal  homceoid  H"  described  ;  then, 

V         V"         V"         V 
v  v"  _        P  _   v    P>  _   "  P" 

w '~  w =:  ~w =:  ~w ' 

It  is  now  easy  to  prove  MacClaurin's  Theorem  by  the  method 
given  in  Ex.  5,  Art  75. 

90.  Ivory's  Theorem. — If  there  be  two  confocal  homo- 
geneous solid  ellipsoids,  J?and  1?,  of  the  same  density,  whose 
semi-axes  are  ff,  i,  c,  and  a',  b',  c' ;  and  if  XP,  be  the  compo- 
nent parallel  to  a  of  the  attraction  of  E  at  a  point  P  on  the 
surface  of  £?,  and  X'P  the  parallel  component  of  the  attrac- 
tion of  Ef  at  the  point  P  on  E  corresponding  to  P',  then, 

XP,     X'p 
~bc  =W 

This  theorem  is  independent  of  the  law  of  attraction,  provided 
the  force  due  to  an  element  of  mass  is  proportional  to  this 
mass  multiplied  by  some  function  of  the  distance. 

To  prove  Ivory's  Theorem,  let  x,  y,  z  be  the  coordinates 
of  any  point  of  E,  and  /  its  distance  from  P7,  and  let/'  (/) 
denote  the  force  due  to  a  unit  of  mass  at  the  distance  r',  then 


P  f  (r')  ^  dxdydz  =  jj,  /  (/)  dydz, 
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where  /  is  now  the  distance  from  P'  of  a  point  on  the  surface 
of  E.     In  like  manner 


To  every  point  x,  y,  z  on  the  surface  of  E  there  corre- 
sponds a  point  #',  y ',  z'  on  the  surface  of  E\  and  therefore 

dydz      dy'dz'      . 

-=•—  =      ,  ,  ,  also    r  =  r  • 

hence  the  theorem  is  proved. 

By  considering  three  confocal  ellipsoids,  we  can  easily 
deduce  MacClaurin's  Theorem  from  that  of  Ivory,  remember- 
ing that  the  component  parallel  to  an  axis  of  the  attraction 
of  an  ellipsoid  at  an  internal  point  is  proportional  to  the 
parallel  coordinate  of  that  point,  and  therefore,  in  the  case  of 
corresponding  points,  to  the  parallel  semi-axis  of  the  confocal 
passing  through  the  point. 

EXAMPLES. 

1.  Prove  by  means  of  Ivory's  Theorem  that,  if  a  uniform  spherical  shell 
exercise  no  attraction  at  any  internal  point,  the  law  of  force  must  be  that  of  the 
inverse  square. 

From  the  assumed  hypothesis  with  respect  to  a  spherical  shell,  it  follows  that 
the  attraction  of  a  homogeneous  sphere  at  an  internal  point  is  that  of  the  con- 
centric sphere  passing  through  it.  Now  suppose  a  sphere  S  whose  radius  is  S, 
and  let  there  be  three  points  P,  P,  P",  on  the  same  straight  line  through  its 
centre,  P  being  on  the  surface  of  S  and  the  others  outside  it.  Describe  con- 
centric spheres  through  P  and  P"  whose  radii  are  R'  and  R",  and  let  the 
attractions  of  these  spheres  at  P  be  X'p  and  X"p ,  the  attractions  of  S  at  P 
and  P"  being  Xp>  and  Xp»  ;  then 

Xp>      X  p  Xpi>      X  p 

but,  as  we  saw  above, 

X'P  =  X"p  ,    and  therefore  Xp»  =  • 


.R"2  ' 

that  is,  the  attraction  of  S  at  a  point  P"  varies  inversely  as  the  square  of  the 
distance  of  P"  from  the  centre  of  S.  By  supposing  S  infinitely  small,  we  obtain 
the  law  of  force  for  an  element  of  mass. 

2.  A  hollow  insulated  conductor,  whose  inner  and  outer  surfaces  Si  and  Sz 
are  ellipsoids,  is  filled  with  non-conducting  material  containing  a  quantity  of 
metallic  dust  charged  with  electricity  and  uniformly  distributed  throughout  the 
material :  find  the  distribution  of  electricity  on  the  conductor,  and  the  potential 
in  external  space. 
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If  the  total  charge  on  the  metallic  dust  be  E,  and  if  we  suppose  its  action  to 
be  the  same  as  that  of  a  homogeneous  ellipsoid,  the  distribution  on  Si  is  a 
focaloid  whoso  mass  is  —  E,  and  that  on  »S'2  a  homoeoid  whose  mass  is  E,  and 
the  potential  in  external  space  is  that  of  the  latter. 

3.  A  solid  ellipsoid  is  composed  of  homogeneous  shells  bounded  by  similar 
surfaces  :  find  its  potential  at  an  external  point  P. 

If  a,  b,  o  be  the  semi-axes  of  the  ellipsoid,  and  770,  i\b,  i\e  those  of  the 
interior  surface  of  the  homoeoid  whose  density  is  p,  the  potential  of  this 
homoeoid  at  P  is 

f*  da1 

'J/F? 

where  a,  b',  c  are  the  semi-axes  of  an  ellipsoid  confocal  with  the  homoeoid  which, 
at  the  lower  limit  of  the  integral,  passes  through  P  (Ex.  3,  Art.  75).    If  we  put 

and  denote  the  coordinates  of  P  by  x,  y,  z,  we  have 

du 


f-=r 

J.'  ftV     J. 


where  v,  the  lower  limit  of  the  integral,  is  given  by  the  equation 


Hence  if  7  be  the  potential  of  the  solid  ellipsoid  at  P,  we  obtain 

{i          /•»  du  .  . 

pfldi}  I       /  • 

If  q  be  the  greatest  root  of  the  equation 

#2  yi  jfl 

tf~+~q  +  b*Tq  +  *Tq  =  *' 

when  TJ  =  1  we  have  v  =  q,  and  also  v  =  ao    when  TJ  =  0 ;  hence,  substituting 
for  r;  in  terms  of  v  in  (a),  we  get 

to          I        vl 

r=vabc 


4.  Find  the  potential  of  a  homogeneous  ellipsoid  at  an  external  point. 
If  the  ellipsoid  be  homogeneous,  p  is  constant,  and  integrating  by  parts  the 
expression  for  V  given  by  equation  (a)  in  Ex.  3,  we  get 

'(  r 

M       / 

(    J,  V/(«'  +  «)< 


V  =  rpabc 


+  irpabc 

Ja 


t 
V  («3 
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The  first  term  in  this  expression  for  F  vanishes  when  TJ  =  0,  and  when  7;  =  1 
it  becomes 


p du 


In  the  second  term 


J2 


and  as  hefore  v  =  q  when  ij  =  1,  and  0  =  00  when  17  =  0.    Hence  finally  we 
obtain 


ax*           yz 
1 5 75 
«z  +  v      bz  +  v 


dv 


5.  If  the  density  p  at  any  point  Q  of  an  ellipsoid  be  given  by  the  equation 


where  r  is  the  distance  of  Q  from  the  centre,  and  S  the  cpdirectional  semi- 
diameter  :  find  the  potential  of  the  ellipsoid  at  an  external  point. 
In  this  case,  in  Ex.  3,  we  have    p  =  .fiV',  and 


(l         .  ,    f00  du 

\    r;M  +  1fl 

Jo 


Integrating  by  parts,  as  in  Ex.  4,  we  obtain 

H4-2 

2-irKabc  f° 


~ 


q  \tf+v      bz  +  v      ?  +  v  y'  (a*  +  t>)  (4*  +  « 

6.  If  r  and  r'  denote  the  volumes  of  cones  having  the  centre  as  vertex  and 
resting  on  portions,  S  and  S',  of  the  surfaces  of  quadrics  of  the  same  family 
.whose  semi-axes  are  «,  Z>,  c,  and  a',  b',  c',  prove  that,  if  S  and  8'  be  composed  of 
corresponding  points, 

r        ale 
r'  ~~  a'b'c' 

When  the  point  x,  y,  z  comes  on  the  straight  line  joining  the  centre  to 
#1,  y\,  zi  the  point  x',  y',  z'  corresponding  to  x,  y,  z  comes  on  the  straight  line 
joining  the  centre  to  x'\,  y'l,  z'j,  corresponding  to  x\,  y\,  zi,  and  when  x,  y,  z 
comes  on  S,  the  corresponding  point  #',  y',  z1  comes  on  *S".  Hence  r  =  §dxdydz, 
and  r'  =  $dx'dy'dz',  where  x',  y',  z'  is  always  the  point  corresponding  to  x,  y,  a, 
and  therefore 

F        abc 
f'  ~  a'b'c'  ' 
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7.  If  p  and  jf  be  the  central  perpendiculars  on  quadric  surface  elements 
aS  and  dS"  composed  of  corresponding  points,  prove  that 

pdS        abe 


where  a,  bt  e  and  a',  V,  c'  are  the  semi-axes  of  the  quadrics. 

8.  If  V  and  V  be  the  potentials  of  two  doubly  confocal  hyperboloidal 
homoeoids  of  the  same  family  whose  semi-axes  are  a,  b,  c  and  of,  V,  tf,  and 
whose  volume  densities  are  p  and  p',  and  if  P  and  P'  be  corresponding  points  on 
their  boundaries,  show  that  Vp>  :  V'p  :  :  pabc  :  p'a'b'e'. 

This  is  proved  in  the  same  manner  as  the  corresponding  theorem  for  ellip- 
soidal homoeoids,  Art.  89. 


9.  Showthatforanyconfocalhomceoidsofthesame  family  Vp>:  Vp::tbc:  e'iV, 
where  «  and  €f  are  the  surface  densities  at  the  extremity  of  the  first  principal 
axis  on  each  homceoid. 

In  the  proportion  in  the  preceding  Example,  we  may  substitute  5a  and  8a' 
for  a  and  a,  but  t  =  pSa,  and  e'  =  p'Sa'  ;  and  if  5a  be  altered,  c  and  the  potential 
of  the  homceoid  are  altered  in  the  same  ratio, 

10.  An  insulated  ellipsoidal  conductor  is  charged  with  electricity  ;  find  the 
total  charge  on  the  portion  of  the  ellipsoid  cut  off  by  a  plane  perpendicular  to 
one  of  the  axes. 

Let  the  equation  of  the  plane  be  z=/,  and  let  Q  be  the  charge  required. 
The  surface  density  a  at  any  point  x,  y,  z  on  the  ellipsoid  is  given  by  the  equa- 

flfl 

tion  <r  =  —  where  e  is  the  density  at  the  extremity  of  the  axis  major,  andp  the 

central  perpendicular  on  the  tangent  plane  at  x,  y,  z  ;  if  y  be  the  angle  which  this 
perpendicular  makes  with  the  axis  of  z,  we  have 

Q  =  [  <rdS=  -  [  -2—  dS  cos  7  =  -  f  -  dxdy. 
}  a  J  cos  7  a  J  z 

If  we  assume,  as  is  allowable, 

x  =  a  sin  0  cos  <p,         y  =  b  sin  Q  sin  (p,         z  =  c  cos  9, 
we  get  dxdy  =  ab  sin  Q  cos  0  d6d<p  ;  whence  we  obtain 


Q  =  tbc  //sin  0  dOd<p  =  Zvebc  ( 1  -  -  J 


1 1 .  Mass  is  distributed  on  the  surface  of  a  hyperboloid  of  two  sheets  so  as 
to  form  a  homceoid  ;  find  the  total  quantity  of  mass  on  the  portion  of  one  sheet 
cut  off  by  a  plane  perpendicular  to  the  first  principal  axis. 

If /be  the  distance  of  this  plane  from  the  centre,  the  required  quantity  Q 

can  be  found  by  a  method  similar  to  that 
in  Ex.  10.     In  the  present  case  we  may 


x  =  a  cosh  0,     y  =  b  sinh  0  cos  <f>, 

z  =  e  sinh  0  sin  <f>, 


then  we  obtain  Q  =  Zictbc  (  -  -  1 J 
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Here  the  equation  of  the  hyperboloid  referred  to  its  centre  and  axes  is 
supposed  to  be 

—  -  y—  -  zZ  -  i 
a?  ~  42  ~  &  ~    ' 

12.  Find  the  total  mass  on  the  portion  of  a  hyperboloidal  homceoid  of  one 
sheet  intercepted  between  the  plane  of  xy  and  a  parallel  plane. 

Here  if  x,  y,  z  be  the  coordinates  of  a  point  on  the  surface,  we  may 
assume  .  . 

x  =  a  cosh  0  cos  <£,       y  =  b  cosh  0  sin  <p,       z  =  c  sinh  6,        V  ----  •  —  >/ 
and  we  find  \  ----  7 

Q  =  Zirebc  £  =  Zirebf, 
c 

where  /is  the  distance  of  the  given  plane  from  the  centre, 
and  the  equation  of  the  hyperboloid  is 


It  is  to  be  observed  that  the  total  mass  of  the  entire  homceoid  is  infinite  for 
the  hyperboloid  of  one  sheet,  and  for  each  sheet  of  the  hyperboloid  of  two  sheets. 
In  the  case  of  the  hyperboloid  of  two  sheets,  if  one  of  these  sheets  be  composed 
of  positive  mass  and  the  other  of  negative,  the  total  mass  is  zero. 

13.  If  one  sheet  of  a  hyperboloidal  bomoeoid  of  two  sheets  be  composed  of 
positive  mass  and  the  other  of  negative,  show  that  the  potential  of  the  homceoid 
at  its  centre  is  zero. 

14.  Show    that    a    hyperboloidal 
homceoid  of  two  sheets,  one  positive, 
the  other  negative,  exercises  no  attrac- 
tion at  points  on  the  sides  of  the  two 
sheets  remote  from  the  centre. 

This  is  proved  by  a  method  similar 
to  that  employed  in  Art.  18. 

15.  If  the  equipotential  surfaces  of  a  field  of  force  be  confocal  quadrics  of 
the  same  family,  prove  that  corresponding  points  lie  on  the  same  line  of  force. 

If  a,  a,  a"  be  the  primary  semiaxes  of  the  three  confocals  passing  through 
the  point  x,  y,  z,  by  a  well-known  theorem,  Salmon,  "  Geometry  of  Three 
Dimensions,"  Art.  160, 


whence  if  «'  and  a"  remain  unaltered  -  is  constant,  and  similar  results  hold  good 

a 

for  y  and  z.  Hence,  corresponding  points  on  ellipsoids  confocal  with  a  lie  on 
the  intersection  of  the  quadrics  a'  and  a"  ,  which  is  perpendicular  to  the  ellip- 
soids, and  is  therefore  a  line  of  force  when  the  ellipsoids  are  equipotentials. 
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A  similar  result  is  obtained  in  like  manner  when  the  equipotential  surfaces 
are  byperboloids  of  either  family. 

16.  Prove  that  an  ellipsoidal  homcuoid  exercises  equal  attractions  on  corre- 
sponding elements  of  the  surfaces  of  conf ocal  ellipsoids  whose  surface  densities 
are  equal. 

These  elements  are  orthogonal  sections  of  the  same  tube  of  force,  and  there- 
fore ffRdS  =  aR'dS'j  where  dS  and  dS'  are  the  corresponding  elements,  whose 
density  is  a,  and  R  and  R'  the  resultant  forces  acting  at  them. 

91.  Uniplanar  Force  varying  inversely  as  the 
Distance. — The  theory  of  con  focal  homceoids  and  corre- 
sponding points  which  has  been  developed  in  the  preceding 
Articles  for  a  three  dimensional  distribution  of  mass  can  be 
established  in  like  manner  for  a  distribution  of  uniplanar 
mass  acting  with  a  force  varying  inversely  as  the  distance. 


EXAMPLES. 

1  .  In  a  uniplanar  field  of  force  where  there  is  no  mass,  if  the  equipotential 
curves  be  confocal  ellipses,  find  the  potential  at  any  point  P. 

The  lines  of  force  in  this  case  are  hyperbolas  confocal  with  the  ellipses,  and 
the  tubes  of  force  (Ex.  15,  Art.  90)  intercept  corresponding  portions  on  the 
equipotential  curves  which  cut  them  orthogonally. 

Let  ds\  and  ds^  be  the  elements  of  the  equipotential  ellipses,  whose  semiaxes 
are  «i,  b\,  and  az,  62,  intercepted  by  a  tube  of  force,  Hi  and  Jt2  the  resultant 
forces  at  ds\  and  dsj,  and  p\  and  pi  the  central  perpendiculars  on  the  tangents  to 
these  elements,  then  if  V  be  the  potential,  we  have 


ldV\  (dV\ 

whence  -—  )    ds\  =  [  3-  I    dsz  ; 

\dp  1  1  \dp  I  z 

but  since  d*i  and  ds%  correspond,  as  in  Ex.  7,  Art.  90,  we  have 
p\ds\ 


a\  b\ 


.,       .  (dV\        a\  bi  pt  (dV\ 

and  therefore  —  I    =  —        -  (  —  )  . 

\dp  1  2      az  o2  pi   \dp  I  \ 

Taking  the  intersection  of  either  ellipse  with  its  axis  major  as  one  of  the 
corresponding  points,  we  get 


da     ,~«2     da 
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If  we  now  suppose  a\  to  remain  constant  and  az  to  vary,  we  obtain 

V=h(d-f-\    [£+  constant. 
\da  ]  i  J   b2 

If  20  be  the  focal  interval  of  one  of  the  ellipses  of  the  system,  we  have 
#2"  =  V(«22  —  c2),  and  putting  a%=  c  cosh  77,  we  get  V=  iij  +/,  where  i  and  j 
are  constants,  and  c  cosh  TJ  is  the  semiaxis  major  of  the  ellipse  of  the  confocal 
system  passing  through  P. 

2.  If  the  equipotential  curves  he  confocal  hyperbolas,  find  the  potential  at 
any  point  P  in  the  field. 

If  a'  be  the  primary  semiaxis  of  a  hyperbola  of  the  system,  proceeding  as  in 
the  last  example,  we  get 


where  i  and./  are  constants. 

^  If  we  put  a'  =  c  cos  f,  we  have,  therefore,  F=  »{  +  /,  where  c  cos  {  is  the 
primary  semiaxis  of  the  hyperbola  of  the  confocal  system  passing  through  P. 

92.  Poisson's  Equation   in  Elliptic  Coordinates. 

—  Let  A,  (JL,  v  denote  the  primary  semiaxes  of  the  ellipsoid, 
the  hyperboloid  of  one  sheet,  and  the  hyperboloid  of  two 
sheets  passing  through  any  common  point  and  belonging  to 
a  given  confocal  system. 

These  surfaces  cut  at  right  angles,  so  that  the  line  of 
intersection  of  two  surfaces  cuts  all  surfaces  of  the  remaining 
family  perpendicularly.  Let  s1}  s2,  and  s3  denote  the  arcs  of 
these  curves  of  intersection  which  are  perpendicular  to  the 
ellipsoid,  the  hyperboloid  of  one  sheet,  and  the  hyperboloid 
of  two  sheets  respectively,  and  let  a,  /3,  y  be  defined  by  the 
equations 


=  f 
~J 


kd\ 


*v/(A2-A2)(A2-A')' 


where  h?  =  az  -  b2,  F  =  a?  -  c2,  the  semiaxes  of  an  ellipsoid 
of  the  confocal  system  being  denoted  by  a,  b,  c. 

It  was  shown,  Art.  75,  Ex.  2,  that,  if  p  be  the  central 
perpendicular  on   a  tangent  plane  to   an   ellipsoid   whose 
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primary  semiaxis  is  A,  and  p  +  dp  that  on  the  parallel 
tangent  plane  to  the  consecutive  confocal,  pdp  =  ArfA,  also 
(Salmon,  "  Geometry  of  Three  Dimensions,"  Art.  165) 

P, 


where  PI  denotes  the  product  of  the  semiaxes  of  the  ellipsoid, 
and  DI  and  D3  are  the  semiaxes  of  the  central  section  perpen- 
dicular to  p,  whose  values  are  given  by  the  equations 


If  dsl  be  the  element  of  the  arc  Sj  intercepted  between 
two  consecutive  confocal  ellipsoids, 


tt#l  =  up  =    —  =j  —    CtA 
"  \ 

d          k' 

k 

d 

ds\      DZ  DZ 
in  like  manner, 

//.«_  —  —      —  d  ft.      n.nrl 

da' 
//.«..  -  .   1    : 

where  D*  =  /j?  -  v2  ;  and  therefore 

D  *D  2 


~  da  rf/3  dy  . 


Kr 

If  we  now  consider  the  volume  comprised  between 
three  confocals  passing  through  a  point,  and  three  others 
meeting  at  another  point,  as  in  the  case  of  polar  coordi- 
nates considered  in  Art.  48,  we  have 


V2  V&i  as2  ds3  =     —  ds2ds3  +      — 


3 
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Expressing  this  equation  in  terms  of  the  variables  a,  /3,  7, 
we  get 


rr   k    dVD?DiDijaj 

TTT7  -J  ---  ^  -  «p«7  -r  &C. 
JJ  A  A  rfa         F 


A 


since  A  is  independent  of  a,  A  of  /3,  and  Z>3  of  7.     Hence, 
we  have 


Poisson's  equation  becomes  then 

^dzV         A2  A2  A2 

A      +47r/>~ 


and  Laplaces's  equation  assumes  the  form 

0.  (20) 


da 


93.  Determination  of  the  Potential  when  the 
Cquipotential  Surfaces  are  Confocal  tttuadrics.  — 

If  a  field  of  force,  where  there  is  no  mass,  be  such  that  the 
equipotential  surfaces  are  confocal  quadrics  of  the  same 
family,  equation  (20)  enables  us  to  determine  the  form  of  the 
potential  throughout  the  field. 

If  the  equipotentials  be  ellipsoids,  since  at  all  points  of 
the  field  V  is  constant  when  a  is  constant,  V  must  be  inde- 
pendent of  /3  and  7  ;  and  therefore  by  (20),  we  have 


da2 

whence   V  =  ia  +j,  where  i  and/  are  constants, 
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A  similar  result  holds  good  when  the  equipotentials  are 
hyperboloids  of  one  sheet  or  of  two  sheets. 

94.  Confocal  Ellipsoids.  —  If  two  confocal  ellipsoids, 
EI  and  E3,  be  at  constant  potentials,  Av  and  A?,  the  inter- 
vening space  being  unoccupied,  and  if  F  be  a  function  of  the 
coordinates  which,  throughout  this  space,  is  equal  to  ia  +  j, 
then  F  satisfies  Laplace's  equation  throughout  the  field,  and 
if  F  be  equal  to  A  i  at  Eit  and  equal  to  A2  at  E«,  by  Art.  70 
F  must  be  the  potential. 

If  ai  and  a2  be  the  values  of  a  for  the  surfaces  EI  and  Ett 
we  have 

.         •**-\  ~~  -&2  •        A-1&2    ~~  -"jOl 


Oi  —  er»  a2  —  ai 

whence 

F.I  M    —  A^ai      AI  —  A2 
=  ---    a. 
0,2  ~  tti  0,2  ~  t*i 

If  the  ellipsoids  are  the  surfaces  of  conductors  in  a  state 
of  electric  equilibrium,  the  density  <TI  at  any  point  Q  of  the 
inner  surface  E±  is,  Art.  46,  given  by  the  equation 

dV          k     dV     Ai-Ai   kPl 

47T<Ti  =  -   -7—  =  -  -f^fT    -j-  =  ~  -£—,  (22) 

asi          D2D3  da         o2  -  a 


where  flift^i  are  the  semi-axes  of  EI,  and  j^!  is  the  central 
perpendicular  on  the  tangent  plane  at  Q. 
In  like  manner 

.  AI  —  Az  kp-i  /oo\ 

47T(T2  =   -  --,  (23) 

az  —  01 


where  ^  is  the  density  at  any  point  of  the  surface  E2. 

The  distributions  on  Et  and  E2  are  therefore  homceoids 
whose  masses  are  equal  in  magnitude  but  opposite  in  algebraic 
sign. 

If  we  suppose  Ez  to  be  at  an  infinite  distance  and  the 
potential  at  its  surface  to  be  zero,  we  have  the  case  of  a 
charged  insulated  ellipsoidal  conductor  placed  in  an  infinite 
field. 
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It  is  easy  to  see  that  the  results  which  have  been  obtained 
for  ellipsoidal  conductors  can  without  difficulty  be  arrived 
at  without  the  use  of  elliptic  coordinates.  This  will  be  shown 
in  the  Examples. 

95.  Hyperfooloids  of  One  Sheet.  —  When  the  equi- 
potential  surfaces  throughout  a  field  in  which  there  is  no 
mass  are  hyperboloids  of  one  sheet  the  potential  V  at  any 
point  of  the  field  is  given  by  the  equation  V  =  «/3  +  /. 

If  the  potential  have  given  values  B^  and  Bz  at  the  sur- 
faces HI  and  Hz  at  which  the  values  of  j3  are  /3i  and  /32,  then 
for  the  space  which  lies  between  Hl  and  Hz,  we  have 

r.MzM_AzA3  (24) 

&  -P.       fr-/3,p' 

If  corresponding  portions  of  two  confocal  hyperboloids 
of  one  sheet,  HI  and  H2,  are  the  opposite  surfaces  of  conduc- 
tors in  electric  equilibrium,  and  if  the  remaining  boundaries 
of  the  field  are  the  portions  of  a  confocal  ellipsoid  intercepted 
between  the  hyperboloids,  the  resultant  force  at  the  ellipsoidal 
boundary  being  everywhere  tangential  to  that  surface,  the 
potential  at  any  point  of  the  field  must  be  of  the  form  t/3  +/, 
as  there  can  be  only  one  acyclic  function  of  the  coordinates 
which  satisfies  Laplace's  Equation  throughout  the  field  as 
well  as  the  given  boundary  conditions.  If  the  ellipsoidal 
boundary  of  the  field  be  at  an  infinite  distance  the  opposite 
boundaries  of  the  conductors  are  complete  hyperboloids  of 
one  sheet. 

When  two  such  conductors  are  in  electric  equilibrium  and 
all  the  lines  of  force  emanating  from  one  terminate  on  the 
other,  no  lines  of  force  can  meet  the  boundary  at  infinity 
except  tangentially,  and  we  may  conclude,  therefore,  that  the 
potential  at  any  point  between  the  conductors  HI  and  Hz  is 
of  the  form  ifi+j. 

If  the  equation  of  the  surface  HI  be  written  in  the  form 


Ox1      b?      Cl* 

the  surface  density  tri  at  any  point  Q  of  HI  is  given  by  the 
the  equation 

Br-Bz   kpl 

47T(Ti  =  -~  -  ja  --  T-,  (25) 

- 
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where  pi  is  the  central  perpendicular  on  the  tangent  plane 
at  Q.  For  <rz  the  surface  density  at  any  point  of  Ht  we  have, 
in  like  manner, 

/n  „ 
(26) 


Hence  the  distributions  on  HI  and  H*  form  hyperboloidal 
homceoids,  and  by  Ex.  7,  Art.  90,  the  mass  on  any  portion 
of  the  surface  Hi  is  equal  in  amount,  and  opposite  in  alge- 
braical sign,  to  that  on  the  corresponding  portion  of  H*. 

96.  llyperboloids  of  Two  Sheets.  —  Results  similar 
to  those  which  have  been  arrived  at  for  hyperboloids  of  one 
sheet  hold  good  also  for  hyperboloids  of  two  sheets. 

In  this  case  the  surfaces  bounding  the  field  may  be  either 
the  two  sheets  of  the  same  hyperboloid  or  sheets  of  two 
different  hyperboloids. 

In  the  former  case,  we  must  suppose  7  =  71  at  one  sur- 
face, and  7  =  -  71  at  the  other. 

In  general,  if  ^  and  7,  be  the  values  of  7,  and  d  and  C, 
those  of  the  potential  at  the  two  surfaces  bounding  the  field, 
the  potential  V  at  any  intervening  point  is  given  by  the 
equation 

(27) 


72-71  72-71 

In  the  case  of  conductors  in  electric  equilibrium,  the 
surface  densities  are  given  by  equations  which  are  obtained 
by  putting  O  and  7  instead  of  B  and  j3  in  equations  (25) 
and  (26),  the  equations  of  the  surfaces  bounding  the  field 
being  written  in  the  form 

^_^_!l  =  i        i_^!_?!  =  i 

a?     bS     Cl*  aj     bj     cj 

It  will  be  shown  in  the  Examples  that  when  the  equi- 
potential  surfaces  of  a  field  of  force  are  hyperboloids,  the 
potential  can  be  obtained  without  the  use  of  elliptic  coordi- 
nates. If  the  hyperboloids  be  of  two  sheets  the  potential  can 
be  arrived  at  by  means  of  the  properties  of  homceoids  having 
two  sheets  such  that  the  surface  density  is  positive  at  each 
point  of  the  one,  and  negative  at  each  point  of  the  other. 

N 
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A  hyperboloidal  homceoid  having  two  sheets  of  which  one 
is  composed  of  positive  mass  and  the  other  of  negative,  the 
volume  density  irrespective  of  sign  being  uniform,  may  be 
called  a  contrafoliated  tico-sheeted  homceoid. 

97.  Determination  of  a,  /3,  7,  as  Elliptic  Functions. 
By  equations  (17),  Art.  92,  a,  ]3,  7  are  given  in  terms  of  A,  ju,  v. 
If  we  assume 


A  =  k  cosec  0,     ju  =  y/A;2  cos2  0  +  h*  sin2  0,     v  =  h  sin  ^,     h  = 
and    K2  +  K/2  =  1,  we  get  from  (17) 

-  MB  dO 


da  = 


v/(A»  -  A2  sin2  0)  ~    ~  v/(l  -  ic2  sin2  0)' 

-  kd<f>  d(f> 

</{k*-(k*-  A2)sin2^;   = 


-  A2  sin2          ^/l  -  ic2  sin 


When  X  =  &,  the  corresponding  value  of  61  is  -  ;  this  is  also  the 

«£ 

value  of  ^  when  ju  =  h  ;  and  i//  =  0  when  v  =  0  ;  hence  from 
(17)  we  have 

a  =  F(*)-F(*,0),  P  =  F(K')-F(K',<}>),    y  =  F(K,t).  (28) 

Also  X,  ju,  v  are  expressed  in  terms  of  6,  0,  i//  by  the 
equations 

A  =  k  cosec  0,     ju  =  A;A(K/,  0),     v  =  Asin^/.         (29) 


98.  Surfaces  of  Revolution.  —  In  a  confocal  system, 
if  h  is  zero,  k  remaining  finite,  the  ellipsoids  and  one-sheeted 
hyperboloids  of  the  system  become  surfaces  of  revolution,  the 
form  of  the  ellipsoids  being  oblate  or  planetary,  whilst  the 
hyperboloids  of  two  sheets  become  pairs  of  planes,  the  equa- 
tion of  any  pair  being 


2 =  o 

A»  -  v2 
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In  accordance  with  the  assumptions  of  Art.  97,  we  should 
then  have 


log 


1  +  tan 
1  -  tan 


Here,  however,  it  is  better  to  proceed  in  a  somewhat 
different  manner,  as  we  are  thus  enabled  to  find  equations 
which  are  useful  when  it  is  required  to  expand  the  potential 
in  a  series  of  spherical  harmonics. 

It  is  plain  that  in  this  case  we  may  assume  two  variables, 
ij  and  e,  such  that  the  semiaxes  of  a  generating  ellipse  of  the 
system  of  ellipsoids  are  denoted  by  k  cosh  ij  and  k  sinh  rj, 
and  the  real  semiaxes  of  a  confocal  hyperbola  by  k  sin  e 
and  k  cos  e ;  also  we  may  put  v  =  h  cos  Y_.  Thus,  when  the 
ellipsoids  of  the  system  are  oblate  surfaces  of  revolution,  we 
have 

X  =  k  cosh  ij,      fj.  =  k  sin  t,      v  =  h  cos  ^  =  0,         (30) 

then  the  equations  representing  the  quadrics  of  the  oonfocal 
system  become 


(31) 


From  the  first  two  of  these  equations  we  find  that 

tf  +  y2  =  &2  cosh2  TJ  sin2  e,        s2  =  k*  sinh*  n  cos2  e  ; 
hence,  by  the  aid  of  the  third,  we  obtain 
x  =  k  cosh  ?j  sin  e  cos  ^  "I 

y  =  k  cosh  ij  sin  e  sin  \  L  .  (32) 

a  =  k  sinh  ?j  cos  e 
Again,  from  (17)  we  have 

/QQ\ 


*  +  y 

1                           — 

k* 

cosh2  1 

I     sinh2  ij 

y?  +  V* 

s2 

y 

Z-2 

sin2  e 

cos2  e 

a? 

f 

ft 

cos2  Y 

sin2  Y 

N2 
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whence 

d  d        d  d       d         d 

—  =coshjj— ,     -73  =  sin  E—  ,     j-  =  -3-; 
da  dri      up  ME      ay         d\ 

and  as 

A2  =  k*  sin2  E,     A2  =  F  cosh2  j],    A2  =  k2  (cosh2 1,  -  sin2 E) , 
(20)  becomes 

{/  ^  \  2  f         d\z  d2 } 

sin2  £  [  cosh  n  —  )  +  cosh2  ?j  (  sin  E  —  )  +  (cosh2  r\  -  sin2  E)  — J  F 
\  wi/  V        «£y  »x  J 

\  */  \  /  /\,  * 

=  0.     (34) 

By  assuming    sinh  >j  =  £,    cos  E  =  ^,    this  equation  be- 
comes 

(35) 

When  h  =  k,  the  ellipsoids  of  the  conf  ocal  system  are  pro- 
late, and  we  may  assume 

A  =  k  cosh  ij = 7c£,  /u2  =  7c2  cos2  %  +  ^2 sin2  X»  v  =  ^  cos  €  ~  h%>  (^6) 

then  the  equations  representing  the  quadrics  of  the  confocal 
system  are 

•»•*  */2  -4-   S?2  1 


cosh2 17      sinh2  r? 


cos 


=  0 


X 


(37) 


cos2  E       sm2  E          j 
From  these  we  obtain 

x  =  k  cosh  ij  cos  E 

y  =  k  sinh  rj  sin  E  cos  ; 

z  =  k  sinh  n  sin  E  sin  i 


(38) 
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Also  from  (17)  we  have 

f     <*1         *        f*,,  I'    *   .           /oqx 

a  =       .  ,     ,     p  =  -      oV,  7  =  -      -  —  ;           (o9j 

Jo  smh  »j              J»   A>  J.r  sin  c 

I  » 

whence 

d       .  .      d        d          d       d         .       d 

—  =  sinh7j—  ,     -775  =-j-,    ;r  =  ~smET; 
aa  ai7       op         ay       ay  ae 

also, 

D?  =  #2  sin3  E,     A2  =  &2  (cosh2  n  -  cos2  e),     D3a  =  &  sinh2  1», 
and  therefore  (20)  becomes  in  this  case 

jsin*  c  (  sinh  TJ  —  ]  +  (cosh2  TJ  -  cos2  1)  -r-.  +sinh2rj  (  sin  £  —  )  |  V 
\  dr\  I  atf  \         at.)  ) 

=  0.     (40) 

In  terms  of  the  variables  Z,  and  $  this  equation  may  be 
written 


=  0.     (41) 

If  we  put  %  */-  1  for  ^  in  (41)  we  get  an  equation  in  £ 
and  £  whose  form  is  identical  with  that  of  (35). 

It  is  easy  to  express  in  terms  of  the  variables  £,  £,  \,  the 
components  of  the  force,  at  an  external  point,  due  to  a  solid 
ellipsoid  of  revolution. 

In  the  case  of  an  oblate  ellipsoid,  if  X,  F,  and  Z  denote 
the  components  required,  by  equations  (28),  Art.  24,  and 
Art.  84,  we  have 


(42) 


where  c'  is  the  least  axis  of  the  confocal  ellipsoid  passing 
through  the  point  x,  y,  z ;  but  c'  =  k%,  and 
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and,  therefore,  we  have 


r  = 

„     3Jf.l 


tan-      - 


tan,   . 


cos 


8n  x 


.    (43) 


For  a  prolate  ellipsoid  of  revolution,  we  have 
-  1),     a 


cos  x, 


sin  x, 


and  therefore,  from  equations  (29),  Art.  24,  we  obtain 


3Jf 
' 


•g+1 


sinx 


,  (44) 


EXAMPLES. 


1 .  Find  the  potential  due  to  two  conf ocal  ellipsoidal  homoeoids  at  a  point 
situated  between  them. 

If  «i,  ij,  c\,  «2,  ^2,  ^2,  be  the  semi-axes  of  the  inner  and  outer  homceoids, 
and  MI  and  JH2  their  masses,  by  Art.  18,  and  Ex.  3,  Art.  75,  we  have 


JOj 


r 

0=1 

Ji  ,/> 


V  = 


Again  if 


it  is  plain  that  V  is  of  the  form  ia  +  /,  where  i  and  j  are  constants.  If  the 
value  of  V  be  given  at  the  surface  of  each  homoeoid,  M\  and  M%  can  be  deter- 
mined. 
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When  the  boundaries  S\  and  Sj  of  the  field  are  the  surfaces  of  conductors  in 
equilibrium,  the  forcejimmediately  outside  Si  must  be  zero,  and  therefore,  in  this 
case,  Mi  =  —  Mi,  and  the  potential  is  zero  at  Si. 

If,  however,  there  be  another  homoeoidal  distribution  of  mass  on  an  ellip- 
soid enclosing  the  given  ellipsoids  Si  and  .v.,  this  distribution  and  the  value  of 
MI  can  be  determined  so  that  the  potential  shall  have  any  assigned  values  at  the 
surfaces  Si  and  Si. 

2.  If  Fand  V  be  the  potentials  of  two  confocal  contrafoliated  hyperboloidal 
honuroids  at  a  point  which  has  none  of  the  surfaces  of  the  homoeoids  between  it 
and  the  centre,  show  that  V  :  V  =  tbc :  t'b'c',  where  c  and  «'  denote  the  sur- 
face densities  at  the  extremities  of  the  primary  axes  of  the  homoeoids,  and  b,  e, 
and  b',  c'  their  secondary  semi-axes. 

This  is  an  immediate  consequence  of  Ex.  9  and  14,  Art.  90,  the  method  of 
proof  being  the  same  as  that  employed  in  Art  89. 

3.  Prove  that  the  equipotential  surfaces  of  a  contrafoliated  homoeoid  are  the 
sheets  of  confocal  hyperboloids. 

This  follows  from  Ex.  9  and  14,  Art.  90.  It  is  to  be  observed  that  the 
potential,  though  constant  for  each  sheet,  is  different  for  the  two  sheets  of  the 
same  hyperboloid. 

4.  Find  the  potential  of  a  contrafoliated  homoeoid  at  a  point  P  situated 
between  the  sheets. 

This  can  be  done  by  the  method  of  Ex.  3,  Art.  75,  or  by  that  of  Ex.  1, 
Art.  91.  In  the  present  case,  if  v  be  the  primary  semi-axis  of  a  hyperboloid 
confocal  with  the  homoeoid,  and  p  the  central  perpendicular  on  the  tangent 
plane,  p  increases  along  with  v.  Again,  the  field,  in  which  there  is  a  variation  of 
the  potential  due  to  a  distribution  of  mass  equivalent  to  the  homoeoid  on  a  con- 
focal  hyperboloid,  is  on  the  side  of  this  hyperboloid  which  is  next  the  centre. 
Hence,  if  a  be  the  density  of  this  distribution, 

—  =  4w<r ;    and    —  -  -  -  -  =  1 
dp  a2       b1      cz 

being  the  equation  of  the  surface  of  the  homoeoid,  we  obtain 

r=4^J"-       — ^ 

wJo   v  { (A2 -,,2)(/t2 -„-')}' 

since  the  potential  vanishes  at  the  centre  where  v  is  zero. 

In  using  this  formula  v  must  be  regarded  as  having  the  same  algebraical 
sign  as  the  coordinate  x  of  the  point  P.  The  sheet  for  which  v  is  positive  may 
be  called  the  positive  sheet,  and  e  denotes  the  surface  density  on  the  positive 
sheet  at  the  extremity  of  the  primary  axis.  At  the  positive  sheet,  and  at  all 
points  in  the  space  on  the  side  of  this  sheet  remote  from  the  centre, 


F=  Fi 

At  the  negative  sheet,  and  throughout  the  space  which  it  separates  from  the 
centre,     F=  -  V\. 

5.  Find  the  potential  due  to  two  contrafoliated  confocal  homoeoids  at  any 
point  P. 

Let  the  semi-axes  of  the  homoeoid  next  the  centre  be  ai,  b\,  c\,  and  those  of 
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the  other  «2,  bz,  cz,  then,  if  P  be  situated  between  the  two  positive  sheets, 

fai  dv  ("  dv 

---  +  4ire2i2<>2 
o  -A2  -  «/^  -  vz  J 


If  the  second  integral  in  this  equation  be  denoted  by  -,  the  potential  is  of  the 

K 

form  iy  +  j,  where  i  and  j  are  constants.     If  the  potentials  at  the  surfaces 
bounding  the  field  be  given,  ei  and  62  can  be  determined. 
If  P  have  no  homceoidal  surface  between  it  and  the  centre, 

M 

V  =  4ir  (eiiiCj  +  €2^2)  TJ 

K 

hence  for  this  position  of  P  a  potential  containing  a  constant  term  cannot  be  due 
solely  to  two  homceidal  distributions. 

When  P  lies  between  the  two  positive  sheets,  Si  and  82,  of  the  homceoids, 
if  they  be  the  surfaces  of  conductors  in  electric  equilibrium,  there  can  be  no  force 
in  the  vicinity  of  Si  on  the  side  next  the  centre,  and  therefore,  in  this  case, 

e\biCi  =  —  62^202,     an^-     V  ~  0  at  S\ ; 

hence,  if  the  potential  be  given  at  the  surface  of  each  of  two  confocal  hyperbo- 
loidal  conductors  in  electric  equilibrium,  it  cannot  be  due  solely  to  homoeoidal 
distributions  on  the  hyperboloids  to  which  these  surfaces  belong. 

6.  If  the  equipotential  surfaces  of  a  field  of  force  devoid  of  mass  be  confocal 
quadrics  of  the  same  family,  find  the  potential  at  any  point. 

This  problem  has  been  already  solved,  Art  93,  by  the  use  of  elliptic  coordi- 
nates, but  without  employing  this  method  the  form  of  the  potential  can  be 
deduced  from  the  properties  of  corresponding  points. 

If  we  suppose  the  equipotential  surfaces  to  be  hyperboloids  of  one  sheet, 
and  if  ft.  be  the  primary  semi-axis  of  one  of  them,  and  p  the  central  perpendi- 
cular on  a  tangent  plane  to  this  surface,  the  potential  V  is  a  function  of  p,  and 
dV  _dVdjj._pdV 
dp       d/j.  dp      fji  dfj. 

Also,  if  dS  and  dSi  be  corresponding  elements  of  the  surfaces  whose  semi-axes 
are  fj.  and  /j.\,  since  d S  and  dSi  are  orthogonal  sections  of  the  same  tube  of  force, 

dfdS  = 
dp 

Hence 


dVpdS_   /£F\ 
<*(*•    p-        W  /  1 


and  therefore,  by  Ex.  7,  Art.  90,  we  have 
d 


V  {  fcs  -  *»)(**  -M8)}' 
and 


\    f 

)  ,  j 


.  _ 

v  .  v/V  -  w  -  „•)   -          ===  + 

The  potential  is  therefore  of  the  form  i&  4  j,  where  i  and  j  are  constants,  and 
where 


r 
J 


h     </ ^2 - 
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99.  Confocal    Paraboloids.  —  If,  in  the  equation  of  a 
system  of  central  oonfocal  quadrios,  viz.  : 

f!     y2        a3    = 

a  +  s+    *'    ' 


we  substitute    x  +  a  -  \  for  x,    \  +  t  for  a,  h  +  t  f  or  A,  and 
A;  +  t  for  &,  we  get 


If  we  now  multiply  by  2t,  and  then  make  t  infinite,  we 
obtain  the  equation 


which  represents  a  system  of  confocal  paraboloids. 
If  x,  y,  s,  be  given,  A  is  determined  by  the  cubic 

4(A  -  x]  (\  -  h]  (\-k)-  if  (A  -  k)  -z*(\-h)=f  (A)  =  0.   (46) 

Here  /(A)  is  positive  when  A  =  +  oo  ,  negative  when  A  =  A;, 
positive  when  A  =  h,  and  negative  when  A  =  -  oo  .  Hence 
there  is  one  real  root  greater  than  k  which  may  be  called  A, 
one  between  k  and  h,  which  may  be  called  /u,  and  one  less 
than  h  which  may  be  called  v. 

The  whole  assemblage  of  confocal  surfaces  consists,  there- 
fore, of  two  systems  of  elliptic  paraboloids  turned  in  opposite 
directions,  and  of  one  system  of  hyperbolic  paraboloids. 

100.  Coordinates  in  terms  of  Parameters.  —  If  we 
put  2?»  =  y,  2%  =  3,  in  equation  (46),  whose  roots  are  A,  //,  v, 
we  obtain 


A/u  +  nv  +  i/A  =  x  (h  +  k)  +  hk  -  ij2  - 
=  hkx  -  kr?  -  Itf?  ; 
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from  which  we  get 

x  =  X  + 


v  -  h  -  k 


=  *»  = 


- A 


(47) 


Equations  (47)  determine  the  coordinates  of  a  point  in 
terms  of  the  distances  from  the  origin  of  the  vertices  of  the 
three  confocal  paraboloids  passing  through  the  point.  These 
distances,  A,  ft,  v,  may  be  called  the  parameters  of  the  para- 
boloids. They  vary  along  with  the  coordinates  of  the  point 
through  which  the  paraboloids  pass.  The  quantities  h  and  k 
are  the  parameters  of  the  whole  system,  and  are  constants. 

101.  Laplace's  Equation  in  Parabolic  Coordi- 
nates.— In  the  expressions  for  dslt  ds2,  ds3  given  in  Art.  92, 
if  we  put  t  +  X,  t  +  ju,  t  +  v,  t  +  h,  and  t  +  k  for  X,  ju,  v,  h,  and 
k,  respectively,  and  then  make  t  infinite,  we  get 


dv 


(48) 


Hence,  if  we  assume 


h 


7  = 


'-")(*-")}  J 


(49) 


(50) 
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we  have 

,    cfo,  =  DsAdp,     as^-DMy,        (51) 


where  Z>j  is  independent  of  a,  Dz  of  /3,  and  D3  of  7. 
Hence,  again,  proceeding  as  in  Art  92,  we  get 


(A-, 

+  (A  -M) 5^,1,      (52) 

and  Laplace's  Equation  becomes 


,  ,-ON 

.^)  —  . 


102.  Field  of  Force.  —  If  the  equipotential  surfaces  of 
a  field  of  force,  devoid  of  mass,  be  confocal  paraboloids  of 
the  same  family,  V  must  be  a  function  of  one  of  the  para- 
meters a,  )3,  7.  If  it  be  a  function  of  a,  we  have  then,  as  in 
Art.  93,  V  =  ia  +/,  and  a  similar  result  holds  good  if  F"be 
a  function  of  /3  or  of  y. 

It  is  now  easy,  as  in  Arts.  94,  95,  96,  to  obtain  the  poten- 
tial at  any  point  in  a  field  of  force  when  the  equipotential 
surfaces  are  paraboloids,  if  the  potentials  of  the  surfaces 
bounding  the  field  be  given. 

When  the  paraboloids  bounding  the  field  belong  to  the 
family  whose  parameters  are  denoted  by  X,  and  are  the  surfaces 
of  conductors  in  equilibrium,  the  density  a  at  any  point  P  of 

dV 

the  boundary  is  proportional  to  —  ,  that  is,  to 

cfej 

1  dV 


dV. 

but  from  the  general  form  of  V  in  this  case  we  see  that  —  is 
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constant,  and  therefore  a  varies  as 


where  ju  and  v  are  the  parameters  of  the  confocals  passing 
through  P.  H2*:-iM*i 

The  element  dsl  is  the  normal  distance  between  the  sur- 
face whose  parameter  is  X  and  the  consecutive  conf ocal  surface 
whose  parameter  is  X  +  d\,  and  the  difference  of  the  coordi- 
nates of  the  two  extremities  of  ds±  is  dx,  where  dx  is  obtained 
from  equations  (47)  by  supposing  X  to  vary  and  /m  and  v  to 
remain  constant.  Again,  if  OTI  be  the  angle  which  the  normal 
at  P  to  the  surface  having  X  for  parameter  makes  with  the 
axis  of  x,  we  have  dx  =  dst  cos  CTJ.  Hence,  by  (48),  we  have 


cos 


_dx  _d\_    \f(\-h}(\-k} 

- 


whence  the  surface  density  <r  varies  as  cos  OTL 

It  appears,  therefore,  that  the  distribution  of  mass  on  the 
surface  is  equivalent  to  a  homogeneous  shell  comprised  between 
two  paraboloids  such  that  one  can  be  made  to  coincide  with 
the  other  by  a  displacement  of  translation  parallel  to  its  axis. 

Such  a  shell  may  be  termed  a  paraboloidal  homceoid. 

103.  Relation  between  Parameters.  —  From  equa- 
tions (49),  X,  [i,  v  can  be  determined  in  terms  of  a,  /3,  y. 

We  may  write  (49)  in  the  form 


f 

a  = 
J* 


d\ 


7  = 


dv 


(55) 


whence,  if  we  assume 

X  -  %(k  +  h)  =  ±(k  -  h]  cosh  6,     %(k  +  K)  -  n  =  ±(k  -  h)  cos  0, 
•^(k  +  h)  -  v  =  ^(k  -  K)  cosh  i//, 
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we  get     a  =  Bt     /3  -  <f>,     y  =  i//.     Hence,  we  have 
A  =  -P  +  h}  +  £(*  -  A)  cosh  a,  \ 


+  A)  -  $(k  -  A)  cos  /3, 
+  A)  -  £(&  -  A)  cosh  y 


(56) 


104.  Corresponding  Points.  —  Two  points  whose  co- 
ordinates are  x,  y,  z  and  #',  y',  z',  situated  on  confocal  para- 
boloids of  the  same  family  whose  parameters  are  X  and  X', 
correspond  when 


.(57) 

If  PI  and  P2  be  two  points  on  a  paraboloid,  and  P/i  and 
's  be  the  corresponding  points,  then  PiP^  =  PtP'i* 
For 


at  - 


-AN  I/A'-* 


_'  2 

i  f  A     A^         '  ' 

A 


_Ay-/c    X-A    x- 

+  4(X  -  \f)(x\  -  x,  +  X  -  X')  =  P'1P22. 

By  supposing  X  to  vary  in  equations  (47),  whilst  fi  and  v 
remain  constant,  it  appears  that  the  line  of  intersection  of 
the  surfaces  whose  parameters  are  p.  and  v  meets  confocal 
paraboloids  of  the  remaining  family  in  corresponding  points. 
J^  Hence,  when  the  equipotential  surfaces  of  a  field  of  force 
are  confocal  paraboloids  of  the  same  family,  corresponding 
points  lie  on  the  same  line  of  force. 

105.  Paraboloids  of  Revolution.  —  If  A  =  k,  the  two 
systems  of  elliptic  paraboloids  become  systems  of  paraboloids 
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of  revolution  turned  in  opposite  directions,  whilst  the  hyper- 
bolic paraboloids  become  planes  which  may  be  represented 
by  the  equation 

-7^ ^-  =  0.  (58) 

sin  0      cos  0 

In  this  case  p,  one  root  of  equation  (46),  is  equal  to*A. 
The  remaining  roots  X  and  v  are  determined  by  a  quadratic 
equation,  from  which  we  obtain 

X  +  v  =  h  +  x,     \v  =  hx  -  —- (59) 

Hence,  we  have 

vz  +  z* 
x  =  X  +  v  -  h,      '—£—  =  (X  -  h}(h  -  v}.  (60) 

The  assumptions  by  which  the  equations  were  obtained 
which  connect  X  and  v  with  a  and  j  are,  in  this  case,  not 
legitimate  ;  but  if  we  assume 

dv 


the  expressions  for  cfei  and  ds3  are  found  as  in  Art..  101,  and 
are  given  by  equations  (51)  when  in  those  equations  h  is 
substituted  for  ju .  Again  it  is  plain  that  here  ds2  =  ^/  (//  +  s2)  d<j>, 
and  therefore  by  (60),  we  have  dsz  =  2  v/(X  -h)(h-  v)\d$.  In 
this  case,  accordingly,  /*  in  equations  (52)  and  (53)  is  to  be 

replaced  by  h,  and  -^  by  -  —2  • 
wo        4  am 

From  equations  (61)  we  have 

X  —  h               ..       h  —  v 
a  =  log  — - — ,        y  =  log  ; 

h    '  h 

whence  X  =  h(l  +  ea],         v-A(l-ev).  (62) 

Since  X  -  h  and  X  are  the  distances  of  the  vertex  of  the 
paraboloid  whose  parameter  is  X  from  the  focus  and  from  the 
origin,  h  is  the  distance  of  the  focus  from  the  origin.  Hence, 
if  we  take  the  focus  as  origin,  from  equations  (58),  (60),  and 
(62),  we  obtain 

x  =  h(ea-ey),       if  =  4A2  ea  *  v  sin2  0,       z*  =  4h*  ea  +  v  cos2  0. 

(63) 
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Transforming  to  polar  coordinates  whose  meridians  intersect 
in  the  axis  of  x  we  get 


rcosfl 


-  en 


r  sin  0     _  a  +  v 
=2c  2 


If  we  solve  the  equations  connecting  e?-  and  ef  with 

r  cos  0 

— £— ,    we  get 

r(l  +  cos  0)  r(l  -  cos  0) 


r  sin  0 

— r —     and 
n 


<?•  = 


and  finally  we  obtain 


3 


cos 


r*  sin  -^ 


k  (64) 


where  $  is  measured  from  the  axis  of  z. 

The  figure  represents  a  section  of  two  paraboloids  of 
different  families,  0  being  the  origin,  and  F  the  focus ;  then 

OF=h,       OU=\,      OW=V. 


EXAMPLES. 

1.  If  a  thick  homogeneous  shell  be  comprised  between  two  coaxal  elliptic 
paraboloids,  such  that  one  can  be  made  to  coincide  with  the  other  by  a  displace- 
ment of  translation  parallel  to  their  axis,  prove  that  the  shell  exercises  no 
attraction  at  any  point  in  the  interior  space. 

y~     £2 
Let    x  +  \=  —  -I-  -be  the  equation  of  a  paraboloid,  then,  if  *',  y',  «', 

P      9 

*">  y">  *"  be  the  coordinates  of  two  points  P  and  Q  on  it,  we  have,  by  sub- 
traction, 
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Hence  if  x,  y,  z,  be  the  coordinates  of  M  the  middle  point  of  PQ,  and  if  PQ  be 
parallel  to  the  line  whose  equations  are 

x      y        z  2my      Inz 

-  =  —  =  -,     we  have      I  =  — =  +  —  . 
I      m       n  p          q 

Hence  the  locus  of  M  for  all  chords  parallel  to  a  fixed  line  is  a  plane  parallel  to 
the  axis,  and  this  locus  is  independent  of  A.  If  now  we  have  two  paraboloids 
whose  equations  differ  only  in  the  value  of  A,  and  a  chord  PQ  of  one  meet  the 
other  in  the  points  P'Qf,  since  the  middle  point  of  PQ  coincides  with  that  of 
PQ',  we  must  have  P  P  =  QQ'.  The  required  result  is  now  apparent  by  the 
method  of  Art.  18. 

A  shell  such  as  that  which  is  the  subject  of  the  present  Example  may  be 
called  a  thick  homceoid,  and  if  infinitely  thin,  simply  a  homceoid. 

2.  If  a  distribution  of  mass  on  the  surface  of  a  paraboloid  be  equivalent  to 
a  homceoid,  prove  that  the  density  at  any  point  varies  as  cos  "&,  where  OT  is  the 
angle  which  the  normal  at  the  point  makes  with  the  axis  of  the  paraboloid. 

3.  If  dS  and  dS'  be  corresponding  elements  of  confocal  paraboloids  of  the 
same  family  whose  parameters  are  A.  and  A',  and  if  a  and  a'  be  the  surface  den- 
sities at  dS  and  dS'  of  homceoidal  distributions  of  mass,  prove  that 

ffdS :  o-'dS'  =  €  */(\-h)(K-k)  :  e'  </(\'  -  A) (A'  -~k], 
where  e  and  e  are  the  surface  densities  at  the  vertices  of  the  paraboloids. 
Since  a  varies  as  cos  ^,      we  have      a  =  e  cos  w,    and  therefore, 

ffdS  =  fdS  cos  "&  =  e  dydz. 
Hence,  by  (57),  Art.  104,  we  obtain  the  required  result. 

4.  If  Fand  V  be  the  potentials  of  two  confocal  paraboloidal  homceoids  of 
the  same  family  whose  parameters  are  A  and  A',  and  vertex  surface  densities 
e  and  e',  and  if  P  and  P'  be  corresponding  points  on  these  homoeoids,  prove 
that 

VP>  :  VP  : :  e  </(A  -  A j(X  -  *)  :  *'  */  ( A'  -  h) (A'  -  k}. 
This  follows  from  the  last  Example  by  means  of  Art  104. 

5.  If  V  and  V  be  the  potentials  at  any  external  point  of  two  confocal 
elliptic  paraboloidal  homceoids  of  the  same  family  whose  parameters  are  A  and  A', 
prove  that 

V  :  V  =  f/(\-h)(K-k)  :  e'  V/(A'  -  A) (A'  -  k). 

where  e  and  «'  are  the  surface  densities  at  the  vertices. 
..     This  follows  from  Examples  1  and  4. 

6.  Show  that  the  equipotential  surfaces  of  an  elliptic  paraboloidal  homoeoid 
are  confocal  paraboloids  of  the  same  family. 

7.  Find  the  potential  of  an  elliptic  paraboloidal  homceoid  at  any  external 
point. 

If  ds  be  the  element  of  a  line  of  force  at  the  surface  S  of  a  confocal  para- 
boloid whose  parameter  is  A,  we  have 

dV  -  —  — 
ds  ~  d\  ds' 
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but  at  the  vertex  d\  =  dt,  and,  therefore, 

dV 
dt=-*Wt> 

where  t  denotes  the  vertex  surface  density  of  a  distribution  of  mass  on  5  equi- 
valent to  the  homoeoid  ;  also,  if  Ai  and  ei  be  the  parameter  and  vertex  surface 
density  of  the  given  homoeoid, 

c  </(\  -  A)(A  -  k)  =  «i  </(AI  -  A)(*i  -T). 
Hence 

F=  constant  -  4*ei  v/(A>  -  A)(x,  -  *)  }  ^====- 

The  constant  in  this  equation  has  an  infinite  value,  as  appears  most  readily 
by  considering  a  homceoid  of  revolution  and  the  value  of  the  potential  at  its 
focus,  which  is  the  same  as  that  at  its  surface. 

8.  Find  the  potential  due  to  two  confocal  elliptic  paraboloidal  homocoids  of 
the  same  family  at  any  point  between  them  when 


where  «i  and  ej  are  the  surface  densities  at  the  vertices,  and  AI  and  A2  the 
parameters  of  the  paraboloids. 

In  this  case  the  potential  is  zero,  at  the  outer  paraboloid,  and  at  any  point 
between  the  surfaces,  we  have 

d\ 


f 

-*) 


A  \/(\-h)(\-k) 

9.  If  the  equipotential  surfaces  of  a  field  of  force  devoid  of  mass  be  con- 
focal  paraboloids  of  the  same  family,  find  the  potential  at  any  point. 

If  V  be  the  potential  at  any  point  P  of  the  field,  dS  the  element  of  the 
equipotential  surface  passing  through  P  whose  parameter  is  /*,  and  dS\  the  corre- 
sponding element  of  any  other  equipotential  surface  whose  parameter  is  /ui,  and 
if  ds  and  ds\  denote  the  elements  of  lines  of  force  perpendicular  to  dS  and  dS\ 
and  making  angles  57  and  zs\  with  the  paraboloidal  axis ;  then,  by  (47),  Art. 
100,  and  (3),  Art.  28,  we  have 


dV  ,          dV  ,,  dVdnJt      dV  Jt       ldV\  ldV\ 

—  dydz  =  —   dS  cos  ^  =  -     -  dS  =  —  dS  =  [  -    } ,  dSi  =  (  —  ) ,  dy\dz\. 

dp  dfi  dp.  ds  ds  \ds  / l  \rf/t  /  * 

Hence,  by  (57),  Art.  104,  we  have 


If 


-  *)(*  -  M) 

the  potential  Fis  therefore  of  the  form  »0  +j,  where »  and/  are  constants. 

O 
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10.  If  the  equipotential  surfaces  of  a  field  of  force  be  paraboloids  of  revolu- 
tion, show  that  the  force  component  at  any  point  P  in  the  direction  joining  P 
to  the  focus  F  varies  inversely  as  PF. 

This  follows  from  the  expression  for  the  potential,  since 

(\  -  h)  sec2  TO  =  PF=  \  -  v. 

1 1 .  If  the  boundaries  of  the  field  in  the  last  Example  be  the  surfaces  of 
conductors  in  electric  equilibrium,  show  that  the  density  of  the  distribution  of 
mass  on  one  of  these  surfaces  varies  inversely  as  the  focal  perpendicular  on  the 
tangent  plane. 


106.  Uniplanar  Distribution.  —  Results  analogous  to 
those  obtained  in  Arts.  99-105  hold  good  for  a  uniplanar 
distribution  of  mass  acting  inversely  as  the  distance. 

The  equation 

4(*  ~  X)  +        ~  =  °  (65) 


represents  a  system  of  confocal  parabolas  containing  two 
families  such  that  the  curves  belonging  to  the  one  and 
those  belonging  to  the  other  are  turned  in  opposite  direc- 
tions. 

In  fact  if  x  and  y  be  given  in  (65),  the  quadratic  equation 
for  determining  A  has  two  roots,  one  between  +  oo  and  h 
which  may  be  called  A,  and  one  between  h  and  -  oo  which 
may  be  called  ju.  Then  we  have 

x  =  \  +  n-h,      y*  =  4(A  -  K)(h  -  /*).         (66) 

Corresponding  points  whose  coordinates  are  x,  y,  and  x'  y\ 
on  confocal  parabolas  of  the  same  family,  whose  parameters 
are  A  and  A',  are  defined  by  the  equations 

=  —  -ll-=  •  (67) 


-  h     v/A'  -  h 

If  ds  and  dt  denote  the  elements  of  the  curves  whose  para- 
meters are  A  and  /m  at  the  point  x,  y,  since  these  curves  cut 
orthogonally,  by  (66)  we  have 

d\      dx 
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where  &  is  the  angle  which  the  normal  to  ds  makes  with  the 
axis  of  the  paraholas. 

If  the  equipotential  curves  of  a  field  of  force  devoid  of 
mass  be  confocal  parabolas,  and  we  denote  by  X  the  parameter 
of  the  parabola  passing  through  the  point  x,  y,  we  have 

dV  ,      dV  ,  dV  ,       fdV\  (dV\ 

=  -  d*  =       *'  - 


C08  , 

when  y  and  y^  are  the  coordinates  of  corresponding  points  on 
the  parabolas  whose  parameters  are  X  and  X,. 
Hence 


(68) 
If  we  assume 


V  is  of  the  form  ia  +  j  ,  where  i  andy  are  constants. 

If  the  parameter  of  an  equipotential  curve  be  fi,  it  can  be 
shown  in  like  manner  that  the  potential  V  is  of  the  form 
»/3  +j,  where 

(70) 


The  parameters  X  and  ILL  are  expressed  in  terms  of  the 
parameters  a  and  /3  by  the  equations 

X  =  /*(!  +  a2),       n  =  h(l-p).  (71) 

If  we  transform  to  the  focus  as  origin  the  coordinates  of  the 
point  P  of  intersection  of  the  parabolas  whose  parameters  are 
X  and  fji,  we  obtain 

x  =  X  +  n  -  2h  =  h  (a-  -  |3a),        y2  =  4AV/32. 

Hence,  if  the  distance  of  P  from  the  focus  be  denoted  by  r, 
and  the  angle  it  makes  with  the  axis  of  the  parabolas  by  0, 
we  get  h  (a2  +  /32)  =  r,  and  we  find 

cos  *0,          p  =  ^  J  sin  *0.  (72) 

02 
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From  (72)  we  have 


a  +  /3  -/^l  =  A'4  (x  +  y  )i.  (73) 

Hence  a  and  )3  are  conjugate  functions  of  x  and  y.  (See 
Art.  53). 

When  the  equipotential  curves  due  to  a  uniplanar  dis- 
tribution of  mass  are  central  confocal  conies  of  the  same 
family,  we  may  employ  the  method  of  Ex.  2,  Art.  53. 

It  is  easy  to  see  otherwise,  as  in  Art.  92,  that 


where  ds  and  dt  are  the  arc  elements  of  the  ellipse  and 
hyperbola  which  pass  through  the  same  point,  and  whose 
major  axes  are  2X  and  2/*  respectively. 

Hence,  if  we  put  A  =  h  cosh  ?j,  ju  =  h  cos  £,  we  obtain 


ds  =  -  -/A2  -  fj.z  d£,      dt  .=  /A2  -  fiz  dn.       (75) 
From  these  equations  we  get 

d*V     d*V\ 
' 


In  the  case  of  confocal  parabolas  we  find,  as  in  Art.  101, 
that 


,7  IX~' 

ds  =  \- — 


dt  = 


(77) 


where  a  and  )3  are  given  by  equations  (69)  and  (70). 
From  (77)  we  obtain 

<PV    tV\  ..„ 
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CHAPTER  VI. 

ELECTRIC    IMAGES. 

107.  Conductor  put  to  Earth. — When  a  conductor  C 
in  connexion  with  the  ground  is  in  electric  equilibrium,  its 
potential  is  the  same  as  that  of  the  surface  of  the  earth.     If 
the  connexion  be  made  by  means  of  a  thin  wire,  and  if  the 
distance  of   C  from  the  earth's  surface  be  large  compared 
with  the  dimensions  and  mutual  distances  of  C  and  the  other 
conductors  in  the  vicinity,  the  potential  of  the  electricity 
distributed  on  the  entire  system  of  conductors  is  approximately 
zero  at  all  points  of  C.     Hence  we  may  assume  that  a  con- 
ductor in  connexion   with  the  ground,  when  in  a  state  of 
electric  equilibrium,  is  at  potential  zero. 

Such  a  conductor  is  said  to  be  put  to  earth. 

108.  Electrified   Point.— If  a  body  A  charged  with 
electricity  be  brought  into  the  presence  of  a  conductor  C 
which  is  put  to  earth,  the  potential  of  the  electric  mass  on  A 
is  not  zero  at  (?,  and  in  order  that  the  total  potential  at  G 
should  be  zero  there  must  be  a  separation  and  distribution 
of  electric  mass  on  (7,  such  that  the  potential  at  C  due  to  this 
distribution  along  with  that  on  A  is  zero.     This  distribution 
on  C  is  said  to  be  induced  by  A. 

If  A  be  a  conductor  the  distribution  induced  on  C  dis- 
turbs the  previously  existing  constancy  of  the  potential  at  A, 
and  the  problem  presented  for  solution  is  to  find  the  distribu- 
tion of  a  given  charge  on  A,  and  the  charge  and  distribution 
on  (7,  so  that  the  potential  due  to  the  two  distributions  shall 
be  constant  at  the  surface  of  A  and  zero  at  the  surface 
of  C. 

In  order  to  simplify  the  problem  we  may,  for  mathema- 
tical purposes,  suppose  the  body  A  to  shrink  to  a  point,  whilst 
the  electric  mass  which  it  contains  remains  finite.  This 
hypothesis  cannot  be  realized  in  nature,  but  is  analogous 
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to  the  hypothesis  in  Dynamics  of  the  existence  of  separate 
particles  of  finite  mass,  and  assists  in  the  solution  of  problems 
whose  conditions  may  exist  in  experience. 

If  we  attend  to  what  has  been  said  above  we  may  use  the 
expression  electrified  point  and  may  specify  the  electric  mass 
or  charge  there  concentrated. 

109.  Image  of  Electrified  Point. — If  a  conductor  C, 
put  to  earth,  be  in  the  presence  of  a  point  A,  at  which  a 
charge  e  of  electricity  is  concentrated,  this  charge  induces,  as 
we  have  seen,  a  certain  distribution  of  electricity  on  the  sur- 
face of  C.     If  this  surface  S  be  closed,  or  divide  space  into  two 
regions,  we  may  imagine  a  distribution  e'  of  mass  in  the  region 
@'  which  S  separates  from  A,  whose  potential  at  each  point 
of  S  is  the  same  as  that  of  the  actual  distribution  on  8. 
Then,  for  the  whole  of  the  region  @  on  the  same  side  of  S  as  A, 
the  potential  of  e'  is  the  same  as  that  of  the  distribution 
on£. 

Accordingly,  as  the  distribution  e'  is  a  hypothetical  dis- 
tribution of  mass  producing  the  same  effect  in  the  region 
containing  e  as  the  actual  modification  of  the  electric  condi- 
tion of  the  surface  S  produced  by  e,  the  distribution  e'  may  be 
called  the  image  ofe  in  the  surface  S. 

When  e'  is  concentrated  at  a  point  B,  this  point  may  be 
called  the  image  of  A  in  S,  and  we  have  the  definition :  Two 
points  A  and  B  on  opposite  sides  of  a  surface  S,  are  images 
of  each  other  in  that  surface  if  they  be  such  that  a  given 
charge  e  at  A,  and  a  corresponding  charge  e'  at  B,  produce  a 
potential  which  is  zero  at  each  point  of  S. 

A  surface  S  in  which  the  image  of  a  point  A  is  another 
point  B  must  be  either  a  plane  or  a  sphere ;  for,  if  r  and  r  be 
the  distances  of  any  point  P  on  S  from  A  and  B,  since  the 

e      e' 

potential  at  P  is  zero,  we  have  -  +  —  =  0,  which  is  the  equa- 
tion of  a  plane  or  of  a  sphere  according  as  e'  =  -  e  or  other- 
wise, except  e'  and  e  have  the  same  algebraical  sign,  in 
which  case  S  is  altogether  at  an  infinite  distance  from  A 
and  B. 

110.  Image  of  Point  in  Sphere. — If  B  be  the  image 
of  A  in  the  sphere  S  whose  centre  is  (7,  the  resultant  force 
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due  to  e  at  A  and  to  /  at  B  must  be  along  the  normal  at 

every   point  of  S,  but   at  the 
point  D  in  which  CA  meets  8, 
the  force  due  to  e  is  normal ;  so 
—    also,  therefore,  is  that  due  to 
e',  and  consequently  B  must  lie 
in  the  line  CA.     Again,  if  AC 
produced  meet  S  in  D',  we  have 
e'  e          e' 


A1S 

whence  D'D  is  cut  harmonically  in  B  and  A,  and  therefore 
CA.CB  =  CD2.  Accordingly,  B  is  a  point  in  CA  determined 
by  this  equation  if  A  and  B  be  images  of  each  other  in  S. 
Let  P  be  any  point  of  the  sphere  S,  and  let  CA  =/, 
CB  =/',  CP  =  a  ;  then,  from  the  similar  triangles  ACP  and 
PCB,  we  have  AP  :  BP  =f:  a.  Hence,  if  we  assume 

,         ea  ,     .  e         e' 

e  =  -  —,        we  obtain         —rp  +  -gp  =  0, 

and  B  is  the  image  of  A,  and  the  charge  e  at  B  is  given  by 
the  equation 

/  =  _f^-_e    !•£-.  (i\ 

f  ~       •v  f 

111.  Induced  Distribution  on  Sphere. — The  distri- 
bution of  electricity  on  a  sphere  at  potential  zero  under  the 
influence  of  an  external  electrified  point  A  can  now  be  readily 
determined. 

Adopting  the  same  notation  as  that  of  the  preceding 
Article,  let  a  denote  the  density  of  the  surface  distribution 
at  any  point  P  of  the  sphere  whose  distances  from  A  and  B  are 
r  and  /.  Then,  if  R  be  the  resultant  force  at  P,  this  force 
is  in  the  direction  of  the  normal ;  and  therefore,  if  we  resolve 
the  forces  due  to  e  at  A,  and  to  e'  at  B  along  CP  and  any 
other  direction,  the  resultant  along  this  latter  direction  is  zero, 
and  R  is  the  sum  of  the  components  along  CP.  Hence, 
resolving  along  CP  and  CA,  if  the  direction  of  R  be  from  C 
to  P,  we  have 

--      e    a      e'    a 

•**  =  T    — *"   ~>v    ~  ' 
r*    r      r9  f 
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,  e'          e  1/1 

but  —  = ,     and    -7  =  -  -  ; 

r  r  r       a  r 

,                                            e(ai-fz) 
whence  R  =  — -^-' 


ar" 


then,  as  the  potential  is  zero  throughout  the  sphere,  by 
Art.  29,  we  have 


Since  f>  a,  it  appears  from  (2)  that  R  and  a  are  both 
negative,  that  is,  if  e  be  positive  the  charge  on  the  sphere  is 
everywhere  negative,  and  the  force  at  its  surface  tends  to 
drive  positive  electricity  towards  the  centre. 

Since  the  potential  in  external  space  of  the  distribution 
on  the  sphere  is  the  same  as  that  due  to  e'  at  JB,  by  Art.  37 

the  total  charge  on  the  sphere  is  e',  that  is,  -  e  —. 

J 

If  the  sphere  be  hollow,  and  the  point  A  in  its  interior, 
the  potential  is  zero  throughout  external  space  (Art.  62),  and 
therefore  if  the  direction  of  R  be  from  C  to  P  as  before,  we 
have 

R  e    a2-/2 

~=~~~ 


Here  a  >ft  and  a,  as  before,  is  negative,  but  the  force  at 
the  inner  surface  of  the  sphere  tends  to  drive  positive  electri- 
city outwards. 

In  this  case,  since  the  potential  in  external  space  is  zero, 
the  total  charge  on  the  sphere  is  -  e. 

112.  Insulated  Sphere.  —  If  an  insulated  spherical  con- 
ductor 8,  to  which  a  charge  E  of  electricity  has  been 
imparted,  be  in  the  presence  of  an  electrified  point  -4,  we 
may  suppose  the  sphere  to  have  gone  through  a  previous 
process  in  which  it  is  at  first  put  to  earth  in  the  presence  of 
A  and  then  insulated.  It  has  now  a  charge  EI  induced  by 
the  charge  e  at  A,  and  the  potential  is  zero  at  each  point  of 
8.  Finally,  we  may  suppose  an  additional  charge  Ez  to  be 
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communicated  to  the  sphere,  and  to  be  uniformly  distributed 
over  its  surface  ;  the  potential  is  then  constant  at  S,  and 
provided  that  EI  +  Et-  E,  we  obtain  the  actual  distribution 
on  the  surface  of  the  charged  insulated  sphere. 

To  prove  this  we  have  only  to  show  that  there  cannot  be 
two  different  functions  of  the  coordinates,  V  and  U't  repre- 
senting the  potential  in  external  space  of  the  distribution  on 
the  insulated  sphere  having  a  given  total  charge  E. 

If  there  were  two  such  functions,  and  if  r  denote  the 
distance  of  A  from  any  point  on  S,  a  and  a  the  densities,  at 
that  point,  of  the  surface  distributions  corresponding  to 
U  and  U',  and  v  the  normal  to  S  drawn  outwards,  we  should 
have 


C   j  r 

whence          —  (  U  -  U'}  dS  =  4;r    (</  -  a)  dS  =  0. 
Also  at  S  we  have 


r  r 

whence  U  -  U'  =  C  -  C'  . 

Now  let  U-  U'  =  0,  then 

L  ^  dS  +  [  0vV@  =  (C  -  C")  [Q  dS  =  0, 

where  the  volume  integral  is  taken  throughout  the  whole  of 
space  outside  the  sphere.  Hence,  by  (9),  Art.  58,  0  is  zero 
everywhere  outside  the  sphere,  and  U=  U'.  Hence  also, 
a  =  a,  and  there  is  only  one  possible  distribution  on  the 
sphere  of  a  given  total  charge  which  satisfies  the  conditions 
imposed. 

It  is  now  easy  to  find  a  the  density  at  any  point  of  the 
distribution  on  the  surface  of  the  sphere,  for  a  =  a\  +  <ra, 
where  en  is  the  density  of  the  distribution  when  the  sphere  is 

E 

at  potential  zero,  and  <ra  =  -T—J-     Then,  by  (2)  we  have 

1    ea(r-a')  a 

<ri  =  -  -r—-     v-    ,  -  -  ;  also  E*  =  E  +  -  e  ; 
r3  J 
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whence 

ea(f*-az}\ 

X-  -  '•[.  (4) 

r3         ) 

The  potential  U  of  the  distribution  on  the  sphere  at  any 
external  point  Q  is  the  same  as  that  due  to  a  charge  JEZ,  or 

E+  -e,  at  its  centre  (7,  together  with  a  charge  e',  or-  je,  at 

•^  «/ 

B.     Hence 

1        a    e 


and  if  V  be  the  total  potential  at  Q,  we  have 


e       a  e     i  I  w  i  af\   " 


If  the  value  of  the  potential  V  at  the  surface  of  the 
sphere  be  denoted  by  Z,  this  potential  is  the  same  as  that 
due  to  the  charge  Ez  at  the  centre.  Hence, 

L  =  —  +  -  ,  and  therefore  E  =  La  -  —.  (7) 

a     J  f 

Also,  at  the  point  P  on  the  surface, 

' 


The  expression  for  J7  given  by  equation  (5)  can  easily  be 
found  directly.     For,  at  any  point  P  on  the  surface  of  the 

sphere  8  the  potential  U  must  be  of  the  form  L  —  —  ,  where 

AP 

L  is  constant.     Hence,  at  this  surface, 

La      a    e 
=  ~~~* 


and  therefore,  by  Art.  64,  at  any  point  Q  in  external  space, 
TT  _  La      a    e 
^' 
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This  is  the  potential  due  to  a  mass  La  at  C,  together  with  a 

M 

mass  -  —  at  B.     Accordingly 

J 

n          T  €a  -n         €a 

E  =  La  -  —  ,     and    La  =  E  +  —  • 

•/  / 

113.  Sphere  with  Electrified  Point  In  Its  In- 
terlor.  —  If  a  charge  e  be  at  a  point  A  in  the  interior  of  a 
hollow  charged  insulated  spherical  conductor,  the  distrihution 
of  mass  on  the  interior  surface  of  this  conductor  is  given 
by  (3),  Art.  Ill,  the  total  mass  being  -  e,  and  on  the  exter- 
nal surface  there  is  a  uniform  distribution  of  the  total  mass 
E  +  e,  where  E  is  the  charge  which  was  imparted  to  the 
conductor. 

At  an  internal  point  Q,  the  potential  V  is  given  by  the 
equation 

„     E  +  e       e        ea   1  . 

—  +-' 


where  B  is  the  image  of  A  in  the  sphere. 

At  an  external  point  the  potential  is  that  due  to  a  charge 
E  +  e  at  the  centre  of  the  sphere. 

114.  Sphere  In  Field  of  Uniform   Force.  —  If  the 

force  throughout  a  certain  region  of  space  be  of  uniform 
magnitude  F  and  parallel  to  a  fixed  direction,  it  may  be 
regarded  as  due  to  an  infinite  mass  M,  situated  at  an  infinite 
distance  R  in  a  direction  opposite  to  that  of  the  force,  pro- 

vided  ^=F. 

If  now  an  insulated  sphere,  whose  centre  is  C,  be  placed 
in  the  field,  a  distribution  of  electricity  is  induced  on  its 
surface,  whose  potential  U  in  external  space  can  be  deduced 
from  (5)  by  supposing  E  =  0  in  that  equation.  In  the  present 

a* 

case  e  =  M,f=  .R,  and  CB  is  given  by  the  equation  CB  =  —  . 

Hence 


and,  accordingly,  in  external  space  the  potential  due  to  the 
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distribution  on  the  sphere  is  mathematically  the  same  as  that 
of  a  magnetic  particle  at  (7,  whose  axis  is  codirectional  with 
the  uniform  force,  and  whose  magnetic  moment  is  Fa3.  Such 
a  combination  of  attractive  and  repulsive  centres  of  force  is 
termed  a  doublet. 

If  we  take  C  for  origin,  and  a  line  in  the  direction  of  the 
uniform  force  as  axis  of  z,  we  have 

U=Fa**-;  (10) 

and  the  total  potential  F  in  space  external  to  the  sphere  is 
given  by  the  equation 

-s-l}x  +  K,  (11) 

/ 
where  K  denotes  a  constant. 

EXAMPLES. 

1 .  If  mass  be  distributed  on  tbe  surface  of  a  spbere  so  that  the  density  at 
any  point  varies  inversely  as  the  cube  of  its  distance  from  a  fixed  point  A,  show 
that  the  distribution  is  centrobaric,  and  find  the  baric  centre. 

Let /denote  the  distance  of  A  from  the  centre  C  of  the  sphere,  «  its  radius, 
and  a  the  density  at  any  point  P  on  its  surface ;  then 

K  4iraK 

ff  =  —;-=, ;       and  if  we  assume        e  =  - — -^  , 
APA  as-  —f* 

by  (3)  and  (2),  Art.  Ill,  the  distribution  is  identical  with  that  induced  on  a 

sphere  at  potential  zero  by  a  charge  T  e  at  the  point  A.     Hence,  if  A  be  inside 

the  sphere,  A  is  the  baric  centre,  and  e  represents  the  total  mass  on  the  sphere. 

If  A  be  outside  the  sphere,  the  image  of  A  in  its  surface  is  the  baric  centre, 

a 
and  the  total  mass  is    —  e  -  • 

2.  Find  the  value  of  the  integral     — - —  dS  taken  over  the  surface  S  of  a 

J      r6 

sphere  whose  radius  is  a,  where  r  and /are  the  distances  of  dSand.  the  centre  of 
the  sphere  from  an  external  point  A.  Am.  —j-  • 

3.  What  is  the  value  of  the  integral  in  the  last  Example  if  A  be  on  the 
sphere  ?  Ans.  lira. 

4.  Find  the  distribution  of  mass  on  an  uncharged  insulated  sphere  in  pre- 
sence of  an  electrified  point  A. 

Let  e  denote  the  charge  at  A,  f  its  distance  from  the  centre  of  the  sphere, 
and  <T  the  density  at  the  point  P  on  its  surface  ;  then 
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5.  Show  that  the  potential  at  the  surface  of  an  insulated  sphere  having  a 
charge  E,  and  under  the  influence  of  a  quantity  e  of  electricity  at  an  external 
point,  is  equal  to  the  mean  value  of  the  potential  of  e  taken  throughout  the  sphere, 
together  with  the  potential  of  E,  uniformly  distributed  over  its  surface. 

6.  Find  the  force  which  an  insulated  sphere,  having  a  charge  E,  exerts  on  a 
quantity  e  of  electricity  concentrated  at  an  external  point  A. 

If  F  denote  the  force,  and  r  the  distance  of  A  from  the  centre  of  the  sphere, 

(E     ea  ear      \ 

F=e  \n  +  -f-  rz — Ki' 

(r*      r3      (r2  — a2)3) 

7.  Find  the  potential  energy  due  to  the  mutual  action  of  a  charged  sphere 
and  the  electric  mass  e  at  a  distance  /  from  its  centre. 

If  M.  denote  the  potential  energy  required, 

Ee  e*a* 


The  value  of  M  may  he  obtained  otherwise  by  considering  that  if  U  be  the 
potential  at  A  of  the  distribution  on  the  sphere,  by  (5),  Art.  112,  we  have 

E_         ea* 
f     /M/2-"2)' 
Then,  if  e  be  increased  by  de,  the  work  done  against  the  force  exerted  by  the 

sphere  is  Ude  ;  whence    M  =  I      Ude. 

Jo 

From  .flf  obtained  in  this  manner  the  value  of  .Fmay  be  deduced.    M  must 
not  be  confounded  with  the  total  energy  of  the  electrified  system. 

8.  Show  that  an  uncharged  insulated  sphere  always  attracts  an  electrified 
particle. 

If,  in  Ex.  6,  the  charge  E  be  zero, 


eW  (a*  -  2/') 
' 


which  is  always  negative. 


9.  If  a  sphere  be  charged  and  insulated,  show  that  there  is  one  point  on  each 
of  its  radii  produced  at  which  an  electrified  particle  is  in  equilibrium. 

In  this  case,  if  r  be  the  distance  of  an  electrified  particle  from  the  centre, 
we  have 

F     E        ,     2ra  —  a* 
e  ~  r1  r3  (r2  -  a2)2 

Here  F  is  negative  when  r  =  a.    As  r  increases,  F  continues  to  be  negative 
until 

a      a*      2r»  -  a» 

There  is  a  point  of  equilibrium  for  the  value  of  r  satisfying  this  equation. 
Since  each  fraction  by  which  e  is  multiplied  in  its  left-hand  member  is  diminished 
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when  r  is  increased,  if  r  increases  still  more,  F  becomes,  and  then  always  remains, 
positive.  Thus  on  each  radius  of  the  sphere  there  is  one,  and  only  one,  point 
at  which  an  electrified  particle  is  in  equilibrium,  and  at  this  point  the  equi- 
librium is  unstable. 

10.  Find  the  condition  that  there  should  be  a  circle  of  zero  density  on  a 
charged  insulated  spherical  conductor  under  the  influence  of  an  external  elec- 
trified point  A. 

By  (4),  Art.  112,  if 


have  different  algebraical  signs,  that  is,  if  E  lie  between 

- 


there  must  be  a  circle  of  zero  density  the  distance  r  of  any  one  of  whose  points 
from  A  is  given  by  the  equation 


—  a2) 


=  0. 


11.  In  Ex.  10,  if 


E  =  ea   (—— ^-— -  -  - 


prove  that  a  sphere  2,  described  with  A  as  centre  and  V(/2  —  «2)  as  radius,  is 
part  of  the  equipotential  surface  at  which  the  value  of  the  potential  is  that  on 
the  conductor. 

(«2\ 
/-  —  j  =  it2,    the  point  £  is 

the  image  of  G  in  the  sphere  5  ;  also,  as 


we  have 


and  therefore,  by  Art.  110,  the  potential  at 

any  point  on  the  sphere  2  is  -,  but  this  is  equal  to  I  E  +  —  ]  -,    which  is  the 

t  \         f  I  a 

value  of  the  potential  at  the  surface  of  the  conductor. 

If  L  be  the  value  of  the  potential  at  the  conductor,  the  equipotential  surface 
for  which  V  =  L  consists  in  this  case  of  the  surface  of  the  conductor  and  of  the 
segment  external  to  it  of  the  sphere  5. 


12.  In  a  field  of  force  due  to  a  charged  insulated  spherical  conductor,  and 
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an  electrified  point  A  outside  it,  find  the  locus  of  points  at  which  the  resultant 
force  is  zero. 

If  £  be  the  image  of  A  in  the  spherical  conductor  whose  centre  is  C,  and  P 
a  point  on  the  required  locus,  then  at  P  the 
forces  F\,  Ft,  and  F3,  passing  through  the 
points  A,  B,  and  C,  are  in  equilibrium,  and 
therefore 

-F.  Ft  Ft 

sin  BPC     sin  CPA      sin  APB ' 

'A  Hence  if  AP=  n,  BP  =  r2,  CP=  r3,  CA=f, 
the  radius  of  the  conductor  being  a,  we  have 
F2r3ri 


ear3r\      (Ef  +  ea)  r\rz 

Accordingly  the  ratios  n  :  r2  :  r3  are  given,  and  therefore  the  locus  of  P  is  the 
circle  in  which  two  spheres  intersect,  of  which  one  is  the  surface  of  the  con- 
ductor. Accordingly  the  locus  is  the  circle  of  zero  density,  see  Ex.  10. 

13.  A  charged  insulated  spherical  conductor  is  brought  into  a  field  of  force 
due  to  an  electrified  point  A  ;  find  the  locus  of  points  at  which  the  potential 
remains  unaltered. 

Before  the  conductor  is  brought  into  the  field  the  potential  at  any  point  P  is 

-jp  ;  afterwards  it  is  given  by  the  equation 

_     e       Ef+ea         ea 

=  li>+77cp  ~f7Jp' 

where  C  is  the  centre  of  the  sphere,  and  B  the  image  of  A  ;  hence  the  required 
locus  is,  in  general,  a  sphere. 

14.  If  the  conductor  be  uncharged,  what  is  the  locus  in  the  last  example  ? 
The  plane  bisecting  CB  at  right  angles. 

15.  "What  is  the  condition  that  the  locus  in  Example  12  should  be  a  real 
curve? 

16.  Determine  the  distribution  of  mass  on  an  insulated  sphere  placed  in  a 
field  of  uniform  force. 

By  (11),  Art.  114,  the  total  potential  Fin  external  space  is  given  by  the 
equation 

I*5" 

where  9  is  the  angle  which  the  radius  vector  r  from  C  makes  with  the  axis  of*. 
Inside  the  sphere  V  =  E.  Hence,  if  a  be  the  density  of  the  distribution  at  any 
point  of  the  surface  of  the  sphere,  where  r  =  a,  we  have 

dV  ^F 

\*ff  = =  3jP  cos  0,    and    a  •=  — •  cos  0. 

dr  4*- 
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17.  An  insulated  ellipsoidal  conductor  is  placed  in  a  field  of  uniform  force, 
one  of  its  axes  being  in  the  direction  of  the  force  ;  find  the  potential  in  external 
space  of  the  distribution  of  electricity  induced  on  the  surface  of  the  conductor. 

The  solution  of  this  question  is  suggested  by  the  result  obtained  in  Art.  114. 

If  U  denote  the  potential  required,  the  total  mass  producing  V  is  zero, 
V—  Fx  =  constant  for  all  points  of  the  ellipsoidal  surface,  and  U  satisfies 
Laplace's  Equation  throughout  external  space,  and  is  zero  at  infinity.  It  is 
plain  that  X,  the  expression  for  the  component  of  the  force  exerted  by  a  homo- 
geneous ellipsoid  whose  surface  coincides  with  that  of  the  conductor,  satisfies 
the  two  latter  conditions,  and  can  be  made  to  satisfy  the  equation  X  —  Fx  =  0 
at  the  ellipsoidal  surface  by  properly  assuming  the  density  p.  Again,  by  Ex.  1, 
Art.  52,  the  potential  X  is  due  to  a  surface  distribution  whose  density  at  any 
point  is  lp,  where  I  is  the  cosine  of  the  angle  which  the  normal  makes  with  the 
axis  of  x.  Hence  the  total  mass  producing  this  potential  is  p  J  IdS  taken  over 
the  ellipsoid,  and  this  integral  is  zero  as  the  surface  is  closed  and  single  sheeted. 
The  function  X,  therefore,  satisfies  all  the  conditions  required,  and  as  only  one 
function  can  do  so,  U=  X;  and  by  (12),  Art.  87,  we  have 

f*  du 

U=1-npabcx\ , 

J«    (a2  +  «)s  (jz  +  «)i  (C2  +  «)* 
where  p  is  determined  by  the  equation 


Zvpabc  \     — 
Jo   (ai 


+  u}*  (P  +  uf  (c*  +  u)* 

18.  An  insulated  ellipsoidal  conductor  is  charged  with  a  quantity  E  of 
electricity,  and  placed  in  a  field  of  uniform  force,  whose  direction  is  parallel  to 
the  axis  major  of  the  conductor  ;  find  the  potential  U  of  the  distribution  on  its 
surface  at  any  point  P  in  external  space. 

f"  d\ 

Am.      U=X4E\     —7=  =» 

JA  A/ (\* 


where  X  is  the  value  of  Urn  Ex.  17,  A  the  semi-axis  major  of  the  ellipsoid 
passing  through  P  confocal  with  the  conductor,  and  h  and  A;  the  constants  of  the 
confocal  system. 

19.  An  insulated  ellipsoidal  conductor  is  placed  in  a  field  of  uniform  force, 
whose  components  in  the  directions  of  the  axes  of  the  ellipsoid  are  F,  F',  and 
F" ;  find  the  potential  U  in  external  space  of  the  distribution  of  electricity 
induced  on  the  surface  of  the  conductor. 

If  x,  y,  z  denote  the  coordinates,  referred  to  the  axes  of  the  ellipsoid,  of  a 
point  Pin  external  space,  .Xthe  component  in  the  direction  of  x  of  the  force 
exerted  at  P  by  a  homogeneous  ellipsoid  whose  surface  coincides  with  that  of 
the  conductor,  and  whose  density  is  p,  Y'  and  Z"  the  components  in  the  direc- 
tions of  y  and  z  respectively,  for  two  other  coincident  ellipsoids  whose  densities 
are  p'  and  p",  we  have  U  =  X  +  Y'  +  Z",  where  p,  p',  and  p"  are  determined 
by  the  equations 

du _  _, 

! i L  • 


lirpabc 

Jo 


(a2 


2*p"abc       -  T  -  —  -  -  -  =  F". 
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20.  If  the  conductor  in  Ex.  19  be  charged  with  a  quantity  E  of  electricity, 
find  the  potential  U. 


•E  i     —  -,-^-r, .../^,  _  jfcau» 

where  the  notation  is  the  same  as  that  in  the  preceding  Examples. 

21.  Show  that  there  is  only  one  possible  distribution  of  a  given  quantity  of 
electric  mass  on  the  surface  S  of  an  insulated  conductor  in  electric  equilibrium 
under  the  influence  of  a  given  system  of  electrified  points. 

If  the  distribution  on  S  be  in  equilibrium  its  potential  U  together  with  v, 
the  potential  of  the  system  of  electrified  points,  must  be  constant  on  S.  Hence 
U  =  C  —  v  on  S.  If  there  be  a  second  possible  distribution  having  U"  for  its 
potential,  we  have  U'  =  C'  —  von  S.  Then  U  —  U'  is  constant  on  S,  and  is 
the  potential  of  a  distribution  of  mass  whose  total  amount  is  zero.  Hence,  by 
Art.  62,  the  potential  U  —  U'  is  zero  for  the  whole  of  space,  and  consequently, 
by  Art.  46,  the  corresponding  surface  density  is  everywhere  zero.  Accord- 
ingly, the  two  supposed  distributions  on  S  are  identical. 


115.  Spheres  Cutting  Orthogonally.— If  a  field  of 
force  be  due  merely  to  a  charged  insulated  spherical  con- 
ductor Si,  the  potential  is  everywhere  the  same  as  if  the 
charge  on  this  conductor  were  concentrated  at  its  centre  A. 
If  another  charged  spherical  conductor  S2  be  brought  into 
the  field,  the  distribution  on  S2  could  be  found  by  the  method 
of  Arts.  Ill,  112,  if  the  electric  mass  on  Si  were  rigidly  fixed. 
As  this  is  not  the  case,  applications  of  the  method  of  Art. 
Ill,  would,  in  general,  have  to  be  repeated  ad  infinitum.  If, 
however,  the  image  of  A  in  $2  coincide  with  the  image  in  Si 
of  B,  the  centre  of  St,  the  distributions  on  the  two  spherical 
surfaces  can  be  readily  obtained. 

In  this  case,  if  the  distance^/?  be  denoted  bye,  the  radii 
of  the  spheres  by  a  and  b,  and  the  distances  of  the  double 
image  G  from  A  and  B  by  £  and  »j,  we  have  c£  =  a2,  cti  =  A2, 
£  +  rj  =  c  ;  whence  eliminating  £  and  ?/,  we  get  cj  =  «a  +  6s, 
that  is,  the  spheres  cut  orthogonally. 

Since  the  spheres  intersect  in  real  points,  they  must  form 
a  continuous  conductor,  and  we  are  led  to  the  consideration  of 
the  problem,  to  find  the  distribution  and  total  charge  on  an 
insulated  conductor  which  is  formed  of  the  larger  segments  of 
two  spheres  cutting  orthogonally,  and  which  is  at  a  given 
potential  L. 
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A  potential  L  on  the  surface  of  the  sphere  Si  is  produced 
by  a  charge  La  at  A,  and  a  charge 
Lb  at  B  produces  a  potential  L  at 

S2,  also  a  charge at  Q  neu- 

c 

tralizes  the  effect  of  La  at  $2,  and 
that  of  Lb  at  Si.  Hence  the  charges 
which  have  been  enumerated  pro- 
duce a  potential  L  all  over  the  sur- 
face of  the  conductor,  and  therefore,  by  Art.  64,  produce  the 
same  potential  in  external  space  as  the  actual  distribution. 

We  conclude,  therefore,  that  inside  the  surface  of  the 
conductor  the  value  of  the  potential  is  everywhere  L,  and  that 
at  any  point  Q  in  external  space,  the  potential  V  is  given  by 
the  equation 


La       Lb        Lab 
=         +~ 


(12) 


The  densities  <TI  and  <r2  of  the  distribution  at  points  P! 
and  P2  on  the  two  spherical  surfaces,  and  the  total  mass  E 
on  the  conductor,  are  given  by  the  equations 


02  = 


47T&V  AP23 


E=  L  (a  +  b  - 


ah 


(13) 


(14) 


116.  Total  Mass  on  Conductor. — -When  the  potential 
on  one  side  of  the  surface  of  a  conductor  in  equilibrium  is 
the  same  as  that  due  to  a  set  of  electrified  points,  the  total 
mass  on  any  portion  S  of  this  surface  of  the  conductor  can  be 
easily  deduced  from  the  total  induction  over  8. 

Let  <?i,  ez,  &c.  be  the  charges  at  the  points  Ai,  Az,  &c. 
which  can  produce  the  actual  potential  at  one  side  of  S ;  N 
the  resultant  force  in  the  direction  of  the  normal  drawn 
towards  this  side  at  any  point  of  S  whose  distances  from  Alt 
&c.  are  rl9  &c. ;  i/^,  &c.  the  angles  which  r1?  &c.  make  with 
this  normal ;  Qi,  &c.  the  solid  angles  which  S  or  its  bounding 
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curve  subtends  at  Aiy  &o.  ;  and  E  the  total  charge  required  ; 
then 


cos 


=  4?r  J  <rdS  =  fNdS  -  [(- 

J    \     * 

=  «iQi  +  e2i22  +  &c.  ;  whence 


+  —  3  cos 


,  +  &c. 


&c. 


47T 


(15) 


If  S  be  a  closed  surface,  Q  is  equal  to  4?r  or  zero,  according 
as  A  is  inside  or  outside  the  surface,  and  the  total  mass 
on  S  is  equal  to  the  sum  of  the  charges  at  the  internal 
points. 

EXAMPLES. 

1.  An  insulated  conductor  formed  of  the  larger  segments  of  two  spheres 
•cutting  orthogonally  is  in  electric  equilibrium :  what  is  the  density  of  the  dis- 
tribution at  a  point  on  the  circle  of  intersection  of  the  spheres  ?  Ana.  0. 


2.  A  conductor  formed  of  the  larger  segments  of  two  spheres  cutting 
orthogonally,  whose  centres  are  A  and  B,  is  at  potential  zero  under  the  influence 
of  an  external  electrified  point  0 :  find  the  potential  at  any  point,  and  the  dis- 
tribution of  mass  on  the  conductor. 

g  fc^Let  /and  /  be  the  images  of  0  in  the  spheres,  then  AJ  and  BI  intersect  at 

a  point  K  such  that 

where  a  and  b  are  the  radii  of  the  spheres. 
For,  if  G  be  the  point  in  which  AB  meets  the 
plane  of  intersection  of  the  spheres,  the  quadri- 
laterals BGIO  and  AGJO  are  cyclic  ;  whence 
I  angle  GBI=  GOI=  AJG,  and  GKJB  is  cyclic, 
'and        AK.AJ=  AG.AB  =  at.        In  like 
manner    BK.BI=b*. 

ea  eb 

Hence  charges  —  — —  at  /,        -  — -  at  /, 


AO 


BO 


and 


eab 


AJ  .BO 


BI.AO 


at  K 


produce  a  potential  which  is  zero  at  the  surface  of  the  conductor,  the  charge  at 
0  being  «.  -It  is  easy  to  see  that  AJ .  BO  =  BI .  AO,  since  the  quadrilateral 
10 JK  is  cyclic  and  therefore  the  angle  A  JO  =  HI  A. 

If  we  put  AO  =/i,  BO  =ft,  and  express  AJ .  BO  in  terms  of/i,/j,  a,  and 
b,  we  find  AJ* .  BO2  =  a2/*2  +  Pfi1  -  dW. 

P  2 
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Hence,  as  the  values  of  the  charges  at  J,  /,  and  If,  we  obtain 
ea  eb  eab        _ 

~  ~7~>          ~    7~>        and  .  II  ^.f  2      I       F2  f  1  «27,2\      ' 


and  if  F  denote  the  potential  at  any  point  Q  in  external  space,  we  have 

_^J__Al_+  _  fi 

OQ    AIQ    f2JQ     V(«2/ 


The  density  a  of  the  distribution  at  any  point  P  on  the  sphere  whose  centre- 
is  A.  is  given  by  the  equation 


At  any  point  on  the  circle  of  intersection  of  the  two  spheres,  or  is  zero. 

3.  A  hollow  conductor  formed  of  the  smaller  segments  of  two  spheres  cutting 
orthogonally  is  at  potential  zero  under  the  influence  of  an  internal  electrified 
point  0  ;  find  the  potential  at  any  point  in  the  interior  region  and  the  distribu- 
tion of  mass  on  its  bounding  surface. 

Adopting  the  notation  of  the  last  Example,  we  have  at  any  point  Q  in  the 
interior  region  the  same  expression  for  V  as  that  given  in  the  last  Example. 
For  the  density  a  of  the  distribution  at  any  point  P  of  the  interior  surface  of 
the  sphere  whose  centre  is  A,  we  get 


4.  In  Ex.  2  if  the  conductor  be  at  potential  L,  find  the  distribution  of  mass 
on  its  surface,  and  the  potential  F  at  any  point  Q  in  external  space, 

La       Lb      Lab        e       a    e        b    e  ab  e 


''AQBQ      cGQ      OQ     fi  IQ     fz  JQ      V(«V*8  +  W  -  «2J2)  KQ 

The  density  <r  of  the  distribution  at  any  point  P  on  the  sphere,  whose  centre 
is  A  is  given  by  the  equation 

i3    1    \ 


5.  In  the  last  Example,  if  the  total  charge  E  on  the  conductor  be  given, 
determine  the  potential  and  the  distribution  of  mass. 
Here  L  is  found  from  the  equation 

ab\  eab  ea      eb 

~~ 


( 


Hence  we  obtain  F  and  a  as  in  the  last  Example. 
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6.  The  larger  segments  of  two  spheres  which  cut  orthogonally  are  formed 
of  ^conducting  material,  and  held  together  in  perfect  contact  along  their  common 
circle  by  a  rigid  rod  joining  the  centres  of  the  spheres.  The  conductor  BO  formed 
is  insulated  and  charged  to  potential  L  ;  find  the  stress  on  the  connecting  rod. 
(See  figure,  Art.  115.) 

The  mutual  force  between  the  two  spherical  segments  is  the  same  as  that 
which  the  whole  conductor  exerts  on  one  segment.  Adopting  the  notation  of 
Art.  115,  let  <f>  be  the  angle  which  AP\  makes  with  AB,  and  let  BP\  -  r, 
then  r3  =  a*  +  e2  —  2ac  cos  (f>  ;  whence  rdr  =  ac  sin  <j>d<(>,  and  if  dS  be 
the  element  of  surface  between  two  consecutive  small  circles  of  the  sphere 
having  A  for  centre,  whose  poles  lie  on  AB,  we  have 

l-Kd 

dS  =  2ira2  sin  <(>d<t>  = rdr. 

Also  by  (8),  Art.  35,  and  (13),  Art.  115,  the  force  which  the  conductor  exerts 
on  the  element  dS  is 


3 2  _  A 

Resolving  this  along  AB,  and  substituting  for  -  cos  <f>  its  value , 

we  get  for  X  the  required  stress 


JT2      ,«*<:    /  £3\3 

[  1 }    (r2  -  a2  - 

SaVJft     \        r3/ 


If  we  perform  the  integration  we  obtain  for   —  —  —  ,  an  expression  in  a,  b, 
and  c,  which,  by  means  of  the  equation  c2  =  az  +  42,  can  be  reduced  to  the  form 

(a3  4-  A3  —  e3^2 
2  («3  +  i3  _  cs)2.     Hence    X  =  V- 


7.  A  charged  insulated  uninfluenced  conductor  formed  of  the  larger  segments 
of  two  spheres  cutting  orthogonally  is  at  potential  L  ;  find  the  total  charge  on 
the  spherical  surface  whose  radius  is  a. 

The  solid  angle  subtended  at  A  (see  fig.  of  Art.  115)  by  the  spherical  surface 

is    2ir  (  1  H  --  ]  ,  and  those  subtended  at  B  and  G  are   'lir  [  1  --  r-  )  and  2»  ; 

V       «  /  V      *  / 

hence,  if  Ea  be  the  total  charge,  we  have 

La  I        QA         Lb  /        OB         Lab 


L  (  ab 

2 


8.  A  large  insulated  spherical  conductor  with  a  small  hemispherical  .boss  on 
its  surface  is  charged  to  potential  L  :  find  the  mean  density  of  the  distribution 
on  the  hemisphere,  and  compare  it  with  that  on  the  sphere. 
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If  Ea  and  Eb  be  the  total  charges  on  the  boss  and  on  the  sphere,  their  radii 
being  a  and  b,  we  have 


Lb  la2        a2         3  La? 


the  higher  powers  of  T  being  neglected.     The  mean  density  aa  of  the  distribu- 
tion on  the  boss  is  given  then  by  the  equation 

3  L 


_ 

ffa  ~  So*  ~  8^  b' 

Again,  Ei  =  Lb,  approximately,  and 

JEi         L  3 

<r  =  7— TO  ~  r~T     Hence     ffa  =  -  ff  . 
6      4ir£2      4?r5  2     6 

9.  Find  the  density  of  the  distribution  at  any  point  on  either  surface  in  the 
last  Example. 

If  ffi  be  the  density  at  any  point  P  on 
the  hemisphere,  and  ffz  that  at  any  point 
Q  of  the  sphere,  by  (13),  Art.  115, 


BP3 

P 


Let  fall  a  perpendicular  A  T  on  BP, 
then  BP  =  BY  +  a  cos  6,  where  6  is  the 
angle  BP  makes  with  the  normal  to  the 

hemisphere  at  P,  and  if  (  - }   beneglected 

w 

BY  =  BA  =  b ;  whence 


and  <TI  =  — -  cos  0  =  80-4  cos  6. 

47TO 

Again,  <r2  =   - 

4i 

Except  in  the  vicinity 'of  A,  the  value  of  — —  is  insensible,  and  0*2  =  ffj. 

*/L  tf 

10.  A  conductor  composed  of  an  infinite  plane  and  a  hemisphere  whose- 
centre  A  is  on  the  plane,  is  charged  with  electricity  :  find  the  ratio  of  the  mean 
densities  of  the  distributions  on  the  hemisphere  and  plane.  Am.  f . 

11.  In  the  last  Example,  find  the  density  of  the  distribution  at  any  point  on 
either  surface. 
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If  /"be  the  resultant  fore.,  and  <TO  the  density,  at  a  point  on  the  plane  at  a 
long  distance  from  A,  a\  the  density  at  a  point  on  the  hemisphere  where  the 
normal  makes  an  angle  0  with  the  perpendicular  on  the  plane,  and  at  the  density 
at  a  point  Q  on  the  latter  in  the  vicinity  of  A,  we  have 

F 

<TO  =  — ,     ff\  =  3ffo  cos  0,     ffz  =  <TO 
4ir 

12.  The  equation  of  a  closed  surface  S  can  be  expressed  in  the  form 

I      m      n      k 

7 +7  +  ^  = J» 
r\      rj      rj      c 

where  r\t  rj,  r3  denote  the  distances  of  any  point  from  three  fixed  points  A,  B,  C 
inside  S,  and  where  /,  m,  n,  k,  and  c  denote  constant  magnitudes.  If  a  con- 
ductor, whose  surface  is  S,  he  insulated  and  charged  to  potential  L,  find  its 
potential  V  at  any  point  in  external  space. 


Lc  I  I  n\ 

Am.     V=—  (-  +       +  -  I 
k    \r\      n      1-3 / 


117.  Unlplanar  Distribution.     Image  of  Point  in 

Circle.  —  For  uniplanar  distributions  of  mass,  acting  with  a 
force  varying  inversely  as  the  distance,  the  theory  of  images 
differs  in  some  respects  from  that  belonging  to  distributions 
in  space  of  three  dimensions. 

If  A  and  B  be  inverse  points  with  respect  to  a  circle 
whose  centre  is  C,  and  P  any  point  on  its  circumference  s, 
we  have,  as  in  Art.  110,  AP  :  BP  :  :  CA  :  <7P;  whence 
AP  :  BP  is  constant  for  all  points  on  s,  and  therefore  so  also 

AP 
IB  log 


Hence,  if  there  be  a  mass  e  at  A  and  a  mass  -  e  at  B, 
the  potential  due  to  these  two  conjointly  is  constant  for  all 
points  of  s  ;  and  -  e  is  the  total  mass  corresponding  to  a 
distribution  on  s  producing  in  external  space  the  same 
potential  as  -  e  at  B. 

We  can  now  see  that  if  there  be  an  insulated  circle  «, 
whose  centre  is  O,  and  on  which  there  is  a  charge  E  in  pre- 
sence of  an  external  point  A  at  which  the  mass  e  is  concen- 
trated, the  potential  in  the  region  outside  s,  due  to  the 
distribution  on  it,  is  the  same  as  that  due  to  a  charge  -  e  at 
B,  the  point  inverse  to  A  with  respect  to  s,  together  with  a 
charge  E  +  e  at  C.  For  this  is  the  dhly  possible  potential 
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due  to  a  distribution  of  mass  E  on  s  which,  along  with  that 
due  to  e  at  A,  produces  a  total  potential  constant  at  s. 

This  result  is  proved  in  a  manner  similar  to  that  employed 
in  Art.  112.  If,  as  in  that  Article,  £7 and  Uf  be  two  different 
possible  potentials  of  the  distributions  on  s,  and  0  =  77  -  Z7', 

it  is  not  in  the  present  case  immediately  obvious  that  U>~r  ds 

taken  round  the  circle  at  infinity  is  zero.  This,  however, 
follows  from  the  consideration  that  U  and  U'  are  each  due 
to  the  same  total  mass  E. 

It  appears  from  the  preceding  investigation  that  corre- 
sponding charges  at  points  which  are  the  images  of  each  other 
in  a  circle  produce,  at  its  circumference,  a  potential  which  is 
constant,  but  not  zero. 

In  considering  this  apparent  anomaly,  it  is  to  be  re- 
membered that  a  uniplanar  distribution  is  not  a  physical 
reality,  but  a  mathematical  artifice  to  simplify  problems 
having  to  do  with  a  cylindrical  distribution. 

If  V  denote  the  three-dimensional  potential  at  a  point  P 
of  a  straight  thin  bar  of  uniform  linear  density  X,  of  length 
b,  and  terminated  by  the  perpendicular  p  on  it  from  P,  and 
if  r  be  the  distance  of  P  from  the  other  extremity  of  this 
line,  and  6  the  angle  which  r  makes  with  />,  it  is  easy  to  see 
that 

1  +  sin  6     .  .      r  +  b 

V  =  X  log 7T  =  *  log 

cos  B  p 

•If  we  now  suppose  the  length  b  to  become  infinite,  we 

have  V  =  X  log  —  • 

P 

Accordingly,  if  V  be  the  potential  at  any  point  P  due  to  a 
thin  bar  whose  total  length  is  I  and  which  is  infinite  in  both 

directions,  we  have   V  =  2X  log  - .     If  dS  be  the  section  of 

the  thin  bar,  and  p  the  volume  density,  X  =  pdS.  Hence, 
as  by  Art.  11,  2p  =  r,  the  potential  at  P  of  a  cylindrical  dis- 
tribution, corresponding  to  the  uniplanar  mass  e  concentrated 

at  a  point  .4,  is  e  log.— -=,  which  is  infinite  when  e  is  finite. 
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The  potential  of  a  cylindrical  distribution  corresponding 
to  two  equal  uniplanar  charges  e,  one  positive,  the  other 

BP 

negative,  at  points  A  and  B,  is  e  log  -^-=,  which  is  the  same 


as  the  uniplanar  potential  and  is  finite. 

Hence,  if  P  be  a  point  on  a  circle  with  respect  to  which 
A  and  B  are  images,  an  infinitely  small  uniplanar  charge, 
at  the  centre  of  the  circle  or  uniformly  distributed  on  its 
circumference,  corresponds  to  a  uniform  distribution  on  the 
surface  of  the  infinite  cylinder,  of  which  the  circle  is  a  sec- 
tion, sufficient  to  reduce  the  total  three  dimensional  potential 
at  this  surface  to  zero. 

Thus  it  is  seen  that  the  theory  of  uniplanar  images  is  in 
accordance  with  the  general  theory  of  electrical  distribu- 
tions. 

If  we  now  denote  by  V  the  total  uniplanar  potential  due 
to  e  at  A  and  to  the  charge  E  on  the  circle,  we  have  at  any 
point  Q  in  external  space 


Throughout  the  region  inside  the  circle  V  is  constant,  and 
has  the  value 

e  log  -  +  (E  +  e)  log  -, 
/  a 

where  a  denotes  the  radius  of  the  circle  and  /  the  distance  of 
A  from  the  centre. 

If  the  point  A  at  which  the  influencing  charge  e  is  situated 
be  inside  the  circle,  the  potential  V  is  constant  at  the  circum- 
ference of  the  circle,  its  value  at  infinity  is 


and  the  value  of  the  integral 
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taken  round  the  circle  is  -  2ir  (E  +  e) .     Also  at  all  points  out- 
side the  circle,  y2  V  =  0.     Hence,  throughout  this  region 

F-(J0  +  *)log^,  (17) 

as  there  can  be  only  one  function  satisfying  the  conditions 
specified  ahove. 

Inside  the  circle  the  potential  U  of  the  distribution  on  its 
circumference  must  satisfy  the  conditions  V2  U=  0  throughout 
the  interior  region,  and 

U  +  e  log  -jp  =  constant 


for  any  point  P  on  the  circumference. 

Any  two  functions  of  the  coordinates  satisfying  these 
con  ditions  can  differ  only  by  a  constant.     Hence 

U  =  e  log  BQ  +  c. 

The  constant  c  is  determined  from  the  value  of  V  at  the 
circumference.     From  this  we  have 

BP  I 

A.P  3  a 

whence 

c  =  (E  +  e)  log  -  -  e  log  --  , 
a  j 

and  the  total  potential  V  at  any  point  Q  in  the  interior  of 
the  circle  is  given  by  the  equation 


The  formulae  for  a  cylindrical  distribution  of  mass  in 
which  e  and  E  denote  charges  per  unit  of  length  are  obtained 
from  those  for  the  corresponding  uniplanar  distribution  by 
changing  e  and  E  into  2e  and  2E. 

118.  Total  Uniplanar  Mass  on  Curve. — If  the 
potential  on  one  side  of  a  curve  be  constant,  and  on  the  other 
side  be  the  same  as  that  due  to  a  number  of  charged  points 
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AI,  A3,  &o.,  the  total  mass  on  any  portion  s  of  this  curve  can 
be  found  in  a  manner  similar  to  that  employed  in  Art.  116. 
If  E  be  the  total  mass  on  s,  we  have  in  this  case 

Kv 
-  cos  i//!  -I-  -  cos  ;//2  +  &c. )  ds 
*'i  r3  ) 

=  e$\  +  e202  +  &c., 

where  0U  &c.,  are  the  angles  which  s  subtends  at  AI,  &c. ; 
whence 

]E=eiei  +  eA  +  &C.f 


EXAMPLES. 

1.  An  insulated  circle  having  a  charge  E  is  influenced  by  a  quantity  e  of 
uniplanar  mass  concentrated  at  a  point  A  ;  find  the  distribution  of  mass  on  the 
circumference  of  the  circle. 

At  a  point  on  the  circle  whose  distance  from  A  is  r,  the  density  v  of  the  line 
distribution  is  given  by  the  equation 

a*  -/2 

2*av  =  E+  e  +  e  -^-, 

r2 

if  the  point  A  be  outside  the  circle. 

If  A  be  inside,  the  equation  for  v  becomes 

a2  -  f* 

2irav  =  E+e-e  ^-  • 

r- 

2.  Show  that  the  distribution  on  the  circle  is  the  same  whether  the  in- 
fluencing mass  e  be  situated  at  the  point  A  or  at  its  image  B. 

Let/'  and  r'  be  the  distances  of  £  from  the  centre  and  from  any  point  on 
the  circumference,  then 

r2       f1 
/•/"  =  «S     and     -  =  J-; 

whence 

az-f>  _      a2-/'" 
r*  r'2     ' 

and  the  required  result  follows  from  Ex.  1. 

3.  In  Ex.  1  find  the  potential  C^of  the  mass  distributed  on  the  circumference 
of  the  circle. 

Here  let  A  be  the  exterior  of  the  two  inverse  points  at  one  of  which  e  is 
situated  ;  then  at  any  point  Q  outside  the  circle     U  =  e  log  BQ  -  (E  +  e )  log  CQ, 
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and  at  any  internal  point  £/"=  e  (log  AQ  —  log/)  —  2?  log  a,  where /is  the 
distance  of  A  from  the  centre  C. 

4.  In  Ex.  1,  if  the  charge  on  the  circle  be  —  e  ;  find  the  potential  Fat  its 
circumference. 

If  A  be  outside  the  circle,     F"=  e  log  -  ;  if  A  be  inside,  F=  0.     This  case 

of  a  uniplanar  distribution  of  mass  corresponds  to  that  of  a  sphere  put  to  earth 
under  the  influence  of  an  electrified  point.  For  the  sphere,  whether  A  be  an 
internal  or  an  external  point,  the  potential  at  the  surface  is  zero,  but  the  total 
mass  on  the  surface  is  different  in  the  two  cases.  For  the  circle,  the  total  mass 
on  the  circumference  is  the  same  for  either  position  of  A,  but  the  potential  is 
different. 

5.  If  uniplanar  mass  be  distributed  on  the  circumference  of  a  circle,  so  that 
the  density  at  any  point  varies  inversely  as   the   square  of  its  distance  from 
a  fixed  point,  show  <,hat  the  distribution  is  centrobaric,   and  find  the  baric 
centre. 

f/2  _  a2 

6.  Find  the  value  of  the  integral  I  - — - —  ds,  taken  round  the  circumference 

s  of  a  circle  whose  radius  is  a,  where  r  and /are  the  distances  of  ds,  and  the 
centre  of  the  circle  from  an  external  point  A.  Ans.  lira. 

7.  If  A  be  inside  the  circle,  what  is  the  value  of  the  integral  in  the  last 
Example  ?  Ans.  —  2ira. 

8.  Find  the  force  which  an  insulated  circle,  having  a  uniplanar  charge  JE, 
exerts  on  a  quantity  e  of  uniplanar  mass  concentrated  at  an  external  point  A. 

If  F  denote  the  force,  and  r  the  distance  of  A  from  the  centre  of  the 
circle 

,..[ 

9.  Uniplanar  mass  is  distributed  on  the  boundary  of  the  larger  segments  of 
two  circles  cutting  orthogonally  so  as  to  produce  a  uniform  potential  L  ;  find 
the  potential  at  any  point  in  external  space,  and  the  distribution  of  the  mass 
(see  fig.,  Art.  115). 

Let  A  and  J?  be  the  centres  of  the  two  circles,  and  G  the  point  of  intersec- 
tion of  their  common  chord  with  AS.  If  we  suppose  equal  quantities  77  of 
uniplanar  mass  placed  at  A  and  _B,  and  a  quantity  -  77  placed  at  G,  the  potential 

at  the  boundary  of  one  of  the  circles  is  77  log  -,  where  c  is  the  distance  between 

c 

their  centres.     Hence,  if  77  be  determined  by  the  equation    77  log  -  =  L,      the 

c 

potential  V  at  any  point  Q  in  external  space  is  given  by  the  equation 
V=  77  (log  GQ-logAQ-  log  BQ), 
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and  v  the  density  of  the  distribution  at  any  point  P  of  the  circle  whose  centre 
is  A  by  the  equation 


»"" 


C 


At  a  point  of  intersection  of  the  circles  v  =  0. 
The  total  mass  on  the  boundary  is  rj. 

10.  In  the  last  example,  if  the  potential  L  be  due  partly  to  the  distribution 
on  the  circular  boundary  and  partly  to  uniplanar  mnss  e  concentrated  at  an 
external  point  0,  find  the  potential  in  external  space,  and  the  distribution  of 
mass. 

Adopting  the  notation  of  Ex.  2,  Art.  116,  if  TJ  be  the  hypothetical  charge 
at  A  or  £,  we  have 


=  e  { J  log  («»/,«  +  *«/,»  -  a»4»)  -  log /i  -  log/, }  +  „  log  -, 

c 

which  determines  TJ.     The  potential  V  at  an  external  point  Q  is  given,  then, 
by  the  equation 

V  =  e  (log  /Q  +  log  7Q  -  log  OQ  -  log  KQ]  +  TJ  (log  GQ  -  log  -4Q  -  log  BQ). 

If  w  be  the  density  of  the  distribution  at  any  point  P  of  the  circle  whose 
centre  is  A,  we  have 


11.  In  Example  9  find  the  total  mass  on  the  arc  of  the  circle  whose  centre 
is  A. 

Let  a  and  0  be  the  angles  which  the  common  chord  subtends  at  the  centres 
A  and  B  of  the  circles,  then  if  Ea  be  the  total  mass  required,  we  have 

2ir-a  +  j8-ir      TJ/,      a  -  £ 


27 


a-0\ 

"  —  J 


119.  Inversion. — The  theory  of  images  has  suggested 
a  transformation  by  means  of  which  problems  as  to  distribu- 
tions of  electricity  can  in  many  cases  be  much  simplified. 
This  process  is  called  Electrical  Inversion,  and  may  be  de- 
scribed as  follows. 

If,  with  any  point  0  as  centre,  a  sphere  of  radius  R  be 
described,  the  images  with  respect  to  this  sphere  of  a  system 
of  electrified  points  form  a  new  system  related  to  the  former, 
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so  that  if  the  one  be  assigned  the  other  can  be  determined. 
In  the  case  of  images  physically  related,  if  one  charge  be 
positive  the  other  is  negative.  Here,  however,  the  relation 
of  the  two  systems  is  purely  mathematical,  and  we  may 
therefore  attribute  the  same  algebraical  sign  to  the  original 
charge  and  to  its  image.  The  two  electrified  systems  are 
then  called  inverse  systems  with  respect  to  the  origin  0,  and 
the  arbitrary  length  R  is  called  the  radius  of  inversion. 

If  A  be  a  point  of  one  of  the  systems  at  which  there  is  a 
charge  e,  and  A'  and  e'  be  the  corresponding  point  and  charge 
of  the  inverse  system,  A  is  on  the  line  OA,  and  OA  .  OA'  =  R?, 
also 

,       R          OA' 

- 


If  we  denote  the  systems  by  E  and  E',  it  is  easy  to  prove 
the  following  propositions : — 

1°.  Corresponding  points  in  the  two  systems  lie  on  curves 
or  surfaces  which  are  inverse  with  respect  to  0.  Hence  a 
sphere  8  in  the  system  E  corresponds  to  a  sphere  8'  in  the 
system  E',  except  0  be  on  the  surface  8,  in  which  case  the 
corresponding  surface  in  E'  is  a  plane. 

In  general  a  plane  corresponds  to  a  sphere  passing  through 
0,  but  if  0  be  on  the  plane,  then  the  corresponding  surface 
is  the  same  plane. 

2°.  If  VP  be  the  potential  of  the  system  E  at  any  point 
P,  and  Vf  the  potential  of  E'  at  P' 

the  point  P'  corresponding  to  P, 
then,  P, 


For, 

FV- 


(20) 
e'  Re 


P'A'          OA.  P'A" 
but  from  the  similar  triangles  A  OP  and  P'OA',  we  have 
OA  .  P'A'  =  OP'  .  PA;  whence 

V     =  OP'S  ~PA  =  ~OP'  VF' 
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(a)  Hence,  if  the  potential  of  E  at  P  be  zero,  so  also  is 
the  potential  of  E'  at  Pf. 

(b)  If  the  potential  of  E  have  a  constant  value  L  at  all 
points  of  a  curve  or  surface,  the  potential  of  E'  at  any  point 
Pf  on  the  inverse  curve  or  surface  is  that  due  to  the  mass 
RL  placed  at  the  origin.     Hence  the  potential  at  P'  due  to 
E'  together  with  a  mass  -  ML  at  0  is  zero. 

Thus,  by  means  of  inversion,  a  distribution  producing  a 
constant  potential  can  be  transformed  into  a  distribution 
producing  a  potential  zero. 

3°.  If  p  be  the  density  of  a  volume  distribution  at  any 
point  A  of  the  system  E,  and  p  the  corresponding  density 
in  the  inverse  system, 


'  f 
'  m(s 


where  r  =  OA,  and  /  =  OA'. 
To  prove  this,  we  have 


"'          '        R  a       R      J(Si . 

?  =  e  =  —  e  =  —  pm*> 
r          r 


but 


and  rf@  =  rz  dr  du  ;   substituting  and  reducing,  we  have  the 
required  result. 

4°.  If  o-  be  the  density  of  a  surface  distribution  at  any 
point  A  of  the  system  .£",  and  a  the  density  at  the  corre- 
sponding point  A'  of  the  inverse  system, 


This  is  proved  in  a  manner  similar  to  that  employed  for 
volume  densities  by  means  of  the  equations 

dS  cos  i//  =  r-  dot,         dS'  cos  i/»  =  r'2  dw, 

where  ;//  is  the  angle  which  the  radius  vector  makes  with  the 
normal  to  either  of  the  inverse  surface  elements  dS  and  dS'. 
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5°.  If  two  points  AI  and  A2  belonging  to  the  system  E 
are  images  of  each  other  in  a  surface  $,  the  inverse  points 
A\  and  A'i  are  images  of  each  other  in  the  surface  S'  which 
is  the  inverse  of  S. 

This  follows  from  the  consideration  that  the  joint  poten- 
tial due  to  €i  at  AI  and  e2  at  Az  is  zero  at  S,  and  therefore, 
by  1°,  (a)  so  also  is  the  potential  at  S'  due  to  e\  at  A\  and 
e'z  at  A'z.  Hence,  A\  and  A'z  are  images  of  each  other  with 
respect  to  S'. 

As  a  particular  case  of  the  above,  we  have  the  result  that, 
if  A  be  the  centre  of  the  sphere  8,  the  point  A'  is  the  image 
of  the  origin  in  the  surface  8'  which  is  the  inverse  of  S. 
This  is  obvious  if  we  remember  that  the  image  of  A  in  $  is 
a  point  at  infinity  whose  inverse  is  the  origin. 

6°.  If  t  and  if  be  the  tangents  from  0  to  inverse  spheres 
whose  radii  are  a  and  a',  and  the  distances-  of  whose  centres 
from  0  are  a  and  a',  we  have 

tf-R*       <*__«_*  _&_^_    _^_«2-«2         (2 
K'       '~'~'-        ~/2-/2~2"  ~~ 


7°.  If  p  be  the  perpendicular  distance  of  0  from  a  plane 
whose  inverse  is  a  sphere  having  a  for  radius,  a  is  given  by 
the  equation 

2pa  =  R\  (24) 

EXAMPLES. 

1.  Find  the  distribution  of  mass  on  a  sphere  whose  centre  is  A,  and  which 
is  at  potential  zero  under  the  influence  of  a  charge  e  at  a  point  0. 

Invert  the  sphere  from  0,  and  we  obtain  a  sphere  at  constant  potential  L, 
where  EL  =  -  e.  The  density  IT'  at  any  point  P  of  this  sphere  is  given  by  the 
equation 

'-SP  —  sb'      then,  by  (22),      „  =  -  ^  £-„ 

a       OA*-az  e    OA*  -  a* 

but,  by  (23),          —  = — ,        whence        a  =  — 

a  M*  'lira       OP3 

2.  Show  that  a  solid  sphere  S  whose  density  varies  inversely  as  the  fifth 
power  of  the  distance  r  from  a  point  0  is  centrobaric,  and  find  its  baric  centre. 
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Invert  from  0  ;   then,  in  the  inverse  sphere  S' 

«  /r  \  5   g"       K 


therefore  the  potential  of  &  has  a  constant  value  L  at  its  surface  ;  and  a  mass 
RL  at  0  produces  at  the  surface  of  S  a  potential  equal  to  that  of  S  itself. 
Hence  0  is  the  baric  centre  if  it  be  inside  the  surface  of  S.  If  it  be  outside,  the 
baric  centre  is  the  image  of  0  in  this  surface. 

3.  Two  planes,  cutting  at  right  angles  and  terminated  by  their  line  of  inter- 
section, are  at  potential  zero  under  the  influence  of  a  charge  e  situated  at  a  point 
0  between  them ;  find  the  distribution  of  mass  on  the  planes,  and  the  potential  at 
any  point. 

If  we  draw  perpendiculars  p\  and  pz  from  0  on  the  planes,  take,  at  the  other 
side  of  the  planes  on  these  perpendiculars,  points  /  and  /  at  the  same  distances 
from  the  planes  as  0,  and  draw  through  /  and  J,  in  the  plane  of  01  and  OJ, 
parallels,  meeting  in  K,  to  the  planes ;  charges,  whose  amounts  are  each  -  e,  placed 
at  /  and  /,  together  with  e  at  K,  produce  along  with  e  at  0  a  potential  zero  on 
each  of  the  planes.  Hence,  at  any  point  Q  in  the  region  containing  0,  the 
potential  F"is  given  by  the  equation 

v=e  (J_+  _L__L__V 

and  in  the  region  separated  by  the  planes  from  0  the  potential  is  zero. 

At  any  point  P  in  the  plane  whose  distance  from  0  is  p\,  the  density  <TI  is 
given  by  the  equation 

epi  I  1  1    \ 

ffl  ~  ~  ZTT    \OP*  ~  JP3)  ' 

4.  Find,  by  inversion,  the  distribution  of  mass  on  the  larger  segments  of  two 

spheres  cutting  orthogonally  and  at 
constant  potential.  (For  the  direct 
solution  of  this  problem  see  Art. 
115.) 

If  we  invert  from  0  we  obtain 
as  the  inverse  of  the  planes  in  Ex. 
3,  the  larger  segments  of  two  spheres 
cutting  orthogonally,  and  at  con- 
stant potential  L,  where  RL  -  —  e, 
also,  if  a  be  the  radius  of  the  sphere 
which  is  the  inverse  of  the  plane  the 
perpendicular  on  which  is  p\,  we 
have  2ap\  =  R2,  and  if  a'\  be  the 
density  of  the  distribution  of  mass  at  any  point  P'  of  this  sphere, 
'0P\3  L  I.  OP3\ 


b,  and 


OP      OJ' 

but  —  =  — — ,  and  J'  is  the  centre  of  the  sphere  inverse  to  the  plane  whose 

JP      J  f 
perpendicular  is  pt.     Hence  if  b  denote  the  radius  of  this  sphere,  OJ' 

L 
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, 

planes  (A')  and  (B')  perpendicularly,  and  contains  a  series  of  images  charges 
hich,  along  with  e'  at  0,  produce  the  actual  potential  in  the  region  between 


5.  A  conductor,  formed  of  the  larger  segments  of  two  spheres  which  inter- 
sect at  an  angle  of  60°,  is  insulated  and  charged  to   potential  L  ;   find  the 
distribution  of  mass  on  the  conductor,  and  the  potential  at  any  point. 

Let  the  spheres  be  denoted  by  (A)  and  (S),  take  any  point  0  on  their  circle 
of  intersection,  and  invert  the  system  from  this  point.     We  have,  then,  two 
planes  (A1)  and  (B')  intersecting  at  an  angle  of  60°,  and  at  potential  zero  under 
the  influence,  at  0,  of  a  charge  -  RL,  which  may  be  denoted  by  e'.     The  plane 
passing  through  0  and  the  centres  of  the  spheres,  which  we  may  call  (0),  meets 
the  ' 

at  which, 

the  planes  and  containing  0.     Hence,  by  2°,  Art.  119,  the  inverse  system  of 
images  produce  a  potential  in  external  space  which  is  the  same  as  that  due  to 
the  actual  distribution  on  the  conductor. 

Let  C  be  the  point  in  which  (A')  and  (B')  intersect  (0)  ;  then  the  images  of 

0  in  (A'}  and  (B')  lie  on  a 
circle  in  the  plane  (0),  hav- 
ing O  as  centre  and  CO  as 
radius.      Let   I'i    be    the 
image  of  0  in  (A'),  J'\  its 
image  in  (B'),  J'2  the  image 
of  J'iin(A'),  J'z  the  image 
.Jj  of  J'i  in  (B'),  and  so  on, 

and  let  the    angular  dis- 
tances of  I'],  &c.,  from  CO 
be  denoted  by  i'i,  &c.,  then, 
if  CO  make  angles  a  and  0 
"•-  .........  -""  \  /'         with    (A')   and    (B'},    we 

*\..  .--'''  have    i'i  =  2a,  j'\  =  -  2/8, 

"  .............  "  i'z  =  a  -/i  +  a  =  2  (a  +  ft), 

/2  =  -  0  -  (i'i  +  J8)  =  -  2  (a  +  J8),      i's  =  2a  -/2  =  2a  +  2  (a  +  0), 
/3  =  -  20  -  i'2  =  -  20  -  2  (a  +  0). 

Now  a  +  0  =  -  ;  hence,  i's  —  /3  =  2ir,  and  the  points  /'a  and  «7'3  coincide. 
3 

The  charges  are  each  —  e'  at  images  having  odd  suffixes,  and  4  e'  at  those  having 
even  ones. 

In  the  inverse  system,  the  points  inverse  to  I'i  and  J'\  are  the  centres  of  the 

spheres  (A)  and  (B).     The  charge  at  the  centre  Ji  is  -  e'  -—  -,  or  aL,  where  a 

is  the  radius  of  the  sphere  (A).  Since  the  images  J'i,  J'\,  &c.,  lie  on  a  circle 
through  0,  the  inverse  points  lie  on  the  straight  line  joining  the  centres  I\  and 
/i,  and  are  successive  images  of  them  in  the  spheres  (B)  and  (A). 

Also,  if  the  charges  at  the  points  /i,  &c.,  be  denoted  by  the  same  letters, 
and  the  radius  of  the  sphere  (B)  by  b,  we  have 


\ 


=  aL, 


/1  =  ii,    7^+777  = 

C/./1       (A/2 


whence, 


Oil' 


0/3 


-It 

Oh 


A 

O/i ' 
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The  distances  I\It,  &c.,  are  given  by  the  equations 

«»  P  a*c  b*c 

lilt  =  -,     JiJz  =»  -,      /i/3  =  -5  —  jr.,      /i/3  =  -4  -  ,  where  c  =  /i/i  ; 
c  e  e1  —  b*  c'  —  a* 

the  surface  density  a  at  any  point  P  on  (A)  by  the  equation 

_  7,      /i  (a*  -  <?)      /a  (<*2  - 
~      + 


and  the  potential  F"  at  any  point  Q  in  external  space  by  the  equation 

r=A  +  -Zi  +  A  +  A  +  A. 

JiG    7iC    /»«    /tO    /»« 

If  .£„  be  the  total  charge  on  the  sphere  whose  radius  is  a,  by  (15),  Art.  116, 
as  in  Ex.  7,  Art.  116,  we  have 


-!(>+¥)  +f^ 


where  the  sign  in  the  last  term  depends  on  which  side  of  G  the  point  Is  is 
situated.  If  b  >  a,  as  in  the  figure,  then  the  negative  sign  is  to  be  taken.  Here 
^  =  a2  +  i2  +  ab,  also  GJiz  -  GIi*  =  J2  -  a2,  and  QJ\  +  GIi  =  e;  whence 

«2      rti  i2      ai 

e/l  =  ^+^'  &/l  =  7  +  2;' 

ab  b  —  a, 


GI3  =  Js/!  -GIi  =  —  —  A> 


. 


Substituting  for  /t,  /i,  &c.,  fl"/i,  &c.,  in  the  expression  given  above,  we 
•obtain 

ab        lab      a-  b  I  ab 


The  total  charge  E  on  the  conductor  is  given  by  the  equation 

b+  -?—.-  — 
a  +  b       c 

This  result  appears  also  from  the  consideration  that  E  =  Ii  +  J\  +  It,  +  Jt  +  It. 

The  above  expressions  for  Ea,  &c.,  hold  good,  whatever  be  the  magnitudes 
of  a  and  b. 

Q   2 


228  Electric  Images. 

120.  llni  planar  Inversion.  —  In  the  case  of  uniplanar 
inversion  corresponding  charges  are  equal  ;  and  if  E  be  the 
total  amount  of  mass  belonging  to  either  of  the  inverse 
distributions,  we  have 


,  =  VP-  F0  +  IHog        , 
(25) 

where  F0  denotes  the  potential  at  the  origin  of  the  distribu- 
tion E. 

It  follows  from  this  equation  that,  if  the  potential  due  to 
a  uniplanar  distribution  of  mass  acting  inversely  as  the 
distance  be  constant  at  all  points  of  a  curve  s,  and  if  the 
total  mass  be  zero,  the  potential  due  to  the  inverse  distribu- 
tion is  constant  for  all  points  of  the  inverse  curve  /,  and  the 
total  mass  is  zero.  Hence,  if  two  charged  points  Al  and  Az 
be  images  of  each  other  with  respect  to  the  curve  s,  the 
inverse  points  A\  and  A\  are  images  of  each  other  with 
respect  to  the  curve  /  which  is  the  inverse  of  s. 

Again,  if  the  potential  due  to  the  uniplanar  distribution 
of  mass  whose  total  amount  is  E  be  constant  for  all  points  of 
a  curve  -s,  the  potential  V  due  to  the  inverse  distribution 
together  with  a  mass  -  E  placed  at  0,  is  constant  for  the 
curve  s',  which  is  the  inverse  of  s,  and  the  total  mass  pro- 
ducing the  potential  TJ'  is  zero. 

If  r  denote  the  density  at  any  point,  whose  distance  from 
0  is  r,  of  an  areal  distribution  of  uniplanar  mass,  and  w  that 
of  a  linear  distribution,  and  /  and  v  the  corresponding 
densities  in  the  inverse  distribution,  remembering  that  in 
this  case  corresponding  charges  in  the  two  systems  are  equal, 
we  can  prove  in  the  same  manner  as  in  3°  and  4°,  Art.  119, 
that 


r/-  5   '  =  (^)T>    *'-  i   "-(5)  "•    (26) 

\jLty 


EXAMPLES. 

1.  Show  that  a  circle  c,  throughout  which  there  is  a  uniplanar  distribution 
of  mass  m  whose  areal  density  varies  inversely  as  the  fourth  power  of  the  dis- 
tance from  an  external  point  0,  is  centrobaric. 
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Invert  from  0,  then 


Hence  the  circle  c  ,  which  is  the  inverse  of  c,  being  of  uniform  density,  acts  at 
external  points  as  if  its  mass  were  concentrated  at  its  centre  A',  and  the  potential 
V  due  to  c'  together  with  —  m  at  A'  is  zero  outside  c',  and  therefore,  at  0,  also 
the  total  mass  producing  IT  is  zero.  Hence,  by  (25),  if  P  be  any  point 
outside  e,  Mre  have  Ur  =  0,  and  therefore,  the  potential  in  external  space  due  to 
e  is  the  same  as  that  due  to  a  mass  m  placed  at  A  ,  the  image  of  0  in  e. 

2.  Uniplanar  mass  m  is  distributed  in  the  region  outside  a  circle  c,  the  areal 
density  varying  inversely  as  the  fourth  power  of  the  distance  from  a  point  0 
inside  c.     Show  that  m  acts  inside  c  as  if  it  were  concentrated  at  A  which  is 
the  image  of  0  in  e. 

Invert  from  0,  and  we  obtain  a  circle  e'  of  uniform  density.  If  IT  be  the 
potential  due  to  c'  together  with  a  mass  —  m  placed  at  its  centre  A',  the 
potential  (T  is  zero  at  any  point  P"  outside  c'.  Hence,  since  the  total  mass  pro- 
ducing IT  is  zero,  by  (25),  we  have  U  constant  throughout  the  region  inside  c, 
and  therefore,  m  at  A  produces  the  same  effect  inside  c  as  the  original  distribu- 
tion outside  c. 

3.  Uniplanar  mass  is  distributed  over  the  boundary  of  the  larger  segments  of 
two  circles  cutting  at  an  angle  of  60°  so  as  to  produce  a  constant  potential  L 
throughout  the  interior  region  ;  find  the  potential  at  any  external  point,  and  the 
distribution  of  mass. 

Let  the  spherical  sections  in  the  figure  of  Ex.  5,  Art.  119  represent  the  circles  ; 
then  if  a  charge  ij  be  placed  at  the  points  It,  J\,  and  Is,  and  a  charge  —  t\  at  I-i 
and  «/2,  the  potential  produced  is  constant  at  the  circular  boundary,  and  if  it  be 
equal  to  L  the  charges  at  /i,  &c.  produce  in  external  space  the  same  potential  as 
the  actual  distribution.  Hence  y  is  determined  by  the  equation 


If  V  be  the  potential  at  any  external  point  Q,  we  have 

7  =  n  {log  I*Q  +  log  JZQ  -  log  IiQ  -  log  JiQ  -  log  I3Q} 
=  ri  log         *  j^         • 

The  density  v  of  the  distribution  at  any  point  P  on  the  circle  whose  radius 
is  a  is  given  by  the  equation 


and  the  total  charge  Ea  on  the  arc  of  this  circle  by  the  equation 

03  +  /3i  -  ai  -  j32}, 


where  01,  a3  a3,  /Si,  /32,  are  the  angles  which  the  chord  of  intersection  of  the 
circles  subtends  at  the  points  I\t  Ij,  1$,  Ji,  Jz,  respectively. 
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121.  Three     Spheres    cutting     Orthogonally.— If 

three  spheres  cut  orthogonally,  a  plane  through  their  centres 
A,  B,  C  meets  them  in  circles  cutting  orthogonally,  so  that 

the  centre  of  each  lies  on  the 
common  chord  of  the  other 
two,  and  these  chords  AGZ3, 
BG3i,  and  <76r12,  are  the  three 
perpendiculars  of  the  triangle 
ABC,  and  meet  in  a  point  K 
such  that 


whence  K  is  the  image  of 
Gzs  in  the  sphere  whose  centre 
is  A  and  which  may  be  de- 
noted by  (A}.  Similarly  K 
is  the  image  of  6r3i  in  (B)  and 
of  Gu  in  (C). 

A  potential  L  is  produced  at  the  surface  of  (A)  by  a 
charge  aL  at  A,  where  a  denotes  the  radius  of  A.  Again,  if 
the  radii  of  (B)  and  (C)  be  denoted  by  b  and  c,  and  the 
distances  AB,  BC,  and  CA  by  y,  a,  and  /3,  charges  bL  at  B 

and  —     —  at  6ri2  produce  on  (A)  a  potential  zero,  as  also  charges 


cL  at  C  and 


-bcL 


-  acL 

"T" 


at  6r3i,  finally  to  compensate  the  charge 


at  6r23,  there  must  be  a  charge 


a 


bcL 

a    -46r23 


abcL 


where  S  is  the  area  of  the  triangle  ABC.  If  we  express  the 
sides  and  area  of  this  triangle  in  terms  of  a,  b,  and  c,  we  find 
that  a  potential  L  is  produced  at  each  of  the  spherical  surfaces 
by  charges 


La,    Lb,    Lc, 


—  Lbc 


-  Lea 


-  Lab 
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and 

Labc 


placed  at  A,  B,  C,  GZ3,  G31,  G)t,  and  K,  respectively. 

122.  Four    Spheres    cutting    Orthogonally. — If  a 

sphere  cut  two  spheres,  whose  centres  are  A  and  B,  ortho- 
D  gonally,  its  centre  lies  on  the  plane 

(AB)    of    the   intersection    of    the 
spheres  (A)  and  (B),  and  this  plane 
is  perpendicular  to    the    line  AB. 
Hence,  if  four  spheres,  whose  centres 
are  A,  B,  C,  D,  cut  orthogonally,  D 
>c  lies  on  the  line  of  intersection  of  the 
planes  (AB)  and  (BC),  which  is  por- 
^  pendicular  to  the  plane  ABC,  and 

B  passes  through  K  the  point  of  inter- 

section of  the  perpendiculars  of  the  triangle  ABC.  If  6ru 
be  the  point  in  which  AB  meets  the  plane  (AB},  and  J"the 
foot  of  the  perpendicular  from  C  on  the  plane  ABD,  the 
lines  DK  and.  CJ  are  perpendiculars  of  the  triangle  DCGIZ, 
and  if  Obe  their  point  of  intersection,  CO.  CJ=  CK.  (?6r13  =  c9, 
where  c  is  the  radius  of  (C).  In  like  manner  AH,  the  per- 
pendicular from  A  on  the  plane  BCD,  intersects  CJ  at  the 
point  O.  Accordingly  the  four  perpendiculars  AH,  BJ, 
CJ,  and  DK  intersect  at  the  point  0,  and  0  is  the  image 
of  H  in  (A),  of  /  in  (B),  of  J  in  (C),  and  of  K  in  (D). 
Again,  if  Si  denote  the  area  of  the  triangle  BCD,  and  iz  the 
volume  of  the  tetrahedron  ABCD,  the  image  in  (A)  of  the 
charge 

Lbcd  .    -  Lbcd  a  -  Labcd 


By  Art.  121,  we  have 

C£12  .  AB  =  2S4  =  S(a*b*  +  6V  +  cV). 

Hence  we  obtain  CGn  and  CK,  from  which  and  DC  we 
get  DK,  and  finally  we  have 

60  =    /«W  +  b*c*(P  +  cVfl2  +  rfW. 
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Thus  all  the  charges  are  expressed  in  terms  of  L  and  the 
radii  of  the  spheres,  and  we  see  that  a  potential  L  is  produced 
at  each  of  the  spherical  surfaces  by  placing  charges  La,  &c., 
at  the  four  centres, 

,  &c.,  at  the  six  points  G12,  &c. 


— -,  &c.,  at  the  four  points  K,  &c., 


.  —  Labcd  ,   _ 

& 


EXAMPLES. 

1.  An  insulated  conductor  formed  of  the  larger  segments  of  three  spheres 
cutting  orthogonally  is  charged  to  potential  L  ;  find  the  density  cr  of  the  distri- 
bution at  any  point  P  on  the  surface  of  the  sphere  (A). 


2.  Find  _  the  density  a  at  a  point  P  on  (A)  when  the  conductor  charged  to 
potential  L  is  formed  of  the  segments  of  four  spheres  cutting  orthogonally. 


d3  b3c3 

4- 


DP3      (in  +  C2)l  <?23ps      (C2  + 


(d*  +  62)i  GztP3      (*2c2  +  cW  +  dW)*  HP3  } 


3.  A  conductor,  formed  of  the  segments  of  three  spheres  cutting  orthogonally, 
and  having  the  centres  of  the  spheres  in  its  interior,  is  at  potential  zero  under 
the  influence  of  an  external  electrified  point  P;  show  how  to  determine  the 
distribution  of  mass  on  the  surface  of  the  conductor,  and  the  potential  in  external 
space. 

Let  the  spheres  be  denoted  by  (A),  (5),  and  (C).  The  plane  of  the  intersec- 
tion of  (A)  and  (B]  cuts  (C]  in  a  circle  which  meets  the  circle  of  intersection  of  (A) 
and  (B)  in  two  points  0  and  Oz.  Invert  the  system  from  one  of  these  points  0, 
then  the  inverses  of  the  spheres  are  planes,  (A'},  (B'},  (C'}  intersecting  perpen- 
dicularly at  the  point  O't,  and  the  inverse  of  P  is  a  point  P'  in  the  region 
bounded  by  the  quadrants  of  the  three  planes.  Let  {,  77,  £be  the  perpendicular 
distances  of  P'  from  the  planes,  then 


r 
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By  changing  the  sign  of  the  coordinate  of  a  point,  we  obtain  the  coordi- 
nates of  the  image  point  in  the  corresponding  coordinate  plane.  Thus  in  the 
present  case,  the  whole  system  is  found  by  taking  all  possible  combinations  of 
algebraical  signs  pivfi.\t<l  i"  the  coordinates  f,  rj,  £.  The  sign  of  the  charge  to  be 
;  at  any  point  is  negative  if  it  has  an  odd  number  of  negative  coordinates, 
and  positive  if  it  has  an  even  number.  If  the  image  of  P  in  the  plane  (A')  be 
denoted  by  Jy,,,  with  a  corresponding  notation  for  tbe  other  points,  we  have  the 
system : — 

Points   P,    Pa,    Pb,    PC,    fab,    Pac,    P'bc,    Pabc  ] 

Coordinates,  &(,  -{rjC,  {-•>?£  {»»-£,  -f-^C.  -^"C*  |-1-C»  -f-'J-C: 
Charges,  e',  —  e',  -  e',  -  e',  e',  e',  e',  -  e'. 

In  tbe  inverse  spherical  system,  since  0  is  a  point  common  to  the  three 
spheres,  if  we  put  e  =  pOP,  we  have  for  the  electrified  points,  which  produce 
in  external  space  the  actual  potential : — 

Points,    P,    Pa,    Pb,    PC,    Pat,    Pac,    Pbc,    Pabc  5 

Charges,  pOP,  -  nOPa,  -pOPb,  -^OPC,  t*OPab,  nOPae, 


where  Pa  is  the  image  of  P  in  the  sphere  (A),  Pab  the  image  of  Pa  in  (J?),  or  of 
Pb  in  (A),  &c. 

Since  the  resultant  force  in  the  inteiior  of  the  conductor  is  zero,  the  density 
of  the  distribution  at  any  point  of  its  surface  can  be  determined  as  in  preceding 
Examples. 

4.  A  conductor,  formed  of  the  segments  of  four  spheres  cutting  orthogonally 
and  having  their  centres  in  its  interior,  is  at  potential  zero  under  the  influence 
of  an  external  electrified  point  P ;  show  how  to  determine  the  distribution  of 
mass  on  the  conductor,  and  the  potential  in  external  space. 

Adopting  the  same  notation  as  that  of  the  last  Example  and  calling  the 
fourth  sphere  (D),  if  we  invert  from  0,  one  of  the  points  common  to  (A),  (B), 
and  (C),  we  get  three  rectangular  planes  and  a  sphere  (D')  cutting  them  per- 
pendicularly, and  having,  therefore,  O'z  as  its  centre.  If  P  be  the  inverse  of  P, 
the  successive  images  of  P  in  the  planes  form  the  same  system  Pa,  &c.,  as  that 
considered  in  the  last  Example.  These  points  lie  on  a  sphere  having  O'i  for 
centre ;  and  their  images  in  the  concentric  sphere  (J7)  are  equidistant  from 
O'z,  and  are  obviously  in  reference  to  each  other  a  complete  system  of  images  in 
the  planes  (A1),  (£'),  and  (C).  Hence,  by  5°,  Art.  119,  in  the  inverse  system  of 
lour  spheres,  a  potential  zero  is  obtained  at  the  surface  of  each  by  placing  at  the 
points 

P,  Pn,  Pb,  PC,  Pab,  Pae,  Pbc,  Pabc,  Pd,  Pad,  Pbd,  Pcd,  Pabd,  Pacd,  Pbcd,  Pabcd, 

charges 

HOP,  -  fJiOPa,  -  ftOPb,  -  fiOPc,  l*.OPab,  li.OPae,  fJiOPbc, 
vOPad,  vOPbd,  vOPcd,  -»OPabd,  -vOPafd,-»OPbcd, 

where 

=  «,  and    vOPa  —  ——  t. 
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123.  Finite  Series  of  Images  and  continuous 
Inverse  Systems. — The  relation  between  systems  of  images 
and  the  surface  distributions  to  which  they  are  equivalent 
may  usually  be  based  on  the  following  general  theorem : — 

If  a  closed  surface  8  be  one  of  equilibrium  for  a  distri- 
bution of  mass  of  which  part  is  external  to  8  and  part  internal, 
a  surface  distribution  on  8,  whose  density  at  any  point  is 
equal  to  the  resultant  force  at  that  point  divided  by  4;r, 
produces  at  all  points  external  to  8  a  potential  equal  to  that 
of  the  internal  mass,  and  at  all  internal  points  a  potential 
whose  difference  from  a  constant  is  equal  to  the  potential  of 
the  external  mass. 

This  theorem  is  easily  proved  by  supposing  a  distribution 
on  8  whose  potential  at  all  points  of  this  surface  is  equal  to 
that  of  the  internal  mass. 

Numerous  problems  of  considerable  difficulty  have  been 
solved  by  Thomson,  Clerk  Maxwell,  and  other  mathematicians, 
by  the  use  of  images  finite  in  number,  or  by  the  inversion 
of  one  continuous  system  into  another.  Some  of  the  most 
important  of  these  problems  are  given  in  the  following 
Examples : — 

EXAMPLES. 

1.  An  insulated  conductor  formed  of  the  larger  segments  of  two  spheres 
cutting  at  an  angle  -,  where  n  is  any  integer,  is  charged  to  potential  Z  ;  find 

the  distribution  of  mass  on  the  surface  of  the  conductor,  and  the  potential  in 
external  space. 

Adopting  the  method  and  the  notation  of  Ex.  5,  Art.  119,  we  find 

i'zm  =  2m(a  +  0),  /2m  =  -  2m  (a  +  /3), 

i'zmti  =  2a  +  2m  (a  +  0),    /2m+i  =  -  2/8  -  2m  (a  +  /3). 

In  this  case  a  +  )3  =  -,  and  therefore,  whether  n  =  2m  or  2m  +  1,  we  have 

n 

i'n  -/»  =  2n  (a  +  ft)  =  2ir, 

and  the  point  /'„  coincides  with  «/"'«. 

In  the  inverse  spherical  system,  /i  and  J\  being  the  centres  of  the  spheres 
(A)  and  (5),  we  have  the  images  72,  Is,  &c.,  /»  in  the  sphere  (A],  and  the 
images  /2,  «/3,  &c.,  Jn  in  the  sphere  (J9),  and  /„  coincides  with  /„.  The  charges 
to  be  placed  at  these  points,  the  distribution  of  mass  on  the  conductor,  and  the 
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potential  in  external  space  are  found  then  as  in  Ex.  5,  Art.  1  19.     The  total  mass 
Ea  on  the  spherical  surface  whose  radius  is  a  is  given  hy  the  equation 


0/3  +  &o.  +  GIi  +  OJi  +  GI3  +  0/3  +  &c. 
-  0/a  -  0/3  -  0/4  -  0/4  -  &c.  -  GI*  -  GJz  -  Git  -  GJi  -  &c.  }, 

where  GJ\,  Gly,  &c.  are  to  be  taken  as  positive  or  negative  according  as  the 
points  /i,  /z,  &c.  are  on  the  same  side  of  G  as  /j  or  on  the  opposite  side. 

2.  A  spherical  howl  is  at  potential  zero  under  the  influence  of  an  external 
electrified  point  0  situated  on  the  surface  of  the  sphere  (A)  in  space  of  which 
geometrically  the  howl  forms  a  part  ;  find  the  distribution  of  mass  on  the  surface 
of  the  bowl. 

Invert  from  0,  the  sphere  (A)  becomes  a  plane,  and  the  plane  base  of  the 
bowl  a  sphere,  so  that  the  surface  of  the  bowl  is  inverted  into  a  plane  circular 
disk.  If  we  suppose  this  disk  at  constant  potential  L',  by  Ex.  7,  Art.  38,  the 
density  a  of  the  distribution  at  any  point  f  of  the  disk  is  given  by  the  equa- 
tion 


V(a'2-r'2)' 

where  k  is  a  constant,  a  is  the  radius  of  the  disk,  and  /  the  distance  of  P  from 
its  centre ;   then,  if  S  be  one  surface  of  the  disk, 


Jo  V(«'2-r'*) 
whence 

•       L>  1 

2**  </H'P  .  P'K' ' 

where  H'  and  i"  are  the  extremities  of  any  chord  of  the  disk  passing  through  P. 
If  H  and  K\>Q  the  points  on  the  edge  of  the  bowl  inverse  to  H'  and  K',  we 
have 

HP       OP      OP .  OH        PK_  _  OP       OP .  OK  =    -M\3. 

H'P~  OH'~        X*      '       PK1  ~  OK' "        JP        '    '  '    \OP)    ' 

whence 

_  L'     R      \OH .  OK 


If  e  be  the  charge  at  0,  in  order  that  the  bowl  should  be  at  potential  zero 
by  2°,  (b),  Art  119,  we  have  L'R  =  -  e,  and  therefore, 


OH  .  OK 
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Since  the  three  points  JET,  P',  K'  are  on  the  same  straight  line,  the  four 
points  0,  H,  P,  K  are  on  the  circumference  of 
a  circle  whose  plane  cuts  the  base  of  the  bowl 
in  the  line  UK  at  an  angle  6  ;  then,  p  and  q 
being  the  perpendiculars  from  0  and  P  on  the 
line  HK,  we  have 

OS .  OK  _p  _  p  sine  _  £0 
PR  .  PK~  ~q  ~  q  sin.  0  ~~  ?„' 

where  £b  and  £p  are  the  perpendiculars  from 
0  and  Pon  the  base  of  the  bowl.  If  0  denote 
the  pole  of  the  small  circle  forming  the  edge 
of  the  bowl,  b  the  distance  from  G  of  any  point 
of  this  edge,  z  the  coordinate  of  any  point 
of  the  sphere  (A)  referred  to  G  as  origin  and 
the  diameter  through  G  as  axis,  and /the  length  of  the  diameter,  we  have 

#2      CO2-^       ..  _&  b-  -  CP1 

w>  —  ~~zp—         5       > 


7       / 

whence 

-  e        |£o 
~27r26>P2\& 

T/jJ F  The  value  of  ff  here  obtained  may  perhaps  be  more  readily  deduced  from  that 
of  ff'  by  considering  the  sphere  (.8')  which  is  the  inverse  of  the  base  of  the 
bowl. 

If  Q  be  the  point  in  which  OP  meets  the  base  of  the  bowl,  and  Q7  the  inverse 
point  on  (£'),  since  H'P'K'  is  a  chord  of  (£'),  we  have 

H'P'  .  P'K'  =  OP'  .  P'Q',    but   .  P'Q'  =  PQ  -~ ; 

whence 

OF  ,        .fl4  PQ       P4  CF 

OP  OP2  <2Q  ~~  OP2  6^' 

and  from  this  the  value  of  a  follows  immediately. 

3.  An  insulated  spherical  bowl  is  charged  to  constant  potential  L  ;  find  the 
distribution  of  mass  on  its  surface. 

Imagine  a  distribution  of  mass  of  uniform  density  e  on  the  remainder  of  the 
sphere  (A)  of  which  the  bowl  is  part.  If  the  bowl  be  at  potential  zero  under 
the  influence  of  this  distribution,  there  will  be  a  distribution  on  the  surface  of 
the  bowl  whose  density  at  any  point  Pmay  be  denoted  by  a.  Suppose,  further, 
an  additional  distribution  of  uniform  density  e'  over  the  whole  sphere  (A),  then 
the  bowl  is  at  a  constant  potential,  and  the  density  ff\  of  the  distribution  at  any 
point  of  its  outer  surface  is  ff  +  e',  and  at  any  point  of  its  inner  is  ff. 

Let  us  now  assume  that  e  +  e'  =  0,  and  that  dwae'  =  L,  where  a  is  the 
radius  of  (A],  and  we  obtain  the  distribution  on  an  uninfluenced  bowl  at 
potential  I,. 

To  calculate  tr,  let  Q  denote  any  point  of  the  sphere  (A)  beyond  the  edge  of 
the  bowl,  A  the  centre  of  the  sphere,  G  the  centre  of  the  bowl  or  the  pole  of  its 
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boundary,  0  and  <p  the  spherical  coordinates  of  Q  referred  to  AC  and  the  plane 
ACT,  e  and  p  the  perpendicular  distances  of  A  and  Pfrom  the  base  of  the  bowl, 
B  the  angle  subtended  by  the  radius  of  this  base  at  A,  and  a  the  angle  PAC; 
then  by  Ex.  2, 

ert*  sin  0ddd<f>     \fc-a  cos  0} 

—  dff  =  I  I 

2ir3PQ2       \  \         p 

also 

PQ2  =  2a2  { 1  -  (cos  a  cos  0  +  sin  a  sin  0  cos  <f>) }  ; 
whence 

f       e  w   r  v         M(e  —  a  cos  0)  sin  0dddd> 

-  ff  = i ; : — • 

2ir2V/P  ^  ^   •  °  COS  a  COS      ~  8ln  a  8m      COS  ^ 

The  integral  with  respect  to  $  is  of  the  form 

I  * ? .  the  value  of  which  is  - =-  • 

' }  o  m  -  n  cos  <j>  \(m*  —  n*) 

In  the  present  case  w2  -  «2  =  cos2  o  +  cos3  0  -  2  cos  a  cos  0 ;  hence  putting 
cos  0  =  p,  we  have 


«      r^i  V( 
—  ^ 

^/p  J  -i 


-L 
,  where  mi  =  cos  /3. 


Remembering  that  c  =  «/*i,  and  that  a  cos  o  -  c  =  p,  we  find  by  integrating 
that 


If  we  denote  by  i  the  distance  of  C  from  any  point  on  the  edge  of  the  bowl, 
and  if  we  put  la  =/,     CP  =  r,  we  have^. 


r+.-£r 


whence 


Substituting  for  «  its  value  - — ,  we  get,  for  <n  and  (T2,  the  densities  on  the 

4ira 
outer  and  inner  surfaces  of  the  bowl,  the  equations 


If  the  point  of  the  sphere  (A),  which  is  opposite  to  C,  be  denoted  by  D,  and 
and  fa  denote  the  perpendiculars  from  D  and  P  on  the  base  of  the  bowl,  it 
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is  plain  that  a  +  c  =  fa,    p  =  £>,  and  that  o-  may  be  expressed  by  the  equation 


4.  Find  the  distribution  of  mass  on  a  spherical  bowl  (B)  at  potential  zero 
under  the  influence  of  a  charge  e  situated  at  any  point  0  outside  the  bowl. 

Invert  the  system  from  0,  selecting  the  radius  of  inversion  JR  so  that  the 
sphere  (A),  of  which  the  bowl  is  part,  may  be  inverted  into  itself.  The  bowl 
(B)  is  inverted  then  into  another  portion  of  (A)  bounded  by  the  intersection  of 
(A)  with  the  sphere  which  is  the  inverse  of  the  base  of  (B),  that  is,  (B)  is 
inverted  into  another  bowl  (-B')  belonging  to  the  same  sphere. 

If  (B')  be  at  constant  potential  L'  due  to  a  distribution  on  (B'),  by  the  last 
Example  the  density  a  of  the  distribution  at  any  point  P  of  the  inner  surface 
of  (B')  is  given  by  the  equation 


Draw  a  plane  through  D'F  meeting  the  edge  of  (B')  in  the  points  H',  £'  ; 
then  the  points  D',  H',  f,  K'  being  concyclic,  so  also  are  the  inverse  points 
J),  H,  P,  K;  and  we  have,  as  in  Ex.  2, 

Ox  _  D'H1  .  D'K'          fo  _  J-g.  DK 
f7,  "  FE'  .  PIC'         &  ~  PS  .  PK' 

where  £/>  and  (p  are  perpendiculars  from  D  and  P  on  the  base  of  (B). 
Again,  by  similar  triangles,  as  in  2°,  Art.  119, 

OD'  .  _OD' 

DH  -0J-MT,      VX  -QK^^ 

OP  OP 

P'H'  =  mPH,      ?'X'=mrx, 

and  therefore, 

D'H'  .  D'K  _  OD'2  DE.DK  _  OP^  DH  .  DK 
PS'  .  P'T'  ~  OP*  PS.  PK~  OD*  PH.PK  ' 

If  <r  be  the  density,  corresponding  to  o-',  of  the  distribution  on  (B),  by  (22), 

/  -R     3 
Art.  119,  we  have  or  = 


and  (B)  is  at  potential  zero  under  the  influence  of  a  charge  e  at  0,  provided 
that  RL'  =  -e. 

Hence,  substituting  in  a,  we  get 

_-,    X*    (OP    l/fo\  OP     //fox, 

-   tan 
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D  is  here  the  point  in  which  OD'  meets  the  sphere  (A)  again,  and  It  is 
found  by  taking  the  points  E,  F  in  which  the  plane 
OA  C  meets  the  edge  of  (If)  and  joining  them  to  0, 
the  joining  lines  meet  (A)  again  in  the  points  £", 
I"  on  the  edge  of  (Jf)  ;  then  D'  is  the  point  of  (A) 
opposite  to  M',  the  middle  point  of  the  arcJS'  F'  of 
the  circle  in  which  A  00  meets  (A). 

To  prove  the  validity  of  this  construction  it  is 
only  necessary  to  show  that  the  pole  of  the  circle 
F'  which  is  the  boundary  of  (B'),  lies  in  the  plane 
AOC,  which  appears  thus.  AC  is  perpendicular 
to  the  base  of  (B),  and  therefore  a  perpendicular 
to  this  base  from  0,  which  passes  through  the 
centre  of  the  inverse  sphere,  lies  in  the  plane  AOC. 
Hence  the  line  joining  the  centres  of  the  two 
spheres  whose  intersection  is  the  boundary  of  (&) 
lies  in  the  plane  A  00,  but  the  pole  of  the  boundary 
is  on  this  line  and  therefore  in  the  plane  AOC. 
As  in  the  preceding  Examples  a  may  be  put  into 


the  form 


iJL  —  \°—   \lciyt-b*\         i  OP   1  1  CD--  &*\  ) 

~  W~fOP*  \0~D  >/  \b*  -  CP*)  ~  OD  \  \P  -  CF*)  } 


On  the  outside  of  (2?*)  the  density  is 

•r'+A,  that  is,  «-~ 
The  corresponding  density  a\  on  (£)  is  given  by  the  equation 


~ 


a\  is  the  density  of  the  distribution  on  that  surface  of  (B)  which  can  be  reached 
from  0  without  passing  through  the  surface  of  (A).     This  appears  by  consider- 


ing the  three  possible  cases,  and  by  remembering  that  the  surface  of  (B)  which 
is  next  to  0  corresponds  to  the  surface  of  (&)  which  is  most  remote. 
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5.  A  circular  disk  is  at  potential  zero  under  the  influence  of  a  charge  e 
situated  at  an  external  point  0  in  its  plane  ;  find  the  distribution  of  mass  on  the 
disk. 

In  Ex.  2,  if  we  suppose  the  diameter  of  the  sphere  (A]  to  become  infinite, 
and  b  to  remain  finite,  the  bowl  (B)  becomes  a  disk  whose  centre  is  C,  and  whose 
radius  is  b,  and  we  get  for  the  density  a  of  the  distribution  at  any  point  Pof 
the  disk  the  equation 


o2-v\ 

-  Of) 


6.  Give  a  direct  construction  for  the  point  D  in  Ex.  4. 

The  point  -ZX  is  equally  distant  from  all  points  of  the  edge  of  the  bowl  (II'), 
but  if  H'  be  a  point  on  this  edge,  and  If  the  inverse  point  on  the  edge  of  (B). 

D'H'      DJT 
we  have  —  —  =  -—  -.     Hence,  if  H  be  any  point  on  the  edge  of  (B),  the  ratio 

7)  TT  T)  W      OT? 

—  is  constant;  accordingly    --=,=  --=,  ,  and  therefore  the  locus  of  D  is  a  circle, 
U-U  DJc       Of 

whose  intersection  with  the  circle  EOF  determines  two  points,  of  which  D  is 
the  one  not  on  the  surface  of  the  bowl  (B}  . 

124.  Spheres  in  Contact.  —  If  two  spheres  (A)  and 
(j3),  whose  radii  are  a  and  b,  and  which  touch  at  the  point 
0,  be  inverted  from  this  point,  the  inverse  surfaces  (A'}  and 
(B'}  are  parallel  planes  whose  distances  from  0  are  a  and  j3, 

Rz  R2 

where      a  =  —  ,       )3  =  —..     If  these  planes  be  at  potential 

zero  under  the  influence  of  a  charge  ef  at  0,  the  potential  at 
any  point  between  the  planes  is  the  same  as  that  due  to  the 
charge  e'  at  0,  together  with  charges  at  the  successive  images 
of  0,  which  form  an  infinite  series. 

The  images  in  the  plane  (A'}  being  denoted  by  I\,  1'2, 
&c.,  and  those  in  the  plane  (B'}  by  J\,  J'2,  &c.,  the  two  sets 
are  on  opposite  sides  of  0,  and  if  OI\  =  f'i,  01'  z  =  £'a,  &c., 
OJ\  =  rj'n  OJ'z  =  r/2,  &c.,  and  a  +  /3  =  y,  we  have  %\  =  2a, 
n'i  =  2/3,  ft  -  a  +  ti'i  +  a  =  27,  „',  =  /3  +  £'i  +  j3  =  27, 
|'3  =  2a  +  2y,  ij'3  =  2/3  +  2y,  ^an  =  2W7,  i}'2n  =  2nj, 
^Vi  =  2a  +_  (2w  -  2)7  =  2ny  -  2/3,  j?^,,-!  =  2nj  -  2a. 

In  the  inverse  system,  /j  and  Ji  are  the  centres  of  the 
spheres  (A)  and  (5),  and  in  order  that  the  spheres  should  be 
at  potential//,  by  2°,  Art.  119,  we  have  e'  =  —  LR  ;  whence  the 

T  E>2  LR2 

charge  at  I\  is  Lit,  and  that  at  Ji  is  —^r,  that  is,  —  —     or 

Ol  i  £a 

La.     Similarly  the  charge  at  Jl  is  Lb. 
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Since  the  charge  at  any  image  point  is  proportional  to  its 
distance  from  0,  the  charge  at  Iyn  is  -  -£&«,  and  that  at  1^ 
is  Z/£2,,_i,  but 

—  -  RZ  ab 

and 

It*  ab 

san-i  ~  ~ 


n  (a  +  b)  -  a 
2a    '  2b'~ 

If  we  put  —    —  =  u,  which  gives =u-l,  we  get  for 

a  +  b  a  +  b 

the  sum  Ea  of  the  charges  at  the  centre  and  succession  of 
images  belonging  to  the  sphere  (A] 


Ea 

As 


T    ab*   -M.  /        1  1\ 

=  L  --  V  _  _  .  (27) 

a  +  6  ^*i    V"  4  A4  ~  1      */ 


i 

'  and 


we  may  write 

^-'-l)^ 

^- 


By  putting     =  v,  we  have,  /u  =  ^  -  ,  and 

0  i  +  v 


Ea  =  Lav  V"          1  +  "    2  ~  -    +  v*l  ~  --     (29) 

^ 


If  a  be  small  compared  with  6,  the  higher  powers  of  v 
may  be  neglected,  and  we  have  Ea  =  Lav's,  —t.     By  compar- 

ing the  coefficients  of  x3  in  the  two  expansions  for  sin  x  we 
get,  as  is  well  known, 
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Again 


=  T 
Th 


_    ___    _ 
(«(«  +  b)  -  b      n(a  +  b) 

' 


_  —  __  _  -  _ 

n(l  +  v)  -  1       «(1  +  v) 

By  making  n  unity,  and  then  changing  n  into  w  +  1,  in 
the  first  term  under  the  sign  of  summation,  we  get 

Eb  =  Lbv  -  -      " 


;  (31) 
and  if  the  higher  powers  of  v  be  neglected,  we  have 

(32) 


From  (30)  and  (32)  we  get  for  the  mean  values  cra  and  er6 
of  the  densities  of  the  distributions  on  the  two  spheres 


and  therefore, 

2 

""  /Q^\ 

Oa  =  7T  at-  v I 

Equations  (27)  and  (28)  give  expressions  for  the  total 
charge  on  one  of  two  spheres  in  contact  which  are  insulated 
and  charged  to  potential  L. 

Equations  (39)  and  (31)  give  expressions  for  the  total 
charge  on  each  sphere  when  one  is  small  compared  with  the 
other.  Equation  (33)  is  rigorously  true  for  a  sphere  in  con- 
tact with  an  infinite  charged  plane.  If  the  spheres  (A)  and 
(B}  be  equal,  ju  =  | ;  and  from  (27),  we  have 


.  (34) 

~"  JL 
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125.  Concentric  Spheres. — If  two  concentric  spheres 
(A)  and  (B)  be  at  potential  zero  under  the  influence  of  a 
charge  c  at  a  point  0  situated  between  them,  the  potential  at 
any  point  between  the  spheres  is  that  due  to  the  charge  at  0, 
together  with  charges  at  the  successive  images  of  0  in  the 
spheres.  If  /„  /2,  &c.,  denote  the  images  in  (A),  £i,  £2,  &o-> 
their  distances  from  C  the  centre,  e\,  e'2,  &c.,  the  charges  at 
these  points,  Jlt  &c.,  TJI,  &c.,  and  j\,  &c.,  the  corresponding 
points  and  quantities  for  (5),  denoting  the  radii  of  the 
spheres  by  a  and  6,  and  putting  CO  =  /,  and  a  =  fib,  the  inner 
sphere  being  (A),  we  have 


v      r        u- 

=  -f>    ni  =  7>    £2  =  —  =  p*f, 

J  J  *?! 


T?2  = 


Assuming  then 


,  (35) 


since 


<  A 

=  -  ,  and  r/n+i 
*?» 


we  see  that,  as  the  above 
assumptions  hold  good  for 
n  =  1,  they  hold  good  in 
general.  Also,  since  by  (1), 
Art.  110,  the  charges  at  a 
point  and  its  image  in  a 

sphere  are  proportional  to  the  square  roots  of  their  distances 

from  the  centre,  we  have 


whence 


.  e 


)  -*  ^ 


=  fJ^e.  (36) 


Since  the  images  in  (A]  produce  the  same  potential  in 
external  space  as  the  distribution  on  its  surface,  if  Ea  be  the 
total  charge  on  (A],  we  have 


Ea  = 


=  e 


R2 
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Again,  as  the  potential  at  (B}  is  zero,  the  total  charge  EJ, 
on  its  surface  is  equal  and  opposite  in  algebraical  sign  to  the 
sum  of  the  interior  masses  ;  hence 


The  total  charges  Ea  and  Eb  may  be  expressed  by  the 
equations 

-  e     a  b  -f  -  e    f-  a 

a  =  i          J      7~>         •"*"?  7~  > 

!-/»«/  l-fif 

hence,  if  -4  and  J5  denote  the  points  in  which  0(7  meets  the 
spheres  (.4)  and  (B),  we  have 

.EB     a  OB 

E^lOA        ^  +  ^  = 

If  we  put  b  -  a  =  c,  and  suppose  c  to  remain  finite  while 
a  and  b  become  infinite,  the  spheres  become  parallel  planes, 
and  we  find  for  the  total  charges  El  and  E2  on  parallel  planes 
at  potential  zero  under  the  influence  of  a  charge  e  situated  at 
a  point  0  between  the  planes,  the  equations 

E,.-  "Pi,  (37) 

C 

where  pr  and  pz  are  the  distances  of  0  from  the  planes,  and 
c  is  the  distance  between  them. 

126.  Spheres  influencing  eacb  otber.  —  If  a  sphere 
(B},  at  potential  zero,  be  in  the  presence  of  an  insulated 
sphere  (A)  at  potential  L,  the  total  mass  on  each  sphere  can 
be  expressed  by  an  infinite  series  deducible  by  the  method  of 
images.  This  mode  of  obtaining  the  series  was  first  employed 
by  Thomson.  The  special  form  of  investigation  here  adopted 
is  due  to  Kirchhoff. 

Let  the  centres  of  the  spheres  be  denoted  by  A  and  B, 
their  radii  by  a  and  6,  and  the  distance  AB  by  c. 

A  charge  La  placed  at  A  produces  a  potential  L  at  the 
surface  of  (A};  but  in  order  to  have  the  potential  zero  at  (B), 
a  charge  must  be  placed  at  J0,  the  image  of  A  in  (B}.  To 
render  the  addition  to  the  potential  zero  at  (A)  another 
charge  must  be  supposed  at  II  the  image  of  J0  in  (A),  and  so 


r 
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on.  Let  the  charges  at  A,  /i,  72,  &c.,  be  denoted  by  »0,  t\,  ta, 
&e.,  those  at  «70,  </i,  J2i  &o.,  by  /„  ,/n  ./*,  &c.,  the  distances 
-4/,,  AI2,  &o.,  by /i,  /2,  &o.,  and  the  distances  BJ0,  BJltBJ2, 
&c.,  by  h0,  AI,  AZ,  &c.,  then 

*n+l  =  ~  '^J'*'     Jn  =    ~  T  *"'   /n+1  =  ^Tw'       ^"  =  T^fn 

Eliminating  fn+\,jn>  and  An  from  these  equations,  we  get 

ab 


If  we  eliminate  /„  and  hn  from  the  first  three  of  equations 
(38),  we  obtain 

cfn+i  -  a2  .        ,  .  ,      .         .       cfn-  a*  . 
«n+i  -  -  —  T  —  *»,  which  gives   tn  =  -  r—  »»_!, 
ab  ab 

from  the  two  equations  expressing  «n+1  and  in-i  in  terms  of  /'» 
and  /„,  we  have 

^L  +  ±L  .  ^4--£  •  (39) 


As  this  equation  contains  neither/  nor  h,  and  is  symme- 
trical in  a  and  i,  we  have  also 

*         i        r2  -  nz  -  A2 

Jn          Jn    _  C_ 
jn+l       jn-i  ab 

If  we  put  -  =  «„,  and   assume     an-i  =  Avn~l  +  Sv~(*~l\ 

In 
On  =  Avn  +  Bv-", 

1      c2  -  a2  -  ft* 


we  get  from  (39),  an«  =  AvMl  +  Bv~^  ;  hence  the  equation 
an=\  =Avn  +  £v-»,  (41) 

*n 

where  v  and  -  are  the  roots  of  the  equation 

c2  -  a2  -  &' 

s2  --  r  -  x  +  1  =  0, 
ab 

holds  good  for  all  values  of  n. 
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In  like  manner  we  obtain 

j£»  -  i  •-  Cvn  +  Dv~n.  (42) 

Jn 

A  and  B  are  determined  from  the  values  of  i0  and  ii,  and 
C  and  D  from  those  of  j0  and/!.     Since  i0  =  Za,  we  have 

.        -a     .        La2b 


xi  ..._   _ 

c 


c(c2  -a2-  b2]  c2  -  b2      c(c2  -  a2  - 


b2 

t*    ™—  —~ 

c 


Hence  we  obtain 


Dividing  the  second  of  equations  (43)  by  the  first,  and 
putting  -=  =  £,  we  have 


c  -  a 

=    --  —    =   V  +   V"1   +  - 


§  +  1  ao 

Solving  for  £.,  we  obtain 

v(a  +  vb]  v(a  +  vb}z  _      v(a  +  vb}2 

b  +  va  abv*  +  (a2  +  b2)  v  +  ab  vc2 

hence 

4  =  -A2,  where    A..-*±^-  (45) 

JD  C 

Taking  v  as  that  root  of  the  equation  for  x  which  is  less 
than  unity,  we  have  a  +  vb  <  c,  and  A  <  1,  then 

-•  *- 
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and 

.       l_  __  1_        =  Lav*  (1  -  X8) 

"  an      Avn  +  Bv-»  1  -  XV 

If  we  divide  the  second  of  equations  (44)  by  the  first,  and 

put  —  =  TJ,  we  get 

nv  +  v'1     c2  -  a*  -  62 

—  =-  =  -  j  -  =  v  +  v"1  ; 
r)  +  1  ab 

and  solving  for  TJ  from  this  equation,  we  obtain  i\  =  -  v*  ; 
hence,  we  have 


_  _ 

'  v2  -  1  ~  Lab  T^S'           ~  1  -  v2  ~  Lab  1  - 

and 


Cv*  +  l>v^J  c        1  -  v2n+2 

As  the  potential  due  to  the  charges  iotjo,  &c.,  is  the  same 
on  each  of  the  surfaces  (A]  and  (J5)  as  that  due  to  the  actual 
distributions  on  those  surfaces,  the  total  mass  Ea  on  (-4) 
must  be  equal  to  the  sum  of  the  charges  at  the  interior  points 
A,  /i,  /2,  &c.,  and  the  total  mass  EI,  on  (B]  to  the  sum  of  the 
charges  at  JM  J",,  &c.  Hence 

&-»;-£«  (i-  xi  s^ 


If  we  put 

/I  A2N 

-X') 


(48) 

we  see  that  qn  is  symmetrical  with  respect  to  a  and  5,  and 
we  have 


Ea  =  qHL.      Eb  =  ql9L.  (49) 

If  the  sphere  (B}  were  at  potential  If,  and  (^4)  at  potential 
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zero,  we  should  find  in  like  manner  for  the  total  charges  E'a  and 
E\  on  (A)  and  (B},  the  equations  E'  a  =  qKM,  E\  =  qnM, 
where 

z,  n        2\  v^°°         vn  b  +  va 

*»  =  a(i-v)2o  Y^-V^  ^  — 

Since  for  each  of  the  distributions  considered  above  the 
potential  is  constant  on  each  sphere,  we  may  suppose  the  two 
distributions  to  be  superposed,  and  thus  for  El  and  E2,  the 
total  charges  on  the  spheres  when  insulated  and  at  potentials 
L  and  M,  we  have  the  equations 

l?i  =  quL  +  qiZM,     E*  =  q^L  +  q^M.  (51) 

The  expressions  for  qu,  q^  and  q^,  given  in  (48)  and 
(50),  may,  as  Mr.  F.  Purser  has  shown,  be  reduced  to  more 
convenient  forms  in  the  following  manner  : 

If  we  put     4c2F  =  a4  +  64  +  c4  -  2  (a*bz  +  V~cz  +  cW), 
we  have 

_  c2  -  a2  -  ^2  -  2ck        l  _  cz-a*-b*  +  2ck 

~~2ab~     ~'     V  ~2W 

1  -  v2      2ck  ,       a  +  vb          vc 

whence    -  =  —  r»     and  since     A  =  -  =  -  r, 
v          ab  c          va  +  b 

we  have 


and 


, 

va  +  b  va  +  b       a(va  +  b) 

In  like  manner  we  get 

!          ,       M 
l-tf-J* 

Again 

,    \v"     =  \vn  (1  +  X2v2M  +  X4v4M  +  &o.)  =  So03  X8" 

1  -  X  v2n 
whence 


In  like  manner,  we  obtain 


r 
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Substituting  in  (48)  and  (50)  for  1  -  X2,  1  -  y%  1  -  /u%  and 
the  infinite  series,  in  accordance  with  the  equations  obtained 
above,  we  get 


2v 
"     1  _ 


(52) 


Other  methods  of  finding  the  values  of  qn,  &c.,  will  be 
found  in  the  Examples. 


EXAMPLES. 

1.  Obtain  directly,  in  terms  of  a,  b,  and  c,  the  first  three  terms  in  qn, 
and  tf22« 

Since  q\\L  =  t0  +  tj  +  i^  +  &c.,  and  q\zL  =  jo  +/i  +  h 
find  io,jo,  &c.     We  have  then 

b  .  Lab 

to  =  La,  -D./0  =  BA  =  c,        JQ  = to  =  —  , 

c  c 

XT        b"          AT  *T        *-*          •  a       • 

JfjQ   =    —  ,  M.JQ   =    C  —   JjJo  =    ,  t]    = -7-=     JQ    = 


J*mj-mjgp     BI^c-AI,  =  ^~_-( 

b  Lath*  W 

~m^  =  ~  c(c*  -a*-  i2)'          £Jl  =  Jh'' 


A/!  =  e  -  SJi  = 


-a'--  fr)  ' 


__ 
*~  ~ 


««  =  - 


-  a*  -  A2  +  a*)(c2  -  a2  -  6*  - 


Hence  we  obtain 
a2* 


~     + 
ab 


e(el  -  a2 


-a2  -  A2  - 
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and  interchanging  a  and  b  in  the  expression  for  q\\,  we  have 


~     + 


2.  Two  spheres  (-4)  and  (B)  are  at  potential  zero  under  the  influence  of  a 

charge  E  situated  at  a  point  /  out- 
side them  ;  find  the  total  charge  on 
each  sphere. 

Let  A  and  B  denote  the  centres 
of  the  spheres,  a  and  b  their  radii,  c 
the  distance  A  B,  M  the  point  in  AB 
from  which  tangents  to  the  two 
spheres  are  equal,  0  and  C  points  on 
AB  such  that  MO  =  MC=  tangent 
to  either  sphere  from  M,  D  and  F 
the  points  in  which  AB  meets  the 
spheres,  and  let  0  he  inside  (B)  ;  then  b2  =  BMZ  -  OM2  =  BO  .  BO,  and  there- 
fore 0  and  C  are  images  in  (B)  ;  also,  as  can  he  shown  in  like  manner,  they  are 
images  in  (A). 

Invert  the  system  from  0,  and  we  ohtain  two  concentric  spheres  (A')  and  (B') 
whose  centre  is  0'  the  point  inverse  to  C",  and  which  are  at  potential  zero  under 
the  influence  of  a  charge  E'  at  the  point  /'  inverse  to  /.  The  space  outside  (A) 
and  (B)  corresponds  to  the  space  outside  (A')  and  inside  (B')  in  the  inverse 
system.  Hence  (A')  and  (B')  are  at  potential  zero  under  the  influence  of  a 
charge  E',  at  a  point  /',  situated  between  them,  and  therefore  if  the  images  of 
/'  he  denoted  hy  TI,  J'\,  their  images  by  J"'2)  J'2,  &c.,  and  the  corresponding 
charges  by  i'i,  &c.,  by  Art.  110,  -we  have 


but,  by  similar  triangles, 


CIn  _  G'I'n 

oTn~~ocfy 


(a) 


Cl      G'l' 
and  also      777-=  T^T!  whence  dividing  the  members  of  one  of  these  equations 

\J-L        L/C/ 

by  those  of  the  other,  we  have 


n  01 


Again 

Hence  we  obtain 


G'l'       OIn  01' 
OIn  .,  R 


R 


and      E'  =  —  E. 

rn.    CIn\ 


The  value  of  the  product  CIn  .  OIn  can  be  obtained  in  the  following  manner : 
Since  the  points  /',  I'\,  J'\,  &c.,  lie  on  a  straight  line  passing  through  C",  the 
points  I,  Ii,  &c.,  lie  on  a  circle  passing  through  0  and  C.  Let  $  denote  the 
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angle  of  the  segment  of  this  circle  standing  on  OC,  tt  and  V  the  radii  of  the 
spheres  (A')  and  (£'),  and/*  the  distance  CT  ;  also  let 


^  =  logL  =  log^        <  =  log£,         *'.  =  log^,    *»  =  log~; 

then,  hy  similar  triangles  and  division  as  above, 

'V  _  CT  _  CF  OD 
'<?  ~  CD'  ~~CDOf> 
and 

C    c>r  -  —  ^. 

a'  =  Inj'  ~  CDOI  ' 
whence 

CF  CD 

W  =  log^,-log  —  =  £-«, 

CI  CD 

e  =  log  --log  _  =  *-«. 

Again,  hy  (a) 

cin  _  c'i'n  _  c'rn  err  _  c'rn  cj_ 
oin  ~  oo'  ~  c'i'  ~ocr  ~  crT  or 

but,  hy  Art.  125, 


_  -  ,.„.!, 

.  _  —  ti**n  ______          —  **  *iw-ii        -  • 

(7T  C'/'  /'2> 

whence     e2n  =  fl  -  2wW?     ^.j,,.,  -  0  _  2«  -  2(w  -  1)  Z3  =  2a  -  0  -  2(n  -  1)  CT. 

In  like  manner, 
i^n  =  0  +  2«w,      ^2(,.,  =  e  +  2W57  -  2e  =  2a  -  e  +  2»«T  =  2)3  -  fl  +  2(n  -  1)^. 

From  the  definition  of  0H,  we  have 

Clm  On  01*  -On  CI  ,?  +  01,? 

QIn  =  e     •    whence    —  =  .     ,    and      g  ^    Q/>>  =  cosh  en  ; 

also,  from  the  triangle  CInO,    we  get   2C7,,  .  0/»  cos  <^  =  CI,?  +  OIn*  -  4A»  ; 
eliminating  CIJ  +  OH  from  these  equations,  we  obtain 


C7B  .  07,,  =  —  r—  , 


2A2  _  /cosh  fl-cos  rf> 


_  /c 

;    hence,  we  have    i»  •  ±  JT  I 
\c 


,  —  ,  » 

cosh  0,,  -  cos  <f>  \cosh  fl,,  -  cos 

and  in  a  similar  manner  we  get 


n  =  ±  ~  C°8 


C08hlfn-C08 
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Since  the  points  Ii  J2,  &c.,  are  all  inside  the  sphere  (A),  and  the  points  J\, 
Jz,  &c.,  inside  (B),  if  Ea  and  Eb  denote  the  total  charges  on  (A)  and  (B},  we 
have  Ea  =  2»n,  Eb  =  •%„  ;  whence 

Ea  =  -E^cosh  0  —  cos  <£)* 

Xj   ({cosh  (0  -  2«3J)  -  cos  <?>}-*-  {cosh  [2o  -  0  -  2(«  -  1)  w]  -  cos  0}'*), 
Eb  =  E  (cosh  0  —  cos  <p)i 

2?     ({cosh(0  +  2»w)  -cos4>}-5-  {cosh[2/3-0  +  2(«-l)57]_cos</>}-£). 

3.  Apply  the  method  of  the  preceding  example  to  determine  the  total 
charges  on  two  insulated  spheres,  one  of  which  (A)  is  at  potential  L,  and  the 
other  (B)  at  potential  zero. 

The  potential  at  the  surfaces  of  (A)  and  (B)  is  the  same  as  that  due  to  a 
charge  La  at  A  together  with  its  successive  images  in  (B)  and  (A).  The 
mathematical  relations  between  the  positions  and  charges  of  these  images  and 
those  of  the  inverse  system  which  have  been  investigated  in  the  last  example 
still  hold  good,  though  here  the  point  which  is  the  inverse  of  A  is  inside  both 
(A')  and  (B').  _  In  this  case  all  the  images  J\,  J2,  &c.  are  on  the  straight  line 
AB,  in  the  series  /„  every  suffix  is  even,  and  in  the  series  Jn  every  suffix  is  odd  ; 
also  every  /  lies  between  B  and  0,  and  every  I  between  C  and  A  ;  hence 

OIn  -  Cln  =  CJn  -  OJn  =00=  2k,  and  cos  </>  =  1. 

Since  MA*  -  MB2  =  a2  -  b2,     and    MA  +  MB  =  c, 

&+  a2-  b2 
we  get  MA  = — 

and  k2 


OA    .       CA       DA  OA       iDA\2 

Again,  in  this  case,  0  =  log  — ,  but  —  =  — ,  whence  —  =  (  —  J  2, 

DA-CA      OA-DA  DC      DA 

and  — —  =  — — ,     that  is,     —  =  —  ; 


DC 
therefore     0  =  2  log  —  —  =  2a.     Again, 


DC      DA 

ea  =  -—  =  —- 

OD      OA 


k  _,. 


whence      sinh  a  =  -  --  . 

\* 

Since  0  =  2a,  we  have 

cosh  0-1  =  2  sinh2a,      cosh  (0  -  2«CT)  -1  =  2  sinh2  (a  - 
cosh  (2o  -  0  +  2a&)  -  1  =  cosh  2n  ro  -  1  =  2  si 
and  as  in  this  case  E  =  La,  we  have 

E  (cosh  9  -  cos  0)*  =  Z£  V2~. 
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Hence,  for  Ea  and  J?*  the  charges  on  the  spheres  (A)  and  (B),  we  get  the 
equations 


Ea  =  La  +  Lk  5  -    .  ,         --  -  =  Lk  X-     .  .        -  -  . 
^!    sinh  (wOT  -  o)  ^0    smh  (wSJ  -  a) 

Eh  =  -  Lk  ?-  -^-^-=- 
^i    sinh  n^J 

4.  An  insulated  conductor  formed  of  two  spheres  in  contact  is  charged  to 
potential  L;  express  the  charges  on  the  two  spheres  by  means  of  Eulerian 
Integrals. 

Investigations  of  most  of  the  properties  of  Eulerian  Integrals  are  given  in 
Williamson's  Integral  Calculus,  Chapter  VI.  Some  of  those  required  in  the 
present  case  are  not  to  be  found  in  that  treatise,  and  of  these  a  brief  exposition 
is  here  supplied  for  the  convenience  of  the  student.  For  fuller  information 
the  reader  is  referred  to  Williamson's  Article  on  the  Integral  Calculus  in  the 
Encyclopedia  Britanmca. 

The  second  Eulerian  Integral   r  (x)  being  defined  by  the  equation 

F  (x)  =  \     rg  0*~l  d0  ; 

Jo 
if  we  assume  tr9  =  z,  we  may  write 

f1   /        1  \*~l  1  /         i\ 

I  log  -         dz  ;    now  log  -  =  m  \  1  -  zm) 
o   \       z  /  z 

when  m  =  oo  ,  for  putting  m  =  -,  we  have  m  (  1  -  z"  J  =  —  —-^,   the  value  of 

which  when     {  =  0     is    —  log  z. 

f  i          /        i  \»-i 

Hence  r  (*)  =      m"1  (l  -  z»>)     dz  when  m  =  oo  . 
Jo 

If  we  assume    z  =  ym,     the  integral 

fl  /  i\a-l  fl 

I    np-l\\—zm)      dz      becomes      m*  \   ym~l  (1  -  y)*-1  dy  ; 
Jo  Jo 

integrating  by  parts,  we  get 


Ji 
o 


and,  as  the  part  outside  the  integral  sign  vanishes  at  both  limits,  by  successive 
applications  of  this  process,  when  m  is  an  integer,  we  obtain  for  the  right  hand 
member  of  the  above  equation  the  value 


(m-l)(OT-2) 


(m  +  x  -  1)  (m  -I-  x  -  2) (x  +  I) 

Hence,  r  (x)  =  m*          1  .  2  .  3  .    . .  (m-1) 

*(*+!)(*+ 2) (*  +  »»- 1)' 

and  —  log  r  (x)  =  log  m -,  (J) 

dx  x      x+  1  x  +  m  - 1 

where  m  is  an  infinite  integer. 
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Changing  x  into  1  +  x  in  (£),  expanding  in  powers  of  x,  and  putting 


ft  *i 

//€• 

we  have 

<f 
—  log  r  (x  +  1)  =  logm  -  Si  +  Sax-Sax*  +  &c.  (c) 

If  we  suppose  x  less  than  unity  —  log  r  (x  +  1)  is  finite,  and  the  series  in  x 

convergent,  and  therefore  when  in  is  an  infinite  integer  log  m  —  Si  is  a  finite 
constant  whose  value  may  be  denoted  by  -  7  ;  accordingly,  returning  to  the 
original  series,  we  have 


If  we  integrate  (c)  we  get 

log  r  (x  +  1)  =  -  yx  +  ^Szx*  -  iS3z3  +  &c.  ;  (/) 

whence 

log  r  (1  -  *)  =  yx  +  %S2xz  +  §S3z3  +  &c., 
and  therefore 


Since  sin  irx  =  *x  (1  -  «»)     1  -     Wl  -  I2j  ,  &c., 

it  follows  from  (g)  that 


also,  substituting  in  (/),  we  have 

logr(a;  +  l)=-^+|log^--^~-  86^-&c.  (h) 

sin  trx  o  5 

Again,  from  the  definition  of  r  (x)  by  integration  by  parts  we  have 

r(x+i)  =  zr(z), 

and  therefore 


whence,  making  x  =  %,  we  have 

r  (I)  =  ^     and  also     r  (1  +  J)  = 


Examples. 


Substituting  in  (A)  and  reducing,  we  obtain 

7  =  log 2  -  2  { J  (i)353  +  i  (i)5&  +  &c. }  =  0-67712. 
By  (27),  Art.  124, 


255 


«4  b  **\    \n  +  n  -  1      n] 

since  M  «= ..    Hence  by  (d)  and  («)  we  have 

a  +  o 

*Ea  = !  7  H log 

a+  b  (         dp 


=La  -  ~  \y  + 
a  +  o  r 


log  T  (1 
* 


and  therefore 


ab  irb 

=  irL  j  cot 

«  -f  b        a+  b 

5.  If  two  spheres  (A)  and  (7?)  intersect,  and  J\  be  the  point  which  is  the 

image  in  (B)  of  A  the  centre 
of  (A),  /i  the  image  of  J\ 
in  (-4),  Jy  the  image  of  /i 
in  2?,  and  so  on,  and  if  a 
charge  e  be  placed  at  A, 
and  charges,  which  are  the 
successive  images  of  e  in 
(B)  and  (A),  at  /i,  /i,  /2, 
/2,&c.,  find  expressions  for 
the  sum  Ea  of  the  charges 
at  A,  /i,  /2,  &c.,  and  the 
sum  Eb  of  the  charges  at 

/I,  /2,   &C. 

If  we  denote  the  charges 
at  /i,/i,  &c.by  i\,j\t  &c., 


we  have 


CA 


. 

C/i  ~  (7/2 


&c., 


where  C  is  a  point  common  to  the  two  spheres. 

Again,  if  /n,  In,  /«+i,  and  IHt\,  be  successive  images,  it  is  easy  to  see  that 


and  that 


=  BCA  -  ACI,t  =  BCA  -  AJnC, 


AIHtlC  =  ACJn*i  =  BCA  - 


=  BCA  -  BI»C, 
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when  the  radii  of  the  spheres  and  the  distances  between  their  centres  are  such 
that  the  successive  images  lie  between  A  and  £,  and  that  the  angle  BOA  is 
obtuse. 

If  A  and  C  denote  the  angles  BAG  and  the  supplement  of  BOA,  we  have, 
then 
AJi  C=  C,    BJzC  =  TT  -  2(7,    AJ2C  =  2(7,     BJ3C=Tr  -  30,  &c., 

BAC  =  A,     AIiG  =  IT  -  C  -  A,     BIiC  =  A  +  C,      AIZC  =  •*  -  A  -  1C,  &c. 
If  p  denote  the  perpendicular  CM  on  AB,  we  have 

CA  =  -^—.,     07,  =  -7-477,,     Cfl  "    •     vT/i,  &c.  ; 
sin  A  sin  AJiC  sm£IiC 

whence 


0) 


« 


\  _  <^^»  I 

7  ~  a^o  skT(^  +  «6')' 


0      *  l    sin  w(? 
These  expressions  are  due  to  Mr,  F.  Purser. 

6.  From  the  results  obtained  in  the  last  Example  deduce  expressions  for  the 
total  charges  on  two  insulated  spheres,  one  of  which  (A]  is  at  potential  L,  and 
the  other  (-B)  at  potential  zero. 

"When  the  spheres  (A)  and  (B)  do  not  intersect  the  point  C,  the  perpendicular 
p,  and  the  angles  A,  B,  and  C  become  imaginary,  and  if  i  =  V-  1,  we  may  put 
A  =  io,  C  =  iy,  where  o  and  7  are  real,  then 


rtl-5*-cl)l 

, 

c2-a?-b*  2a2i24  i2c2  +  e2a2 

cosh  7  =  008(7=  -  — 

Hence,  if 

c 
we  have 

*  .  ,          A-c 

smh  a  =  -,         smb.  7  =  —  , 

a  ab 

sin  (  J  +  w(7)  =  sinh  i  (a  +  ny)  -  i  sinh  (a  +  ny),    sinb  nC  =  sinh  iny  =  i  sinh  ny  ; 

ab    .  iab 

also,  \  P  =  —  sm  C  =  —  smh  7  =  IK. 

\         c  c 

Hence,  putting  e  =  Za,  and  substituting  in  the  expressions  for  Ea  and  Eb 
given  in  the  last  Example,  we  get 


This  agrees  with  Ex.  3,  whete  o  has  the  same  meaning  as  o  in  the  present 
Example  with  its  sign  changed,  and  ^  =  7. 

The  method  adopted  here  is  due  to  Mr.  F.  Purser. 
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<ib  <i 

7.  If  tane  =  T-,     tan  0o  =  7,     tan  \0n*\  =  tan  j«  tan  £0,,,    tan  U<i  =  tan  e, 
fee  K 

tan  i^i  =  tan  J«  tan  J^M,    show  that  Ea  and  J?e,  in  the  preceding  Example 
may  be  expressed  by  the  equations 

Ea  =  Lk  £     tan  6n,     J?j  =  —  ZA  ^  j   tan  i^n. 

If  {„  and  ijn  denote  the  distances  of  /„  and  /«  from  M,  the'point  of  inter- 
section of  AB  with  the  radical  plane  of  the  spheres  (A)  and  (£),  it  is  plain  that 
when  the  spheres  intersect 

CIn  =  (fn2  +  p*)  ,  CJn  =  (l?»2  +  jp2)   . 

Hence,  in  Ex.  5,  we  have 


When  the  spheres  (A)  and  (£)  do  not  intersect,  as  in  Ex.  6,  we  have 
j»  =  *VrT7    and    in  =  L  (tJ  -  F-)},    >  =  - 


Now  {»  =  MA  —  InA  (see  figure  of  Ex.  2)  and,  as  in  Art.  126,  putting 
InA  =/„,  JnB  =  hn,  and  putting  also  fo  =  MA,  rj0  =  MB,  as  in  Ex.  3,  we 
have 

C2  +  a1  _  #Z  C2  +  J2  _  «2 

fo  = ^ >     10  = ^ ' 

and  by  (38),  Art.  126,  we  get 

fl=    «2(^-/»)    T 

C2  -  i2  -  C/"n 

Hence,  we  obtain 

{n*l  =  fo  ~/»+l  =  {o  —    -5 r: — — . 


and  if  we  put  {n  =  k  sec  0,,,  we  get 

_  2ck  +  (c2  -  a2  -  i2)  cos  0n       cos  c  +  cos  0,, 
n+1  *  c2  -  a2  -  62  +  2cA;  cos  0n  =  1  +  cos  «  cos "07,' 

and  therefore  tan  J0nti  =  tan  i«  tan  £0B. 

If  we  put  i7«  =  k  sec  i^n,  in  like  manner  we  obtain  tan  Jif'n.i  =  tan  ie  tan  %\l/n. 
From  equations  (a)  we  have          i,,  =  iA  tan  0,,,    yn  =  —  Lk  tan  ^n  ; 

•       r       •          Lab 
and,  as  t0  =  Za,  ./i  =  —  — , 

we  get  tan  00  =  -:,    tan  i|/i  =  -  =  tan  *. 

A?  Arc 

The  expressions  for  £a  and  ^6  given  in  this  Example  are  due  to  Mr.  F. 
Purser. 

S 
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8.  Find,  by  means  of  the  last  Example,  the  expressions  for  qn,  qiy,  and  q 
given  in  Art.  126. 
If  we  put 

I 
\  =  tan  %90,     v  =  tan  £e,     n  =  tan  %<j>o,    where   tan  <p0  =    , 

K 

remembering  that 

we  get 

_  V(«2  +  X*)  -  k  _  c*  +  a*  -  52  -  Ick 

a  2ac 

«252  -  ck      c*  -  a2  -  S2  - 


ai  lab 

Hence  v  has  here  the  same  meaning  as  in  equation  (40)  ;  also,  A.  in  Art.  126, 

is  defined  by  the  equation  A.  =  -  ,  and  therefore  has  the  same  meaning  as  in 

c 

the  present  Example.     A  similar  result  holds  good  for  /u.     By  Ex.  7,  we  have, 
then, 

„  -.+  *  2;  ta  »„  -  .  +  2,2:  ^V.  -  • 
---*2;  ««  *.  -  »  2:  r 


1    1  —  ^vin 
and  hence,  as  in  Art.  126,  we  obtain  equations  (52). 

9.  A  circular  disk  is  at  potential]  zero  under  the  influence  of  a  charge  e 
situated  at  a  point  0  in  the  perpendicular  to  the  plane  of  the  disk  through  its 
centre ;  find  the  distribution  of  electricity  on  the  disk. 

Let  a  denote  the  radius  of  the  disk,  and  h  and  R  the  distances  of  its  centre, 
and  a  point  on  its  edge  from  0.  If  we  invert  from  0,  taking  R  as  the  radius 
of  inversion,  the  disk  is  inverted  into  a  bowl  whose  base  is  the  disk.  If  the  bowl 
be  at  constant  potential  If,  by  Ex.  3,  Art.  123,  the  densities  of  the  distribution  on 
its  outer  and  inner  surfaces  are  given  at  any  point  P',  by  the  equations 


<r'2  =  <r/1-2 

It  is  easy  to  see  that 
whence  we  obtain 
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also,  we  have  /  =  ^ ,  and  Jtz  =  a?  +  A2.    By  (6),  2°,  Art.  1 19,  if  L'  =  -  -  ,the 

disk  is  at  potential  zero,  and  <r\t  the  density  of  the  distribution  on  the  side  which 
is  next  0,  is  given  at  any  point  P  by  the  equation 


Where  r  and  w  are  'the  distances  of  P  from  0  and  the  centre  of  the  disk.    The 
density  <n  of  the  distribution  on  the  side  remote  from  0  is  connected  with  <n  by 

eh 
the  equation  ffz  =  <r\  4-  -  —  -3  • 

10.  If  an  infinitely  thin  conductor,  on  which  mass  is  distributed,  be  at 
potential  zero  under  the  influence  of  mass  not  on  the  conductor,  show  that  the 
densities  a\  and  an.  of  the  distributions  on  each  side  of  the  conductor,  and  the 
total  density  a,  at  the  same  point  P,  are  connected  with  the  potential  V  of  the 
entire  system  of  mass  wherever  situated  by  the  equations 


+  —  =  0,          4lT(T2  +   3-  =  0, 

dv\  avi 


-1-  <T2  =  ff, 


where  v\  and  v?  are  normals  drawn  from  the  surface  on  each  side  at  the  point 
P. 


82 
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CHAPTER  VII. 

SYSTEMS   OF    CONDUCTORS. 

127.  Distribution   on   Charged    Conductors. — If  a 

system  of  charged  insulated  conductors  be  in  a  state  of  electric 
equilibrium,  the  potential  is  constant  on  the  surface  of  each 
conductor,  and  there  is  only  one  possible  distribution  of 
electricity  which  produces  a  potential  having  given  values  at 
these  surfaces,  since  (Art.  64)  there  is  only  one  possible 
potential  in  external  space,  and  its  differential  coefficient 
determines  the  density  of  the  distribution  at  any  point  on  a 
conductor.  Again,  if  the  total  charge  on  each  conductor  be 
given,  there  is  only  one  possible  distribution  of  electricity 
consistent  with  equilibrium.  This  proposition  is  a  generaliza- 
tion of  that  given  in  Art.  75,  and  is  proved  in  a  similar 
manner. 

In  fact,  if  Si,  Sz,  &c.  be  the  surfaces  of  the  conductors, 
e(,  ez,  &c.,  the  given  charges,  V  and  V  the  potentials  due  to 
two  supposed  distributions  of  these  charges  consistent  with 
equilibrium,  we  have  V=  Clt  V  =  C\,  at  &;  V=  C9,  V  =  C'2, 
at  Sz,  &c. ;  and  v  being  the  normal  to  a  surface  drawn  into 
external  space, 


[dV  ,~         .          (dV 
—  dSi  =  -  47rei  =    —:— a 
J  dv  J  dv 


&c. 

j  av  j  dv 

whence 

J  (F-  F')  j-  (F-  F')  d8l  =  0,  &c. 

Again,    throughout  the  whole   of   space  @  outside  the 
conductors  V2  F  =  V2  F'  =  0 ;  hence,  if  0  =  F  -  F',  we  have 

J  J  J 

and  therefore,  by  (9),  Art.  58,  0  is  constant  throughout  the 
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whole  of  external  space,  and  -j-  =  --  at  every  point  of  each  con- 

ductor ;  whence  the  two  supposed  distributions  must  be  identical. 
128.  Relation  between  Charges  and  Potentials.  — 

If  Fi,  Fa,  &c.,  be  the  values  of  the  potential  on  the  con- 
ductors A\t  At,  &c.,  these  values  are  connected  with  the 
charges  «i,  ez,  &c.,  by  linear  equations  whose  coefficients  form 
a  symmetric  determinant. 

To  prove  this,  suppose  the  unit  charge  of  electricity  to 
be  imparted  to  the  conductor  AI,  the  others  remaining  un- 
charged, then,  by  Art.  127,  the  potentials  Fi,  F2,  .  .  .  Fn  take 
definite  values  which  may  be  denoted  by  pu,  p-u,  •  •  -Pm-  If 
now  the  density  of  the  distribution  at  each  point  on  each 
conductor  be  altered  in  the  ratio  el  :  1,  the  potentials  are 
altered  in  the  same  ratio  ;  and  we  have 

Fi  -J»n*i,       Fa  =  ^21*1,  •  •  •    Fn  =pni6i, 

the  charge  on  AI  being  now  eiy  and  that  on  each  of  the  other 
conductors  zero  as  before.  In  a  similar  manner  it  appears 
that,  if  there  be  a  charge  e2  on  A2,  the  remaining  conductors 
being  uncharged,  the  potentials  are  given  by  the  equations 

Fi  =^13*2,   F2  =p«ze2,  .  .  .  F»  =pn^2; 

and  it  is  plain  that  equations  of  like  form  hold  good  if  any 
one  conductor  be  charged,  the  others  remaining  uncharged. 
In  every  one  of  the  cases,  supposed  the  potential  is  constant 
on  the  surface  of  each  conductor  ;  if,  therefore,  we  imagine  a 
distribution  in  which  the  density  at  any  point  is  the  sum  of 
the  densities  in  all  the  former  cases,  we  have  a  distribution 
consistent  with  equilibrium,  and  such  that  the  total  charges 
on  the  conductors  are  eit  e2,...  en.  As  the  charges  are  assigned, 
this  (Art  127)  is  the  only  possible  distribution,  and  the 
values  Fi,  F2,  .  .  .  Fn  of  the  potential  at  the  conductors,  AI, 
At,  .  .  .  An  are  given  by  the  equations 


plnen 


p2nen 


Fn  =  Pntfi  +  pn2e2  .......  pnnen 


(1) 
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We  can   now  show  that  pw  =  pzi,  PZZ=PM,  &c.,  in 
following  manner : — 

If  TF  denote  the  total  energy  of  the  charged  system  by 
Art.  50,  we  have  JF=^SeF,  and  therefore,  by  (1)  IF  is  a 
homogeneous  quadratic  function  of  the  n  variables  e^  .  .  .  en. 
Again,  if  the  charge  ^  be  increased  by  an  infinitely  small 
amount  8«i,  the  external  work  required  to  bring  Sei  from 
infinity  to  the  conductor  AI,  is  FiSei,  which  must  therefore 
denote  the  increase  in  the  energy  of  the  system  due  to  the 
increment  of  the  charge  d.  Hence 

dW .  dW 

—5 —  v6\  =  ricGi,    tnat  is,      —  =  V \ ', 
de\  u6i 

in  like  manner, 

dW     _  dV1 

—j—  =  Vz ;  whence  — i— 


and  therefore  p^  =  j92i ;  similarly  p23  =  p^,  &c.  ;  accordingly 
we  have 


Fi  =  jt>nCi  +  ^12^2  +  j513e3  .  .  .  plnen 


F»  = 


(2) 


The  quantities  pu,  p^,  &c.,  depend  on  the  forms  and 
relative  positions  of  the  conductors,  and  are  called  coefficients 
of  potential. 

129.  Charges  in  terms  of  Potentials. — By  means  of 
(2)  the  charges  e^  ez,  &c.,  can  be  expressed  as  linear  functions 
of  Fi,  F2,  &c.  Thus  JF  becomes  a  homogeneous  quadratic 
function  of  Fi,  F2,  &c.,  and  we  may  write 

2  Wv  =  yu  Fi2  +  q2z  F22  +  2g12  Fi  F2  +  &o.  (3) 

&c.,  (4) 


and 

(5) 
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If  we  suppose  each  charge  to  receive  a  variation,  the  values 
Fi,  F2,  &c.,  of  the  potential  receive  corresponding  variations ; 
and  we  have  from  (5) 


(1 W  t/W 

2BF&+2^F=2SJF-S^&+S^8F, 


but 


Fi 


dWe 
del  ' 


whence 

and  therefore 


dV 


In  this  equation  the  variations  SFi,  SF2,  &c.,  may  be 
regarded  as  independent  and  arbitrary,  and  thus  we  gel 


,  &o. 


(6) 


Also,  for  any  variations  of  the  charges  and  the  correspond- 
ing variations  of  the  values  of  the  potential,  we  have 

Substituting  for  the  differential  coefficients  in  (6)  their 
values  derived  from  (3)  we  have 


Fa  .  .  .  +  qm  Vn 


m 

.  .  .  +  qnnVn 


(8) 


The  quantities  qn,  qn,  &c.  are  called  coefficients  of 
capacity,  and  the  quantities  <?,2,  £23,  &o.  coefficients  of 
induction. 
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130.  One  Conductor  surrounded  by  another.  —  In 

the  investigation  of  Art.  127  all  the  conductors  have  been 
supposed  to  be  outside  one  another  ;  but  if  a  conductor  A± 
be  completely  surrounded  by  another  Az,  we  may  suppose 
the  field  @  to  include  the  space  between  them,  and  for  the 


^      (dV  'j  {(dv  j         dVj™\ 

integral       —  dSz     substitute          —  -  dSz  +  —,  dSz  , 

J  dv  }\dv  dv         J 

where  S2  and  S'z  are  the  outer  and  inner  surfaces  of  the 
conductor  Az.  The  investigation  in  Art.  127  proceeds  then 
as  before. 

In  this  case,  if  we  imagine  a  closed  surface  described  in 
the  substance  of  the  conductor  AZJ  at  each  of  its  points  the 
resultant  force  is  zero,  and  therefore  so  also  is  the  total  mass 
inside  this  surface.  Hence  the  charge  on  the  inner  surface 
of  AZ  is  equal  in  magnitude  and  opposite  in  algebraical  sign 
to  the  charge  e\  on  Ai,  and  is  zero  if  e\  be  zero.  Again,  if  et 
be  zero,  the  unoccupied  region  between  AI  and  Az  is  bounded 
by  surfaces  at  each  of  which  the  potential  is  constant,  and 

[dV 
the  integral     —  dS  zero,  and  therefore,  by  (9),  Art.  58,  the 

potential  is  constant  throughout  this  region,  and  V\  =  F2. 
Since     V\  =  F2    we  have 


p13es  .  ..  +  pin  en  =  p2Z  ez+  pz3e3  .  .  .  +  pzn  en 
for  all  values  of  eZ)  e3)  .  .  .  en,  and  therefore 

Pi»  =  Pzz,      Pit  =  PK,  •  •  •  Pin  -  P*n-  (9) 

Also,  for  any  set  of  charges 

Fi-  Fs=  (Pu-p^e^.  (10) 

Hence,  if  one  conductor  be  completely  surrounded  by 
another,  the  charge  on  the  inner  conductor  is  proportional  to 
the  difference  between  the  values  of  the  potential  on  it  and 
on  the  conductor  by  which  it  is  surrounded. 

It  follows  from  (10)  that  in  this  case  qlz  =  -  qu,  and  that 
#135  <?i4,  •  •  .  ?m  are  each  zero. 
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A  condenser  is  defined  by  Clerk  Maxwell  as  a  combina- 
tion of  two  conductors  placed  so  near  together  that  their 
coefficient  of  mutual  induction  is  large.  It  is,  however, 
usually  assumed  that  the  charge  on  the  first  conductor  is,  in 
this  case,  proportional  to  the  difference  of  the  potentials  on 
the  two  conductors.  This  is  strictly  true  when  the  first  con- 
ductor is  surrounded  by  the  second. 

131.  Capacity. — When  a  conductor  belongs  to  a  speci- 
fied system,  its  capacity  is  the  ratio  of  its  charge  to  the  value 
of  the  potential  at  its  surface,  the  potential  being  zero  at  each 
of  the  other  conductors. 

The  capacity  of  the  conductor  Al  belonging  to  the  system 
Aiy  A2,  . . .  An  is  thus  the  coefficient  qn  in  equations  (8). 

The  capacity  of  a  conductor  not  regarded  as  belonging  to  a 
system  is  the  ratio  of  its  charge  to  the  value  of  the  potential 
at  its  surface  when  there  is  no  other  conductor  within  a  finite 
distance. 

In  the  case  of  a  condenser  formed  of  one  conductor  A\ 
completely  surrounded  by  another  A-i,  we  have 

e^  =  ?u  (Fx  -  F2), 

and  the  value  of  qn  is  unaffected  by  the  presence  of  con- 
ductors external  to  A2.     This  appears  as  follows  : — 

If  £>i  be  given,  so  also  is  the  charge  -ei  on  the  inner 
surface  of  A*.  Hence  the  field  <5  between  Al  and  A2  is 
bounded  by  surfaces  on  each  of  which  the  potential  is  con- 
stant, and  the  total  charge  is  given  ;  therefore,  as  in  Art. 
127,  if  V  and  V  be  two  possible  potentials  throughout  the 
field  @  we  must  have  V  =  V  +  constant ;  whence  FI  -  Fa 
=  Fi'  -  Vt  ;  and  therefore,  if  Ci  be  assigned,  so  also  is  V\  -  F3 
independently  of  the  state  of  the  field  outside  At.  The 
capacity  of  a  condenser,  such  as  described  above,  is  then  the 
ratio  of  the  charge  on  the  inner  conductor  to  the  difference 
of  the  values  of  the  potential  on  the  two  conductors  of  which 
the  condenser  is  composed,  and  this  ratio  is  unaffected  by 
the  presence  of  other  conductors. 
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EXAMPLES. 

1.  Find  the  capacity  of  a  spherical  conductor  whose  radius  is  a.     Ans.  a. 

2.  Find  the  capacity  of  a  condenser  composed  of  two  concentric  spheres 

ab 

whose  radii  are  a  and  b.  Ans.  -  -  .     See  Ex.  7,  Art.  52. 

b  —  a 

3.  Find  the  capacity  per  unit  of  area  of  a  condenser,  composed  (1°)  of  two 
parallel  planes,  (2°)  of  two  very  long  coaxal  circular  cylinders. 

Ans.  (1°)  —  -,  where  b  is  the  distance  between  the  planes  ; 

47T0 

(2°)  —  log  -,  where  a  and  b  are  the  radii  of  the  cylinders. 
4irrt        a 

See  Ex.  5  and  10,  Art.  52. 

4.  An  insulated  uncharged  spherical  conductor  is  in  the  presence  of  an 
electrified  point  ;  find  the  potential  at  the  conductor. 

In  the   system   composed  of  the  electrified  point  AI  and  the  sphere  At 
the  coefficient,  p\\  is  infinite,  hut  if  e\  —  0  and  e2  =  0,   we  have  V\  =  0,  and 

therefore  p\\e\  =  0  when  e\  —  0  ;  hence,  if  e\  he  zero,  V\=p\ze^;  whence  p\z=  -7, 

where  /is  the  distance  of  A\  from  the  centre  of  the  sphere.    Again,  when  ez  is 
zero 


, 
which  is  the  potential  required,  the  charge  at  the  electrified  point  being  e\. 

5.  An  uncharged  insulated  ellipsoidal  conductor  is  in  the  presence  of  an 
electrified  point  ;  find  the  potential  on  the  conductor. 

Applying  the  method  of  the  last  Example,  and  denoting  the  electrified  point 
by  A\,  when  e\,  =  0,  by  Ex.  9,  Art.  75,  we  have 


where  a'  is  the  primary  semi-  axis  of  the  ellipsoid  confocal  with  the  conductor 
which  passes  through  A\,  and  h  and  k  are  the  constants  of  the  confocal 
system.  Hence 


where  e\  is  the  charge  at  AI,  and  Fa,  the  potential  required. 

6.  An  ellipsoidal  conductor  put  to  earth  is  in  the  vicinity  of  an  electrified 
point  ;  find  the  total  chavge  on  the  conductor. 
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Here  we  may  employ  the  equation  2«'  V  =  ~S,eV,  which  is  a  particular  case 
of  (22),  Art.  51,  when  the  two  systems  considered  in  that  Article  become  different 
states  of  the  same  system.  In  the  present  case  we  have 

e'\  Fi  +  e't  F3  =  «i  F'l  •*  «a  F2. 

In  this  equation,  suppose  e'\  =  0,  F2  =  0,  then  «2  is  the  charged  required,  the 
charge  at  A\  being  e\,  and  we  have  e\  V'\  +  «z  F'a  =  0  ;  but  since  e'\  =  0,  the 
potential  at  A  \  is  given  by  the  equation 


r* 

=  «'2  , 

Jo  . 


and  also     Vz  =*  e'i 


f 

J« 


where  a  is  the  primary  semi-axis  of  the  conductor.     Substituting,  we  have 
d\  f"  d\ 


+ 


-  A2) 


=  0, 


which  determines 


7.  Show  that,  in  general,  there  are  n  methods  of  charging  a  system  of  n 
conductors  so  that  the  total  energy  is  given,  and  the  value  of  the  potential  at 
each  conductor  is  proportional  to  the  charge. 

If  we  assume  V\  =  A«i,  Fz  =  X«2,  &c.,  we  have 


pn«i 


,pinen, 


and  if  A  be  a  root  of  the  equation 


Pn 


Pin 


-|A)  .  .  . 


we  can  find  corresponding  values  of  e\ ;  e%,  &c.,  satisfying  the  system  of  n  linear 
equations.  Also,  by  a  proper  determination  of  e\t  we  can  give  any  assigned 
value  to  \(pne{*  +  j»22«22  +  Zp^e^ez  +  &c.),  that  is  to  W  the  total  energy. 
As  the  equation  in  A  has  M  roots,  there  are,  in  general,  n  systems  of  values  of 
e\,  &2t  &c. 

8.  Find  the  capacity  of  a  conductor  formed  of  the  larger  segments  of  two 
spheres  cutting  orthogonally. 

Ans.  a  +  b ,  where  a  and  b  are  the  radii  of  the 

spheres.     See  (14)  Art.  115. 
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9.  Find  the  capacity  of  a  conductor  formed  of  two  equal  spheres  in  contact. 
If  a  denote  the  radius  of  one  of  the  spheres,  and  q  the  required  capacity,  by 

(34),  Art.  124,  we  have     q  =  20  log  2  =  1-3862940. 

10.  Find  the  capacity  of  a  conductor  formed  of  a  large  and  a  small  sphere 
in  contact. 

If  a  denote  the  radius,  and  Ea  the  charge  of  the  small  sphere,  b  and  Eb  the 
radius  and  charge  of  the  large,  q  the  required  capacity,  L  the  potential,  and  E 
the  total  charge,  by  (30)  and  (32),  Art.  124,  we  find  q  =  b,  and  therefore,  if  the 

la\  z 
approximation  be  not  carried  beyond  I  -  I  ,  the  capacity  is  the  same  as  that  of 

the  large  sphere. 

/<A3 
If  the  approximation  be  carried  on  so  as  to  include  terms  containing  I  -  J  ,by 

(29),  Art.  124,  we  have 

Ea  =  Lb{v*S2 
where 

a        c        v 
v  =  r>      «2  =   > 
b  *TI 

Again,  by  (31),  Art.  124,  we  have 
Eb  =  Lb    1  - 


whence 

E  =  Ea  +  Eb  =  Lb(\ 
Hence 


The  approximate  value  of  $3  is  1-202,  and  therefore 

/  «3\ 

q  =  b  (  1  +  2-404  -J  • 

132.  Coefficients  of  Potential.  —  The  potential  energy 
W  of  an  electrified  system  is  always  positive  whatever  be 
the  charges  or  the  values  of  the  potential,  but  if  all  the  charges 
except  61  be  zero  2JF=/>uei2,  and  therefore  pn  must  be 
positive.  Similarly  p22,  p33,  &c.,  are  each  positive. 

Again,  if  e±  be  positive  and  all  the  charges  except  ^  zero, 
the  number  of  unit  tubes  of  force  which  terminate  on  one  of 
the  uncharged  conductors  Az  must  be  equal  to  the  number  of 
those  which  leave  it  ;  and  as  these  tubes  go  from  higher  to 
lower  potential,  the  potential  at  A2  cannot  be  the  highest  or 
lowest  in  the  field.  A  similar  result  holds  good  for  As,  A^ 
.  .  .  An,  and  as  the  potential  cannot  be  highest  or  lowest  in 
empty  space,  the  highest  potential  is  on  Alt  and  the  lowest 
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at  infinity,  where  it  is  zero.  Consequently,  the  potentials  at 
At,  A3,  &o.,  are  all  positive,  but  each  is  less  than  that  at 
Ai,  that  is,  ;>,2<>i,  pl3e^  . .  .  plnei  are  each  positive,  but  less  than 
P\\€I.  Hence  all  the  coefficients  of  potential  are  positive,  but 
any  mutual  coefficient  pn  is  less  than  pn  or  pn. 

Besides  the  conditions  specified  above  pny  pi2,  pn,  &c., 
must  fulfil  those  belonging  to  the  coefficients  of  a  hom<?- 
geneous  quadratic  function  of  n  variables,  which  is  always 
positive.  (See  Williamson,  Differential  Calculus,  Art.  348.) 
Some  of  these  are  included  in  those  given  above. 

133.  Coefficients  of  Capacity  and  Induction. — By 
a  method  the  same  as  that  employed  in  the  preceding  Article, 
it  can  be  shown  that  the  coefficients  of  capacity  qn,  §22,  &o., 
are  all  positive.     Also  the  complete  set  of  coefficients  5-11,  q^y 
0M,  &c.,  must  fulfil  the  conditions  belonging  to  the  coeffi- 
cients of  a  positive  function. 

The  coefficients  of  induction  qn,  0i3,  &c.,  are,  however,  all 
negative.  Their  values  are  limited  by  the  condition  that  the 
sum  of  those  belonging  to  one  conductor  is  numerically  less 
than  its  coefficient  of  capacity,  that  is, 

-  (012  +  tfw  .  •  •  +  0m)  <  0u. 

To  prove  this,  suppose  that  the  potential  is  unity  on  Aly 
and  zero  on  every  other  conductor,  then  q12,  0ia,  &c.  denote 
the  charges  on  Az,  A3,  &c.,  or  the  numbers  of  unit  tubes 
of  force  emanating  from  them. 

Since  the  potential  is  positive  at  AI,  and  zero  at  each  of 
the  other  conductors,  it  is  nowhere  less  than  zero,  as  it  cannot 
be  a  minimum  in  empty  space.  Accordingly,  as  the  potential 
is  nowhere  lower  than  at  A2,  no  tubes  of  force  can  emanate 
from  A2,  but  all  those  which  meet  it  terminate  on  it.  Hence 
0i2  is  negative,  and  so  also  are  013,  0,4,  &o. 

Again,  as  all  the  tubes  of  force  emanate  from  Ait  and 
may  terminate  at  any  of  the  other  conductors  or  at  infinity, 

-  (0i2  +  0i3  •  •  •  +  0i»)  <  0n. 

134.  Conductors  surrounded  by  Another. — If  one 

or  more  conductors  are  surrounded  by  another,  the  system  has 
special  properties  which  we  proceed  to  investigate. 
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Suppose  that  the  conductor  Am+i  entirely  surrounds  the 
region  occupied  by  AI  .  .  .  Am  ;  then,  if  ei  =  ez  =  &c.  =  em  =  0, 
it  can  be  shown,  as  in  Art.  130,  that  Fi  =  F2  =  &c.  =  Fm  =  Fm+i 
for  all  values  of  em^  em#,  .  .  .  en.  Hence 


=  P*m+i  =  Psm-n  =  &C.  =  pm+\  m+i, 


Pin      =  Pzn  =  &C =  Pm+i  n, 

and  putting  pm^  m+L  =  P,  we  have 

Fj  -  Fm+i  =  (PH  -P)el+  (pa  -  P)  e^  . . .  +  (plm  -  P)en 

T7"  ~\T          _//>•)      ,_    7^1  />    -4-  I 'W»«  ^   r^i  ^>  4-   I  <y)         —    A^  i /? 

T    2  '    fH+1    ~~    \V  12         ^  i  t'l    i     \Jr22         -^    /  ^2    •   •  •   T    ^  /-'2?7>         •*    /^W 

T^     T^  ^   / /w          _    P^   /)    _L  ^  /M         __   P\0^  -4-    ( <n  —   J^\& 

r  m       '  »i+i  ~  V/  ljw       */  ^  *  VJr2»»      -*^ye9  .  .  .  -r  \pmm      *-  )"m 


.(11) 


Equations  (11),  which  determine  Fi  -  Fm+i,  &c.,  in  terms 
of  «i,  ez,  .  .  •  em,  are  of  the  same  form  as  those  for  the  absolute 
potentials  of  a  system  of  unsurrounded  conductors. 

By  solving  (11)  we  get 

Fm+i)  +  qu  (  F2  -  Fm+1)  .  .  .  +  qim  (  Vm  -  Fm 

F«+j    +    22    F2  -  Fm+i    •  .  •  +    m    Fm  -  Fm+ 


em  =  qlm  (  Fi  -  Fm+i)  +  yam(  F2  -  F«+0  .  .  .  +  qmm  (  Vm  -  Fm+i) 
and  therefore,  qmn  =  -  [qn  +  qn  ...  +  <7im},  that  is, 

-  <7ll   =   qiZ  +    ?13   •    •    •    +   !?lm+l»    -  <?22  =  q\Z  +  <?23   •    •    •   +  <?2m-H,   &C. 

Also 

?im+2  =  tfimts  =  &C.  =  5-in  =  0,  qzm#  =  g2m+3  =  &C.  =  $-2«  =  0,  &C.  =  0. 
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Again,  it  appears  as  in  Art.  131,  that 

Qnt  Viz*  •  •  •  !?iro>  $22)  #23}  •  •  •  Qtm)  •  •  •  <fmm 

are  independent  of  the  state  of  the  field  outside  Am^.  Hence 
the  charges  on  the  interior  conductors  are  functions  of  the 
differences  between  the  values  of  the  potential  on  them  and 
its  value  on  the  surrounding  conductor,  and  are  independent 
of  the  state  of  the  field  external  to  the  latter. 

EXAMPLES. 

1 .  If  there  be  a  system  of  conductors  and  a  new  conductor  be  brought  into 
the  field,    the  coefficient  of  potential  of  any  one  of  the  others  on  itself  is 
diminished. 

The  final  result  here  is  the  same  as  if  the  portion  of  space  originally  un- 
occupied, and  subsequently  occupied  by  the  new  conductor,  were  rendered 
capable  of  conducting  electricity.  The  consequence  of  this  change  would  be  a 
new  distribution  of  electricity  brought  about  by  the  electric  forces,  and  accom- 
panied, therefore,  by  a  diminution  of  the  electric  energy  of  the  system.  If  we 
now  suppose  all  the  conductors  uncharged  except  A\,  the  original  energy  is 
•i  p\\e\*i  and  after  the  introduction  of  the  new  conductor  the  energy  becomes 
fj»'ii«i2,  but,  as  this  is  less  than  the  original,  we  have  p'\\  <pn- 

2.  If  two  conductors  occupying  the  field  be  placed  in  electric  communication 
eo  as  to  form  a  single  one,  determine  the  capacity  of  the  new  conductor  in  terms 
of  the  coefficients  of  capacity  and  induction  of  the  original  system. 

If  we  suppose  the  two  conductors  originally  at  the  same  potential  L,  this  is 
also  the  value  of  the  potential  on  the  single  conductor  formed  by  their  union, 
and  if  Q  be  the  capacity  of  this  conductor,  we  have 

c\  =  (q\\  +  212)  L,    ez  =  (q\i  +  £22)  L,    «i  +  ez  =  QL  ; 
whence 

Q  =  qu  +  qn  +  2ji2. 

3.  Show  that  the  capacity  of  any  conductor  is  less  than  that  of  another  con- 
ductor geometrically  capable  of  surrounding  the  former. 

If  Az,  supposed  non-conducting,  were  made  to  surround  A\,  no  change  would 
take  place  in  the  electric  condition  of  A\.  If  then  electric  communication 
between  A\  and  Ay  were  established,  and  AZ  rendered  conducting,  the  electric 
charge  on  A\  would  be  transferred  to  the  external  surface  of  At,  and  in  effecting 
this  transference  the  electric  forces  would  do  work,  and  therefore  the  electric 
energy  would  be  diminished.  Hence  if  e  be  the  charge  originally  on  A\,  we  have 

«'       «» 
-<-i 

q*    qi 

and  therefore,  «?»  >  q\,  where  q\  and  j»  are  the  capacities  of  A\  and  AI. 
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135.  Effect  of  Displacements  on  Energy.  —  If  c,  be 

a  generalized  coordinate  on  which  the  relative  positions  of 
the  conductors,  AI,  A^  &c.,  depend,  the  charges  e^  e2)  &c.,  are 
independent  of   £,  but  if  £  vary,  so  do  the  values   of  the 
potential  at  the  conductors  as  well  as  the  coefficients 
&c.,  #11,  qiz,  &c.  ;  then 

\i     2     o  dP™  dP™     2     jp 

«i  +  2  ~     e^2  +  ~     *   +  &c- 


TV         l  T^2  u.  9  T^  17    j.  V*  a- 

-7P    "v  =  +      -3=-     r  i    +  jd    -jp-     K  i  K2   +   —  zr     F2     + 

c?|  \^  (t£  d% 

.       dWvdV 
'    dV  d%' 

The  first  part  of  the  expression  for  -^  Wv  in  which  the 

values  Fi,  F"2,  &c.,  of  the  potential  are  not  supposed  to  vary, 

v    j       ^,v    rfwrr         ,     u*u4-      *     dWY  dWv 
may  be  denoted  by  —  -^-  ;  and  substituting  tor 

(ft, 


&c.,  their  values  given  by  (6),  Art.  129,  we  have 


When  the  charges  are  invariable  from  (5),  Art.  129,  we 
have  2§  W  =  SeS  V,  and  therefore  if  the  values  of  the  potential 
and  of  W  vary  in  consequence  of  a  variation  in  £,  we  get 


whence 

^r^.^«FT.-^S?.  (13) 

Equations  (6)  and  (13)  can  be  obtained  directly  from  the 
three  expressions  for  TFby  supposing  <?i,  ez,  .  .  .  en,  Ft,  F2r 
.  .  .  FB,  and  ^  all  to  vary;  then, 


. 

=  S--S 
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Now,  by  Art.  128,  we  have 


_  e       T.     dWe 

F,=  -7—  ,      Fi  =  -7-,    &c., 
ae\  dez 

and  therefore  the  terms  containing  S0i,  &?2,  &c.,  vanish,  and 
the  variations  of  the  (n  +  1)  variables  Fi,  F2,  .  .  .  F«,  and  £, 
may  be  regarded  as  independent  and  arbitrary  ;  whence  we 
have 

dWr 


and 

JW          rlW 

=  0.  (14) 


dWe     dWY 


136.  Forces    between    Conductors.  —  If    fij   be    the 

generalized  component  of  force  due  to  electric  action  which 
tends  to  alter  the  coordinate  £,  if  this  coordinate  receive  an 
increment  S£  the  work  done  by  S  is  £S£,  and  this  must  be 
equal  to  the  diminution  of  potential  energy  ;  whence 

dWe     dWv 

•-rfT  ^T'  (15) 

If  in  the  position  of  the  system  in  which  £  has  become 
£  +  S?,  the  values  of  the  potential  were  the  same  as  those  in 
the  original  position,  the  potential  energy  of  the  system 

would  be 


If  the  electric  condition  of  the  system  be  unaltered  by  any 
external  cause,  the  charges  remain  constant  ;  and  after  the  dis- 

dWe 
placement  S£,  the  energy  becomes  W  +  —^  d£,  that  is,  by 

dW 
(13),  it  becomes  W-    —7  =-  S£.     Hence,   if  during  the  dis- 

placement S£  the  values  of  the  potential  at  the  conductors 
be  maintained  constant  by  an  external   source,   the  energy 

dW 
supplied  is  2  —  ~S£,  which,  by  (15),  is  twice  the  work  done 

by  the  electric  forces  of  the  system  in  the  displacement. 

T 
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EXAMPLES. 

1 .  Find  the  electric  energy  due  to  two  charged  spheres  at  an  infinite  distance 
apart. 

In  this  case  if  e%  =  0,  we  have  Vz  =  0,  and  therefore  pn  =  0,  also 

11  =  -        22  =  l 
a'  b' 

where  a  and  b  are  the  radii  of  the  spheres.     Hence 


2.  Find  the  work  M  required  to  bring  together,  from  an  infinite  distance,  two 
equal  charged  spheres. 

If  a  denote  the  radius  of  one  of  the  spheres,  the  potential  electric  energy  W 
when  the  spheres  are  at  an  infinite  distance  apart  is  given  by  the  equation 

o  W  —  —  -  —  ,  and  when  they  are  in  contact  by  the  equation  2W'=  -  —  ;  -  - 

a  2a  log  2 

See  Ex.  9,  Art.  131.     Since  M  =  W  —  W,  we  have,  therefore, 


('2  lo&  2  -  W'12  +  e^ 

and  substituting  for  log  2  its  approximate  value  0-693,  we  get 


a        '386  ei 

M  is  approximately  zero  if  e\.  and  ez  have  like  signs  and  -  =  5.    If  ez  :  e\  >  5, 

t\ 

the  value  of  M  is  negative,  and  the  spheres  tend  to  approach  each  other  without 
the  expenditure  of  any  external  work. 

If  ez  :  ei  <  5,  the  value  of  M  is  positive  till  ez  :  e\  =  1  :  5,  when  M  is  again 
zero  ;  and  if  ez  :  e\  <  I  :  5,  the  value  of  M  is  negative.  The  last  two  results  are 
of  course  an  immediate  consequence  of  the  former. 

When  e\  and  ez  have  unlike  signs,  M  is  always  negative. 

3.  Find  the  energy  due  to  a  charged  conductor  formed  of  a  large  and  a  small 
sphere  in  contact. 

If  a  denote  the  radius  of  the  small  sphere,  b  that  of  the  large,  E  the  total 
charge,  and  TFthe  energy,  we  have,  Ex.  10,  Art.  131, 


4.  Find  the  work  required  to  bring  together,  from  an  infinite  distance,  a 
small  and  a  large  sphere,  each  charged  with  a  given  quantity  of  electricity. 
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If  e\  and  «»  denote  the  charges  on  the  small  and  the  large  sphere  respectively, 
and  M  the  work  required,  we  have 


If  the  small  sphere  he  originally  uncharged,  £j  =  0,  and 


Hence  the  electrical  forces  of  the  system  will  do  work  in  bringing  a  small 
uncharged  sphere  from  an  infinite  distance  into  contact  with  a  large  one  which 
is  charged. 

5.  Find  the  mutual  repulsion  between  two  charged  insulated  spheres  on 
which  the  values  of  the  potential  are  V\  and  Vz. 

If  c  denote  the  distance  between  the  centres  of  the  spheres,  TFthe  energy 
of  the  charged  system,  and  .Fthe  required  force,  by  (15), 


dc  dc  dc 

The  values  of  q\\,  q\z,  and  qu  are  given  by  (52),  Art.  126  ;  and  by  Ex.  8, 
Art.  126,  we  have 

_  V(a2  +  *2)  -  &  _  c2  +  az  -  bz  -  2ek 
~~^~  ~2^  ' 

c2  +  y  -  a2  -  2cA; 


-..      y-2,*  ^V^ 


Mt 

rfA.  A-  rfA.  -  A. 

H€nce  •-"1>    andtherefore    s-v 


In  like  manner 


rf"_    ^j.x^:=       f       1  1      )     _  1.^ 

"  (  V(a»  +  *»)      V(«2  +  ^)j  Va'  +  A-2   «« 


dk 


(a*  + 


_  ;    whence        „  V*  +  *')(*«  +**),. 
*«  +  *»)'  <fc  —  ^F~ 


T  2 
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and  therefore  •we  obtain 

dv- 


d(\v)  _       \v  /        V(*2+_  _ 

do  k    \  c        I  '     do       k 


We  have,  then, 


1  dqn      V(«2  +  &)(&  +  A2) 

2  do  ck 


^  <o  (A.J')2"'*1 

-,1     (2«  +  l),2%T^^ 


with  a  similar  expression  for  -     ^-  ;  and,  again,  we  have 


Combining  the  first  term  with  the  third,  and  the  second  with  the  last,  in  the 
expressions  for  -      -  and  -    —  ,  and  combining  the  last  two  terms  in  that  for 

2i    (1C  2i     '<•" 

dq\i 

—  ,  we  get 

1  dq\i  _ 

2  do 

5  (to)™        ^«  (Xy)2»+1 

2+1      ^     I"  h  1;  i2' 


v»  ^«  "" 

rrr*^  +  ^<>  (    "  j  (i-^»^ 


__^« 
1  -v2"*1      ^<>   *  ;    (l-p2»+1)2  ' 

These  expressions  are  due  to  Mr.  F.  Purser. 

The  differential  coefficients  of  #11,  &c.,  may  otherwise  be  obtained  from  the 
values  of  Ha  and  M  given  in  Ex.  6,  Art.  126.     From  these  we  get 
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where 

k  k 

sinh  o  =  -,         smb.  &  =  T,        7  =  a  +  £, 


We  have  then 

rf*  _  06  cosh  g  cosh  fl      do  _  i  cosh  /3      djB  _  a  cosh  a      <*y      1 
<fc  ~  <?*  '     fa  &~~'     ~dc  =       ck     '    ~de  =  A  ' 

•whence 

1  ^11  _  "^  C08k  a  C08D  **  X1*     1       V  «  i  cosh  j8  +  ne  cosh  (a  4-  ny) 

2  dc   ~  2rf  ^o  sinh  (a  +  ny)  ~  ^o  2c 

dgu  _     ai  cosh  a  cosh  &  ^  «        1  xj  «  «  cosh  «y 

=  ~     ~  ^1    sinh2  «7  ' 


1  ^2a      a^  cosh  a  cosh  0  ^  «  1  .  y  «  a  cosh  a  +  nc   cosh  (3  +  ny) 

2  <fc  2cA  *•  sinh(0  +  «-y)  ~  ^o  2c  sinh2  (ft  +  ny)' 


6.  From  the  values  of  q\\,  ^12,  and  q23,  given  in  Ex.  1,  Art.  126,  find  the 
leading  terms  in  the  expression  for  the  mutual  force  F  between  two  charged 
spheres. 


(c*  -  4»)»      (c'  - 

F        (a*      fl»F(3c2-g'-^)      «»&»{  (c2  -  a*  -  b*)(b<*  -  a'  -  &»)  -  a*i»  }  ) 
2  f  c2        c2(c2  -  o2  -  42)2   +  cV  -  a2  -  62  +  «i)z  (c2  -  a»  -  4s  -  «*)»  j 

F»  f_f^f_  g*yg(2c»  -  2«2  -  i2) 

2    I  (c2  -  a2)3      (c*  -  a«  +  fc)2  («»  -  o2  - 


7.  Show  how  to  exhibit  the  series  expressing  the  coefficients  of  capacity 
and  induction  of  two  electrified  spheres  as  rational  functions  of  their  radii  and 
the  distance  between  their  centres. 
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By  (48),  Art.  126,  we  have 


but  it  is  shown,  in  Art.  126,  that 


.      va  +  v2b 
A*  =  -  —  —,     and  that     1  -  A2  = 


•       l    7         w**«.    f.u.uii'  A.    —  /\      —    -  ;  -          r—  • 

va  +  o  a(va  +  b) 

•whence,  by  substitution,  we  get 

vn  (va  +  b) 
x 


=  a  + 


-- 
va  +  b  **  va(l  -  v'ln] 


1  -  «/2  **i     ira(l+  ?2  +  .  . .  +  **<»-»))+  4  (I  +  j/2  . .  .  +  j/2") 
By  Art.  126,  we  have ^  =  «},    and,  therefore,  we  get 


Again 


c         1  +  v2  .  .  .  +  j/2»  ~       c        °    (y»  +  «»-»  +  &C.) 
Hence  putting  v"  +  v~n  =  Sn,  we  have 
^.» 

qil~  * 


&C.)  +  *  (&  +  ^2  +  &C.)' 


e  ^o   &+&.-2+&C. 

It  is  to  be  observed  that  in  these  expressions  for  q\  \  and  q\%  we  must  put  unity 
for  So,  and  that  the  series  then  terminates. 

qzz  is  obtained  from  q\\  by  interchanging  a,  and  b. 

8.  Show  how  to  express  the  force  between  two  charged  spheres  as  a  rational 
function  of  their  radii,  and  the  distance  between  their  centres. 

If  we  differentiate  the  expressions  for  q\\,  &c.,  given  in  the  last  Example, 
we  obtain  a  series  of  rational  quantities  multiplied  each  by  a  term  of  the 
form 

d 
do 
but 

d  dv 

—  (vn  +  v~n)  =  n  (vn~L  —  v~(n*L>)  —  ; 
dc  at 


Examples.  279 


dv  v 

and,  aa  —  =  —  -  by  Ex.  6,  we  get 

ill'  K 

r  (^  +  y»)  =  -  \ 

ttC  rC 


1  - 
since  by  Art.  126.  we  have 


vk         ab 

Hence,  we  get  —^  =  —  -  (Sn.\  +  Sn-z  +  &c.),  and  therefore, 
dc        ab 


(n-m- 


1  {a(5B-i   -h  Sn.3  +  &C.)  +  *(«„+  «_,  +  &C.)}2 

ab  —  ,  1  -    .  S0  (n  -  m)(m  +  1)  £n-(2m+i) 


where  unity  is  to  be  substituted  for  So,  and  each  finite  series  terminates  when 
the  suffix  of  S  is  1  or  0. 

9.  Show  that,  in  the  case  of  two  equal  spheres  in  contact,  —  -  +  -—      is 

dc        dc 

reducible  to  the  value  J  (log  2  -  £). 

In  this  case  b  —  a,  e  =  2a,  v  =  1,  Sn  =  2  ;  and,  by  Ex.  8,  we  have 

dqn      rfgia 
dc   +   dc 

.   -^«  n(Sn-l  +  /Sn-3  +  &C.)  +  (n  -  l)(£»-2  +  ^n-4  +  &C.)  +  &C. 

" 


*      o  fi»  +  «».»  +  &c. 

^.   M(5»-l  +  ^«.3  +  &C.)  +  (n  -  2)(5'n-3  +  Sa-6  +  &C.)  +  &C. 

**a  '"  (5n  +«„.,+  &c.)z 

If  »  be  odd,  the  series  Su-i  +  <Si-3  +  &c.  terminates  with  Sz  +  1,  and  is  equal 
to  2  --  h  1,    that   is    to    n.     If    n    be   even,    the  series   terminates  with 

m 

Si,  and  is  equal  to   2  -,  which  is  also  n.     Hence,  whether  n  be  odd  or  even, 
2 

n(Sn.i  +S»-3  +  &c.)  =  «2.      Again       Sn  +  $,.1  .  .  .  +  Si  +  1  =  2»  +  1,        and 

Sn  4-  SH-t  +  &c.  =  2  -  +  1,  or  2   -  —  ,  according  as  n  is  even  or  odd,  and  in 
2  2 

either  case  the  sum  of  the  series  is  n  +  1.    Hence  we  obtain 

*  £»      1 

I)2      ^^o   «  +  l+ 
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As  is  well  known 

r««-=^±^±^,    and    .'  +  („-  2)*  + 
16 

whether  n  be  even  or  odd.     Again 


(In  +  I)2  - 


6(2w+l)2       ~       »    6(2»+l)~'i       6(2» 


2)  _       »  2(«2  +  2«)  _       »  2(»  +  I)2  -  2 


Accordingly  we  have 

=  i  J2"  (2»  +  2)  -  2"  (2»  +  i)  j  +  *  2"  ^-^  +  i  +  (i  - 1) 

=  i  log  (2  -  J)  +  i  -  1,  where  t  =  2"  (2w  +  J)  -  2"  (2w  +  2)' 
In  order  to  find  the  value  of  |  we  may  proceed  as  follows  : — 

a 

If  0  he  less  than  1,  we  have =  6  +  03  +  O5  +  &c. ; 

whence  1  +  302  +  504  -f  &c.  = 


(1- 


Also  20  +  403  +  &c.  =  -  — j-^  =       *"      . 

Hence,        1  +  302  +  501  +  &c.  -  (20  +  403  +  &c.)  =  j1  ~  ^    =       1      , 
and  making  0  equal  to  1,  we  obtain  |  -»-  1  -  2  =  £  ;  whence  |  =  f ,  and  we  get 


10.  Show  that  ^  (log  2  -  £)  i2  denotes  the  repulsive  force  between  two  equal 
spheres  in  contact  and  charged  to  potential  L. 

11.  If  two  charged  spherical  conductors  (A]  and  (B)  influence  each  other,  if 
2i  and  ^2  denote  the  systems  of  charges  inside  (A)  and  (B),  respectively,  which 
would  produce  the  actual  potential  in  external  space,  and  if  u  be  the  potential 
due  to  2i,  and  v  that  due  to  2a,  show  that  u  is  equal  to  the  potential  in  external 
space  due  to  the  distribution  on  (A],  and  v  equal  to  that  due  to  the  distribution 
on  (B}. 

A  distribution  on  the  surface  of  (A],  whose  potential  is  u  at  each  point  of  this 
surface,  produces  a  potential  u  throughout  the  whole  of  space.  Hence,  by  Art. 
127,  distributions  on  (A)  and  (B),  producing  potentials  u  and  v,  must  be  the 
actual  distributions. 
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12.  Two  equal  spherical  conductors  are  charged  to  the  same  potential  L  ; 
deduce  an  expression  for  the  force  between  them  from  the  values  for  q\\  and  q\i 
given  by  (48),  Art.  126. 

In  this  case 


whence      e=  —         '-  •  =  a  (  x  +  -  )  ;    and  from  (48),  Art.  126,  we  have 


and  therefore, 


If  J"  denote  the  force  between  the  conductors,  we  have 
F=  L 


dc  a  (I-  \')  d\ 

and,  putting 


we  get 


13.  Find  the  value  of  the  force  between  two  equal  spherical  conductors  at 
potential  L,  when  they  are  in  contact. 

If  we  put    \2  =  1  -  {2,  we  have 

^1.,_*+!^r.i^t=Sr+fc, 

and 

o  -  >'">-'  -          " 


1     (1          M-  1     ,        M2-  1 

=  H«+--^2  +  -T2 
Hence,  we  get 


but  5(-  1)"*'    "  =  log  (1  +  X),        5  (-  I)"*1  x»  = 


(-  I)"*1  MX"  =  X  — 


rfx  l  +  x     (1  +  x)» ' 
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and  substituting,  we  have 


+  A 


8A2-A*  7\      2A2 


Differentiating,  we  obtain 
dQ      16A2-4A4 

*A  =  -T^log(1  + 

Hence  we  have 


5A  +  8A3  -  A5  -  8A2  (1  +  A)  +  2A3  (1  +  A) 
12(1  + A) 

It  is  easy  to  see  that  the  numerator  of  the  fraction  in  the  second  term  of  this 
expression  may  be  put  into  the  form 

A  (1  -  A"  +  4  (1  -  A)  -  2A  (1  -  A)(2  +  A)}  ; 
and  therefore  we  get 

5  -  3A2 


5-3 


{(1  +  A)(l  +  A2)  +  4  -  2A  (2  +  A) }  +  &c. 


12  (1  +  A)2 
"When  A  =  1,  and  £  =  0,  this  expression  becomes 

log  2 -^(4  + 4- 6),    that  is,     i  (log  2  - 


12 
Hence 


The  mode  of  investigation  adopted  in  this  Example  is  due  to  Mr.  F.  Purser^ 
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[The figures  refer  to  the  pages.'] 


Acyclic,  78. 

Anisotropic  medium,  50. 

Attraction,  figure  producing  greatest 

possible  uniplanar,  41. 
law  of,  for  electricity,  1,  87,  94. 
for  gravitating  matter,  1. 
for  magnetism,  2,  104. 
solid    of    revolution    producing 

greatest  possible,    40. 
Axes,  principal,  of  centrobaric  body, 

145. 
principal,  moments  round,  due  to 

distant  mass,  140. 
same  for  equivalent  mass  systems, 

145. 

Axis,  mass  system  symmetrical  round, 
53,  113. 

Bar,  thin,  attraction  of,  6,  15,  16. 
bending  moment  acting  on,  18. 
equipotential  surfaces  due  to,  134, 

13o. 
potential  of,  69,  216. 

Baric  centre,  58. 

coincident  with  centre  of  mass,  59. 

Bars,  triangle  formed  by  thin,  17. 

Boss,  hemispherical,  on  spherical  con- 
ductor, 213,  214. 

Bowl,  spherical  at  constant  potential, 

236. 
at  potential  zero,  235,  238. 

Bubble,  electrified,  62. 

Capacity  of  condenser,  265. 

of  conductor,  265. 
Capacity  and    induction,   coefficients 

of,  263,  269. 
Centre  of  ellipsoid,  value  of  potential 

at,  153. 


Centre  of  inertia,  moment  round  due 

to  distant  mass,  140. 
same  for  equivalent  mass  systems 

145. 

Centrobaric    circle   of   variable   uni- 
planar density,  228. 
distribution  of  mass,  58,  133,  134, 

145,  148. 

sphere  of  variable  density,  224. 
surface    distribution    on   sphere, 

204. 
uniplanar  linear  distribution  on 

circle,  220. 
Circle,  distribution  of  uniplanar  mass 

on,  under  influence  of  electri- 
fied point,  219. 
force  exerted   by,   on    uniplanar 

mass  at  point,  220. 
image  in,  of  point  where  there  is 

uniplanar  mass,  215. 
uniplanar  potential  of,  70,  92,  93, 

219. 
of  zero  density  on  conductor,  206^ 

207. 
Circular  cylinders,  coaxal,  at  constant 

potential,  93. 
disk,  10,  62,  91,  258. 
Charge,  distribution  of,  on  conductor, 

49. 

total,  on  conductor,  210. 
total  uniplanar,  on  curve,  219. 
Charged  body,   unstable   equilibrium 

of  138. 
surface,  change  of  normal  force 

at,  12,  47. 
differential  equation  for  potential 

at,  83. 
Charges  on  conductors  in  terms    of 

potentials,  262. 
Clairaut's  theorem,  142.  . 
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Component  of  attraction  of  solid  equal 
to  potential  of  surface  distribu- 
tion, 90. 

Concentric  spherical  conductors,  ca- 
pacity of  condenser  formed  by, 
266. 

at  constant  potential,  91. 
at  potential  zero  under  influence 

of  electrified  point,  243. 
Condenser,  definition  of,  265. 

property  commonly  assumed  and 

consequent  capacity  of,  265. 
Conductor,  definition  of,  48. 

distribution  of  electricity  in,  49, 

50,  127. 

force  on  element  of,  54. 
surrounded  by  another,  264. 
surrounding  others,  269. 
Conductors,  distribution  of  electricity 
on,  determinate  when  charges 
are  assigned,  260. 
forces  between,  273. 
system  of,  260. 
done,  attraction    of  frustum  of,    at 

vertex,  16. 

thin,  attraction  of,  at  vertex,  6. 
Cones,  resting  on  corresponding  por- 
tions of  quadrics,  168. 
Confocal  conies,  194. 

ellipses,   uniplanar  potential   of, 

160. 

ellipsoids,  potential  of,  130,  151. 
homceoids,  129,  162. 
hyperbolas,  97,  172. 
parabolas,  194. 
paraboloids,  185. 
quadrics,  174. 
Conjugate  functions,  96. 
Contact,  conductor  formed  of  spheres 

in,  240,  253,  281. 

Continuity  of  force  component  tangen- 
tial to  charged  surface,  48. 
Continuous  distribution  of  mass,  5. 
Contra-foliated  hyperboloidal  homce- 

oid,  178. 

Coordinates,  elliptic,  172. 
parabolic,  186. 
transformation    of    Cartesian    to 

polar  or  cylindrical,  84. 
Corresponding  points,  162. 

on  same  line  of  force,  170. 
Crevasse,  effect  of,  on  apparent  lati- 
tude, 17. 


Curve  distribution  of  uniplanar  mass, 

79. 

Curves,  inverse,  17. 
Cylinder,  circular,  attraction  of,  17- 
Cylinders,  coaxal,  93. 
Cylindrical  coordinates,  86. 
distribution  of  mass,  7. 

Density,  different  kinds  of,  5. 
Diagrams  of  field  of  force,  122. 
Differential  coeffisients  of  potential,  74. 

equations  for  potential,  81,  83. 
Dirichlet's  and  Thomson's   theorem, 

123. 
Discontinuity    of    normal    force    at 

charged  surface,    12,  47. 
Disk,  circular,  10,  62,  91,  258. 

elliptic,  19,  62. 
Displacements,  effect  of,  on  energy  of 

electrified  conductors,  272. 
Distant  mass,  moment  round  centre  of 

inertia  of  body  due  to,  140. 
point,  potential  at,  of  mass  system, 

139. 

Distribution  of  electricity  in  conduc- 
tors, 49,  260. 
determinate    when   potentials  or 

charges  are  assigned,  260. 
of  mass,  cylindrical,  7. 
of  mass,  volume,  surface,  and  line, 

5. 

uniplanar,  8. 
Distributions,  equivalent,  115. 

producing  minimum  energy,  137. 
Doublet,  204. 

DuhamePs    application    of    Ivory's 
theorem,   166. 


Earnshaw's  theorem,  138. 

Earth,  attraction  of,  at  point  on  its 

surface,  145. 
conductor  put  to,  197. 
Electricity,  1. 

distribution  of,  in  conductors,  2, 

48,  127,  260. 
Electrical  forces,  law  of,  1,  2,  87,  94. 

mass,  meaning  of,  2. 
Electrification  by  induction,  49. 
Element  of  charged  conductor,  force 

acting  on,  54. 

Ellipse,    uniplanar    attraction   of,   at 
external  point,   161. 
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Ellipse,  attraction  of,  at  internal  point, 

'23. 

potential  of,  160. 
Ellipsoid,  attraction  between  parts  of, 

40,  158,  169,  160. 
attraction  of,  when  composed  of 

homogeneous  shells,  167. 
attraction  of,   at  external   point, 

151,  164. 
attraction  of,  at  internal  point,  27, 

28,  31. 

equipotential  surfaces,  inside,  60. 
lines  of  force  inside,  60. 
of  small  ellipticity,  attraction  of, 

141. 

potential,  determining  small  os- 
cillations of  rigid  body,  145. 
potential  of,  152,  154. 
of  revolution,  32,  182. 
Ellipsoidal    conductor,   charged  with 

electricity,  potential  of,  131. 
total  charge  on  portion  of,  169. 
distributions  of  electricity  on,  61, 

208. 
having  interior  hollow  containing 

mass,  132,  166. 

induced  charge  on,  when  at  poten- 
tial zero,  266. 
potential  at.  when  insulated  under 

influence  of  electrified  point,  266 . 
confocal    equipotential    surfaces, 

175. 

fluid  mass  rotating  in  relative  equi- 
librium, 34-37,  63. 
homocoids,  properties  of,  20,  33, 

129,  162. 
Ellipsoids,  confocal  attraction  of,  in 

external  space,  130,  150. 
Elliptic  coordinates,  172. 

cylinder,  attraction  of,  23,  161. 
plate,  attraction  of,  at  point  on 

perpendicular  through  centre,  1 9. 
plate,  distribution  of   electricity 

on,  62. 

Ellipticity,  small,  ellipsoid  of,  141. 
Energy,  change  of,  due  to  alteration 

of  mass,  90. 
distributions  of  mass  producing 

least  possible,  137. 
internal  potential,  of  mass  system, 

88,  136. 
mutual,  of  two  invariable  systems, 

89. 


Energy,  of  system  of  conductors,  effect 

of  displacement  on,  272. 
of  system  of  conductors,  in  terms 

of  charges,  262. 
of  system  of  conductors  in  terms 

of  potentials,  262. 
Equilibrium,  force  on  particle  displaced 

from  point  of,  132. 
points  and  lines  of,  120,  133. 
relative,   of  rotating  fluid  mass, 

34. 
unstable,   of  body  charged  with 

electricity,  138. 
Equipotential,  curves,  122. 
surfaces,  definition  of,  46. 
surfaces,  determination  of,  127. 
surfaces,  diagrams  of,  122. 
surfaces,  distribution  of  mass  on, 

126. 
surfaces,  many  sheeted,  multiple 

lines  on,   121. 

Equivalent  distributions  of  mass,  115. 
Eulerian  integrals,  application  of,  to 
express  charges  on  spheres  in 
contact,  253. 
Expansion  of  potential  in  series,  139. 

Faraday's   discovery  of  influence  of 
non-conducting  medium  on  elec- 
tric forces,  3,  49. 
Field  of  force,  43. 
Fluid  rotating,  equilibrium  of,  34-37, 

63. 

Force,  continuous  for  volume  distribu- 
tion of  mass,  12. 

discontinuous  for  surface  distribu- 
tion, 12,  47. 

on  element  of  charged  conductor, 
54. 

field  of,  43. 

law  of,  for  electricity,  2,  87,  94. 

law  of,  for  gravitating  matter,  1. 

law  of,  for  magnetism,  2, 14,  104. 

law  of,  for  uniplanar  distribution 
of  mass,  8. 

lines  of,  43,  53. 

mode  of  transmission  of,  3. 

normal,  discontinuous  at  charged 
surface,  12,  47. 

normal,  surface  integral  of,  44. 

resultant,  definition  of,  4. 

resultant,  expression  of  energy  as 
volume  integral  of  136. 
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Force,  tubes  of,  46. 

uniform,  60,  91,  94. 
uniform,  ellipsoid  in  field  of,  208. 
uniform,  sphere  in  field  of,  203. 
for  uniplanar  distribution  of  mass, 
8,  56,  64,  76. 

Gauss's  mode  of  proving  law  of  force 

in  magnetic  action,  104. 

theorems,  44,  56,  106,  107. 

Geometrical     mode     of    representing 

attraction  of  ellipsoid,   39. 
Graphic  representation  of  field  of  force, 

53,  122. 

Gravitation,  1,  3. 
Green's  function,  135. 

theorems,  107,  109,  111. 

Hemisphere,  attraction  of,  at  point  on 

its  edge,  16. 
Hemispheres,  attraction  between  two, 

37. 

Hemispherical  boss  on  spherical  con- 
ductor, 213. 

conductor  resting  on  infinite  con- 
ducting plane,  distribution  of 
electricity  on,  214. 

hill,  effect  of,  on  apparent  latitude, 

16. 

Hollow    conductor     having     interior 
hollow  devoid  of  mass,  60. 

conductor  having  mass  in  its  in- 
terior, 131,  132. 

Homcsoid,    contra-foliated    byperbo- 
loidal,    definition   of,    178. 

contra-foliated  hyperboloidal,  pro- 
perties of,  170,  183. 

ellipsoidal,  attraction  of,  at  in- 
ternal point,  20. 

ellipsoidal,  attraction  of,  at  point 
on  surface,  33. 

ellipsoidal,  definition  of,  20. 

ellipsoidal,  equipoteutial  surfaces 
of,  129. 

ellipsoidal,  potential  of,  129. 

ellipsoidal,  surface  distribution 
corresponding  to,  33. 

hyperboloidal,  169,  170, 178,  183. 

paraboloidal,  188,  191,  192,  193. 

thick,  20. 

Homceoidal   distribution    is   that    on 
conductor  in  equilibrium,  61. 


Homceoidal  distribution,  total  mass  of 
portion  of,  cut  off  by  plane,  169. 

Hyperbola,  line  of  force  for  two  equal 
uniplanar  masses,  64. 

Hyperbolas,  confocal,  as  lines  of  uni- 
planar force,  equipotentials  cor- 
responding to,  97. 

Hyperboloids,  equipotential,  field  of 
force  corresponding  to,  176, 
177. 

Images,  electric,  theory  of,  197. 

electric,  in  the  case  of  uniplanar 

distribution,  215. 
Induced  distribution  of  electricity  on 

conductor,  49,  197. 
Induction,  49. 

coefficients  of,  263,  269. 
over  a  surface,  52. 
tubes  of,  50,  53. 

tubes  of,  for  uniplanar  distribu- 
tion, 57. 

Inductive  capacity  of  medium,  49. 
Inertia,  moment  produced  by  distant 

mass  round  centre  of,  140. 
Influence  of  electrified  body  on  con- 
ductor, 197. 
Integral,  surface,  of  induction,  52. 

volume,  energy  expressed  by,  136. 
Integration,    direct,  potentials  deter- 
mined by,  67-71. 
direct,  resultant  force  found  bv, 

6-32. 
Invariable    systems,    energy   due   to 

mutual  action  of,  89. 
Inverse  curves,  relation  between  the 
attractions     of     corresponding 
elements  of,  at  centre  of   in- 
version, 17. 
Inversion,  221. 

uniplanar,  228. 
Isotropic,  medium,  49. 
Ivory's,  theorem,  165. 

theorem,   applied  to  find  law  of 
force,  166. 

Jacobi  on  equilibrium  of  rotating  fluid 
mass,  34. 

Kelvin,  Lord,  nee  Thomson. 
Kirchhoif ,  on  spheres  influencing  each 
other,  244. 
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Lagrange,  on  potential,  65. 

Limn'-,  on  distributions  of  electricity 

on  quudric  surfaces,  149. 
Lamina,  attraction  of,  19. 
potential  of,  70. 
circular,  attraction  of,  11. 
circular,  distribution  of  electricity 

on,  62,  258. 

circular,  potential  of,  70. 
elliptic,  attraction  of,  19. 
elliptic,  distribution  of  electricity 

on,  62. 

polygonal,  attraction  of,  73. 
polygonal,  potential  of,  71. 
Laplace,  on  figure  of  equilibrium  of 

rotating  liquid  mass,  34,  36. 
on  force  function,  65. 
on  moment  round  centre  of  inertia 
produced  by  distant  mass,  140. 
Laplace's   equation  in  Cartesian  co- 
ordinates, 82. 

equation    in  cylindrical   coordi- 
nates, 86. 
equation  in  elliptic  coordinates, 

174. 
equation  in  parabolic  coordinates, 

186. 

equation  in  polar  coordinates,  85. 
theorem  for    ellipsoid    of    small 

ellipticity,  141. 
Law  of  force,  for  electric  mass,  1,  87, 

94. 

for  gravitating  matter,  1. 
for  magnetic  mass,  2,  14,  104. 
for  uniplanar  mass,  8. 
Line  density,  5. 

density,  uniplanar,  56. 
Lines  of  equilibrium,  120. 
equipotential,  122. 
of  force,  43,  53. 

Liquid,  figure  of  equilibrium  of  rotat- 
ing, 34. 


Mac  Claurin's  theorem,  130,  150. 
Mae  Cullagh,  on  attraction  of  ellipsoid, 

38,  39. 

on  Clairaut's  theorem,  142. 
on  ellipsoid  of  small  ellipticity, 

141. 
on  potential  of  mass  system  at 

distant  point,  140. 
Magnet  pole,  14. 


Magnetic  axis,  15. 

curves,  19,  64. 

forces,  law  of,  3,  14,  104. 

moment,  15. 

particle  mathematically  same  as 
doublet,  204. 

particle,  potential  of,  98. 

shi-11,  potential  of,  98. 
Magnets,  theory  of,  14. 

small,  action  of  on  each  other, 
100-105. 

small,    energy    due    to    mutual 

action  of,  99. 
Many-sheeted  equipotential  surface, 

121. 

Mass,  change  of  energy  due  to  altera- 
tion of,  90. 

meaning  of,  in  theory  of  attrac- 
tion, 2,  140. 

in  substance  of  conductor  in  equi- 
librium, 50. 

total  in  equivalent  distrib  utions,  5  7 . 

total,  in  interior  of  conductor,  132. 

total,  on  portion  of  conductor  on 
which  the  distribution  is  equi- 
valent to  a  system  of  electrified 
points,  210. 

uniplanar,  8,  56,  218. 
Maximum,  potential  when  a,  118. 

attraction,    solid    of    revolution 

having,  40. 

Maxwell,  Clerk,  on  anisotropic  media, 
50. 

on  conductors  bounded  by  surfaces 
of  second  degree,  149. 

on  graphic  representation  of  lines 
of  force,  54. 

on  inversion  and  systems  of 
images,  234. 

on  Laplace's  operator,  83. 

on  line  density,  5. 

on  tuhes  of  induction,  51. 
Mean  value  of  potential  on  surface  of 
sphere,  106. 

value  of  potential  within  a  sphere, 
117. 

value  of  uniplanar  potential  on  a 
circle,  107. 

valueof  uniplanar  potential  within 

a  circle,  117. 
Minimum,  potential  when  a,  118. 

energy,  distribution  of  mass  pro- 
ducing, 137. 
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Newtonian  law  of  attraction,  1. 
Normal  force  acting  on  element  of 
conductor,  54. 

force,  finite  change  in,  at  surface 
on  which  there  is  mass,  13,  47. 

force,  integral  of,  over  curve  in 
uniplanar  distribution,  56. 

force  integral  of,  over   surface, 
44. 

force,  outside  surface  of  conduc- 
tor, 49. 

Orthogonal  section  of  tuhe  of  force, 

46. 

Orthogonally,    conductors  formed  hy 

planes  or  spheres  intersecting : — 

four  spheres,  231,  232,  233. 

three  planes,  232. 

three    planes  and  a  sphere, 

233. 

three  spheres,  230,  232. 
two  planes,  225. 
two  spheres,  209-215. 
two  circles  at  constant  uniplanar 
potential  intersecting,  220. 

Paranoias  as  equipotential  curves  for 
uniplanar  distribution,  194. 

Parabolic  coordinates,  186. 

Paraboloidal  homoeoids,  188, 191-193. 

Paraboloids,     equipotential    surfaces, 
187,  193. 

Parallelepiped,  attraction  of,  16. 

Particle,  attraction  of,  1. 
*  magnetic,  15. 
magnetic,  potential  of,  98. 

Plane,  infinite,  attraction  of,  11. 

Plane  lamina,  attraction  of ,  11,  19, 73. 
lamina,  potential  of,  70. 

Planes,  intersecting  at  angle  of  60°, 
226. 

at  angle  -,  234. 

Planes  intersecting  orthogonally,  tee 

Orthogonally, 
parallel  and  infinite  at  constant 

potentials,  91. 

parallel  and  infinite  at  zero  poten- 
tial under  influence  of  electrified 
point,  244. 
Point,  electrified,  197. 

electrified,  image  of,  198. 


Point,  electrified,  image  of,  in  uni- 
planar distribution,  215. 

of  equilibrium,  120,  132,  133. 

resultant  force  at,  4. 
Poisson's  equation,  82,  86,  172,  187. 
Polygon,  plane,  attraction  of,  73. 

plane,  potential  of,  70. 
Polyhedron,  attraction  of,  71. 

potential  of,  71. 
Potential,  coefficients  of,  268. 

constant,  112. 

continuity  of,  76. 

definition  of,  66. 

differential  coefficients  of,  74. 

differential  equations  for,  81,  83. 

at  distant  point,  139. 

elementary  properties  of,  65. 

expansion  of,  in  series,  139. 

general  theorems  respecting,  106. 

of  magnetic  particle,  98. 

of  magnetic  shell,  98. 

mathematical  characteristics  of, 
76. 

a  maximum  or  a  minimum, 
118. 

variation  of,  in  unoccupied  space, 
119. 

zero,  113. 

uniplanar,  66,  76,   79,  84,   113, 

114,  147. 

Potentials,  found  from  differential 
equations,  91-93. 

found  by  direct  integration,  67— 

73. 

Purser,  on  attraction  of  ellipsoid  ex- 
pressed by  elliptic  functions, 
30-32. 

on  charges  of  electricity  on  spheres 
influencing  each  other,  256, 
257. 

on  coefficients  of  capacity  and 
induction  of  two  spheres,  248, 
258. 

on  circular  disk  at  potential  zero, 
258. 

on  force  between  two  charged 
spheres,  275,  281. 

on  potential  energy  due  to  mutual 
action  of  mass  systems,  147. 

on  system  of  images  in  intersect- 
ing spheres,  255. 

on  proof  of  Thomson's  theorem 
for  centrobaric  body,  148. 
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Runkine's  theorem,  121. 
Resultant  force,  4. 

force,  uniform,  60,  94. 

force,  uniform  field  of,  203,  207, 

208. 
force,  volume  integral  of  squure 

of,  136. 
Revolution,  attraction  of  ellipsoids  of, 

31,  42,  182. 

attraction  of  solid  of,  40. 
determination  of  potential  when 
equipotential  surfaces  are  ellip- 
soids or  hyperboloids  of,  178. 
determination  of  potential  when 

paraboloids  of,  189. 
properties  of  field  of  force,  when 

of,  63,  113. 

Rotating  liquid  mass  in  relative  equi- 
librium, 34-37. 


Salmon,  on  confocal  quadrics,  170,  173. 
Shell,  ellipsoidal,  20,  150,  157. 
focaloidal,  150,  156. 
homoaoidal,  20,  61, 129-131,  162, 

169-171,  182-184,  191-193. 
hyperboloidal,  169,  170,  183. 
magnetic,  98. 
paraboloidal,  191-193. 
spherical,  9,  67,  69. 
Shells,  ellipsoid  composed  of,  142,  167, 

168. 

sphere  composed  of,  10. 
Small  magnet,  potential  of,  98. 
Small  magnets,  action  of,    on    each 

other,  99-105. 
Solenoids,  46. 
Sphere,    composed    of    homogeneous 

shells,  10. 

having  density  varying  inversely 
as  fifth  power  of  distance  from 
given  point,  224. 
homogeneous,  attraction  of,  10. 
homogeneous,  attraction  between 

halves  of,  37. 

homogeneous,  potential  of,  68,  69. 
image  of  electrified  point  in,  198. 
inversion  of,  222. 
mean  value  of  potential  on,  106. 
mean  value  of  potential  through- 
out, 117. 

Spherical  bowl  at  constant  potential, 
236. 


Spherical  bowl  at  potential  zero,  235, 

238. 

concentric  conductors,  243. 
conductor  in  field  of  uniform  force, 

203,  207. 

conductor  influenced  by  electrified 
point : — 

distribution  of  electricity  on, 

199-203. 
energy  due  to  mutual  action 

in  case  of,  205. 
force  exerted  by,  on  charge 

at  point,  205. 

conductor  composed  of  spheres  : — 
in  contact,  240,  253,  281. 
intersecting  at  angle  of  60°, 
226,  229. 

intersecting  at  angle  -,  234. 

intersecting       orthogonally, 
209,    211-214,    230-233. 

conductors  influencing  each  other, 
charges  on,  247,  248,  252,  257. 

coefficients  of  capacity  and  induc- 
tion for,  248,  249,  278. 

force  between,  275,  278. 

conductors    under    influence    of 
electrified  point,  250. 

shell,  see  Shell. 

surface  whose  density  varies  in- 
versely   as    cube    of  distance 
from  given  point,  204. 
Stable     equilibrium    impossible    for 
electrified   body  under   action 
of  electric   forces,   138. 
Surface  distribution  of  mass,  5. 

distribution  equivalent  in  external 
space  to  interior  mass,  124. 

distribution,      discontinuity     of 
normal  force  in  case  of,  12,  47. 

induction  over.  52. 

integral  of  normal  force,  45. 
Surfaces,  equipotential,  46,  122,  126, 
127. 


Table  land,  effect  of,  on  gravity,  17. 
Thomson,  on  centrobaric  mass  system, 

134. 

on  effect  of  crevasse,  17. 
on  effect   of  hemispherical   hill, 
16. 
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Thomson,  on  existence  of  function 
satisfying  Laplace's  equation, 
123. 

on  images,  197. 
on  proof  of  Mac  Claurin's  theorem, 

150. 
on  spheres  influencing  each  other, 

244. 

on  surface   distribution  equiva- 
lent to  solid  ellipsoid,  149. 
Thomson,  J.  J.,  on  tubes  of  induc- 
tion, 51. 

Total  mass,  see  Mass. 
Transmission  of  force,  3. 
Tubes  of  force,  46. 
of  induction,  50. 


Uniform  force,  60,  94. 

ellipsoidal  conductor  under  in- 
fluence of,  208. 

spherical    conductor    under    ini 

fluence  of,  203,  207.    • 
Uniplanar  density,  8. 

distribution  of  mass,  8. 

distribution  of  mass,  determi- 
nation of  potential  for,  when 
equipotential  curves  are  con- 
focal  conies,  194. 

distribution  of  mass,  theory  of 
images  for,  215. 

distribution  of  mass,  theory  of 
inversion  for,  228. 

distribution  of  mass,  law  of  force 
for,  8. 

distribution  of  mass,  potential 
for,  67. 

distribution  of  mass,  potential  at 
distant  point  for,  147. 

distribution  of  mass,  solution  of 
Laplace's  equation  in  case  of, 
95. 

distribution  of  mass,  zero  poten- 
tial for,  114. 

form  of  Gauss'  theorem  on  mean 
value  of  potential,  107. 

form  of  Gauss'  theorem  on  inte- 
gral of  normal  force,  56. 


Uniplanar  form  of  Green's  theorems, 
111. 

form   of  Mac  Claurin's  theorem, 
160. 

form  of  Thomson's   theorem  on 

focaloid,  160. 

Unique  distribution  of  mass  on  con- 
ductors, 260. 

solution   of  Laplace's  equation, 

123. 

Unoccupied  space,  differential  equa- 
tion for  potential  in,  82. 

space,    line    of  equilibrium    in, 
120,  121. 

space,  point   of  equilibrium  in, 
120,  132,  133. 

space,  stable  equilibrium  of  par- 
ticle impossible  in,  132. 

space,   variation  of  potential  in, 
119. 


Variation  of  energy,  due  to  variation 
of  mass,  90. 

of  potential  in  unoccupied  space, 

119. 
Volume  density,  5. 

distribution  of  mass,  continuity  of 
force  in,  12. 

distribution  of  mass,  continuity 
of  potential  in,  77. 

distribution  of  mass,  surface  dis- 
tribution equivalent  to,  124. 

integral  expressing  energy,  136. 

Weierstrass  on  Thomson's  and  Dirich- 

let's  theorem,  124. 
"Williamson  on  curvilinear  coordinates, 

86. 
on      Mac  Cullagh's     proof      of 

Clairaut's  theorem,  142. 

Zero  potential,  113. 

potential,  how  produced  on  con- 
ductor, 197. 

potential  for  uniplanar  distribu- 
tion of  mass,  1 14. 
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